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Abstract

This article develops a time-truncated Skip Lot Sampling Plan of model R
(SKSP-R) assuming that the product lifetime follows a Type Il Generalized Half-
Logistic Distribution (Type II GHLD). The distributional properties of Type Il GHLD
were briefly discussed. The percentiles of the Type Il GHLD are used in the
preparation of skip lot sampling plan of SkSP-R model for a life test. A reference
single sampling plan is used to determine the minimum sample size required to
ensure the specific percentile life of the product. The parameters of the sampling plan
are estimated using a two-point approach, specifically the Limiting Quality Level
(LOL) and Acceptable Quality Level (AQL). The Operating Characteristic (OC)
values and Average Sample Number (ASN) values are calculated for the estimated
plan parameters using OC function and ASN of the SkSP-R plan, the applicability of
the proposed sampling plan is illustrated with a real-data example.

Keywords: Type II Generalized Half-Logistic Distribution, Percentiles, SkSP-R,
Life Test, Skip Lot Sampling.
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I. Introduction

The Skip-Lot Sampling Plan is a quality-control method wused in
manufacturing and production processes to efficiently assess the quality of lots
produced. This sampling plan is designed to provide a balance between quality
assurance and inspection costs by allowing a part of the lots to be skipped under
certain conditions, thus reducing the overall inspection effort while maintaining a
high level of quality control.

To maintain the desired quality level of the product in any industry it is crucial to
inspect the quality of the product that they manufacture. At the inspection level it is
not possible to check the quality of each and every item. Testing a sample of product
is required to sustain the expected quality of the product. The acceptance sampling
plans have been extensively used in industries for maintaining the high-quality level
of the product at the minimum inspection cost. An acceptance sampling plan supports
the manufacturers to produce high-quality product with assurance.

Various types of acceptance sampling plans like single sampling plan, double
sampling plan, multiple sampling plan, sequential sampling plan, resampling
schemes, repetitive group sampling plan, group acceptance sampling plan, and skip-
lot sampling plans have been proposed for the attributes and variables quality
characteristics. Acceptance sampling plans provide the decision (accept or reject)
about the submitted lot on the basis of sample information selected from the lot.
Through these plans, there is a chance of rejecting a good lot (producer’s risk) and
accepting a bad lot (consumer’s risk). Therefore, new acceptance sampling plans are
designed to minimize these two risks.

Several methodologies have been studied by various authors. Some of these studies
are, Acceptance sampling plans based on the percentiles of Exponentiated Inverse
Kumaraswamy Distribution [XX], resubmitted lot-based group acceptance sampling
plans [XIX], multiple dependent state and repetitive sampling plan for Type II
generalized Half-Logistic distribution [XI, XVIII].

In view of minimizing the inspection cost of the product quality the skip-lot Sampling
plan (SkSP) is considered as more effective than the Single Sampling Plan. The plans
comprise two phases of inspection, normal inspection phase and skipping inspection
phase, which makes it preferable for real time use. The model SkSP-1 is the primary
plan of SKSPs, instigated by Dodge [IX]. The enhanced variety of SkSP-1 plan
designated as SkSP-2 was suggested by Perry [ XVII] by incorporating the concept of
reference plan. A modified skip-lot sampling plan was proposed in [XVI] and these
plans were suggested with some adjustments for inspection error by Carr [VIII].
Optimal design of skip-lot group acceptance sampling plan and two-point method
were designed by Aslam et. al. [II, III]. A new approach of skip-lot sampling plans
having a capability of reducing normal inspection was discussed in [VI]. Further the
skip-lot sampling plans were designed with some modifications by reducing the time
and cost of inspection. Some of these models were studied and verified by several
authors, Aslam et. al., [I] proposed the model SkSP-2 with two-stage group
acceptance sampling plan as reference plan. The skip-lot sampling plan of model
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SkSP-V designed for exponentiated Weibull distribution [V] and SkSP-V for life tests
based on percentiles of Exponentiated Rayleigh distribution [XIV].

The present model is a new method of skip-lot sampling plan named as SkSP-R plan
by incorporating the concept of resampling introduced by Balamurali et al. [VII]. A
few more studies on SkSP-R model are [IV] and SkSP-R plan using popular
statistical distributions [X], SkSP-R plan under the assumption of Gompertz
distribution [XXI], percentile-based sampling plan of type SkSP-R based on
exponentiated Rayleigh distribution was established in [XV]. The SkSP-R is a
sampling procedure of continuous sampling along with the resampling structure for
inspection.

The sampling plans are designed to confirm the lifetime of the item by estimating the
probability of survival up to a predefined testing time (Failure probability) with the
help of cumulative probability function of the corresponding distribution. To assess
the mean life of the product, we use the mean or percentile value of the distribution.
In this article, we established the SkSP-R sampling plan for the inspection of the
variables by assuming that the quality characteristic follows Type II Generalized
Half-Logistic Distribution (Type Il GHLD). This article emphasizes the development
of a SkSP-R life-test plan based on the percentiles of the chosen distribution. The
structure of this paper is organized as follows: Section II presents the chief properties
of Type II GHLD. Section III describes the design of the proposed SkSP-R plan.
Section IV presents the optimization results and tables. Section V compares the
proposed plan with the reference single sampling plan. Section VI illustrates the
application using a real-data set. Finally, Section VII summarizes the main findings
and concludes the paper.

II. Properties of Type II Generalized Half-Logistic Distribution

Consider a series system of # components with individually and identically
distributed (i.i.d) individual lifetimes with distribution function G (t). The reliability
function of such a system is given by [1 — G (t)]?; hence, the cumulative distribution
function (cdf) of the lifetime random variable of that series system is 1 —
[1-G()]°. Considering G(t) as the distribution function of standard Half-
Logistic model, Kantam et a/l. [XII] defined a new model called the standard Type 11
GHLD, whose cdf is given by

Fit;0)=1-[1-6(1)]°
=1-[1-(1-2 )]9=1 2 <i<e, >0 (1)

1+et T (1+eH)d
where @ is the shape parameter and the corresponding probability density function

(pdf) is obtained as
200et
f(t;9)=m; 0<t<o0,0>0 (2)

Some properties of standard Type Il GHLD are
(6+1)

Median = log[2 6 —1]
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Mode = 290 [(“e

Survival function:

SO =1-F(t)=[2/1+e9)]°

and the reliability function is

R(x)=1—[1

Het-(6+1)e?t

(1+et)9+2

20
(1+et)®

€)

The hazard function is a conditional failure rate which gives the instantaneous
potential for failing at time t per unit time for an individual surviving to time t. The

hazard function is given by

h(t) = f(©)/S) =68/(1 +e™")
The graphs for pdf, survival function and hazard function of standard Type Il GHLD

for different

values of shape parameters are shown in the following figures.
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Fig. 3. Hazard functions of standard Type Il GHLD

Design of SKSP-R Plan based on Time Truncated Life Test

As per the working process of SkSP-R plan suggested by Balamurali et

al., (VID),

Step-1:

Step-2:

Step-3:

Step-4:

Step-5:

Step-6:

Step-7:

the following are the steps of the SKSP-R plan under truncated life tests.

Conduct a normal inspection for the failure items by considering a
sample of n items randomly from the proposed lot and conduct the life
test for the sample items for a specified period to. Identify and count the
failed items within the examination time, say, d. Accept the lot if d < c,
reject the lot if d > c.

When ‘i’ successive lots are accepted under normal inspection based on
time truncated life test, terminate the normal check-up, and shift to the
skipping inspection.

During the skipping of inspection, select a fraction ‘f” of lots in random
for the inspection and inspect the lots using the procedure as given in
Step-1. Continue the skipping inspection until a rejected lot is found.

If a lot is rejected after ‘k’ consecutive lots have been accepted and then
execute the resampling process for the next lot as described in Step-5,
otherwise switch to normal inspection as in Step-1.

During resampling process, conduct the inspection based on the
reference plan and continue the skipping inspection if the lot is accepted.
If the lot is not accepted, resampling is performed ‘m’ times and accept
the lot if it has been accepted in (m-1)" resubmission or else reject the
lot.

Shift back to normal inspection as in Step-1 if a lot is rejected under
resampling technique.

Replace or remove the unsuccessful units with good one which are
identified in the rejected lot.

The intended SkSP-R plan is totally specified by 6 parameters as mentioned below.

I. ‘n’, the size of sample of the reference plan.
II. ‘c’, Acceptance number of the reference plan.
III. “f, fraction of lots that are inspected in skipping sampling mode, (0 <f<1)
IV. ‘1’, the clearance number of the normal inspection mode.
V. ‘k’, the clearance number of skipping inspection mode.
VI. ‘m’, the number of times, resubmission of lots for inspection is allowed.
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The intended plan is specified as “SkSP-R(n, c, f, i, k, m)”. According to
Balamurali et al.(2014), the Operating Characteristic (OC) function of the SkSP-R
plan is defined as

(1-f)Pi+fPK(PI-P)(1-Q™)+fP

a= Pi(1+£QPK)+f(1-P!)[1-Pk(1-QM)] ®)
And the Average Sample Number (ASN) function of the SkSP-R plan is
i+k_ k(q1_pl —_om
ASN_anP+ nf PK(1-PY)(1-Q™)+n f 6)

T Pi(1+f Q PK)+f(1-PV)[1-Pk(1-@™)]

As per the reference plan SSP the acceptance probability of a lot is defined as P and
Q=1-P, which are computed as

ny . .
P=%5s(j)p/Q-pn )
Where p = F(t, §,) represents the failure probability at time ¢ given a determined

100g-th percentile of the lifetime tg and p depends only on §, = ti"
q

We generally consider t, = du, for a given constant (termination ratio), since it is
appropriate to set the termination time as a multiple of specified median value .

Percentile and Failure probability function of the distribution
Let 1, denote the p-th percentile. Then

2 \f
=1~ (am)
P 1+elr

Thus, the percentile function of Type II GHLD is given by

2
Mp =In [(1 — p)1/0 - 1]
For p = 0.5, we get the median of the distribution as
o = (20 — 1)
Since u = any,, Uy = 0gMNyp, and

t
r= i, 5=
Ho Ho
we have
to _ ko _ Omp
o o r
Therefore,
R =12
07— 1+ exp(ty/0)
and hence

2 0
=1—-|—
p [1 + exp(c?/r)]
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Where r = £
Uo

Thus, the failure probability at the termination time t,, expressed in terms of the

shape parameter 6, termination ratio &, and quality ratio p/ug, is given by
0

2

1+ exp <%>
o

This failure probability is used to obtain the acceptance probability of the reference
single sampling plan and, subsequently, the OC and ASN of the SkSP-R plan.
Thus, for a reference single sampling plan with parameters (n,c) the acceptance

probability is given by
ny . .
p=> (C)pa-pm

j=0
where p is given by Equation (8).

p=1- ®)

The major objective of designing sampling plans is minimizing the producer’s risk
(a) and consumer’s risk (f). It is essential that the probability of acceptance of a good
lot be greater than (1 — @) at Acceptable Quality Level (AQL) and the probability of
acceptance of poor-quality lot should be less than £ at Limiting Quality Level (LQL).

The AQL and LQL are represented by p, and p; respectively. The sampling plan is
designed in accordance with the OC curve passes through the points (py, 1 — @) and
(p1, B). The following nonlinear optimization problem will be used to determine the
plan parameters of the SkSP-R model, where the objective function is to minim ize
ASN function at LQL and the corresponding constraints are the lot acceptance
probabilities at AQL and LQL respectively.

Minimize
o SSRGS
Subject to
Fapo) = P&((lllj;)ng}{iggf = :8[(11 = g}%?l +—];2122)] =1-a (10)
ppy = LT DPHIP(PI-P)A-Q) + /P _ an

PH1+fQ:PF)+ F(1 = P))[1— PF(1— QM) =

For the numerical calculations, 0=0.05 and f €{0.25,0.10,0.05,0.01}. The

termination ratios are 6=0.5 and 0.75, and  u/u, €{2,4,6,8,10,12}. The

resubmission parameter is fixed at m=2. In the numerical search the values i=2,

=0.5, k=1 is fixed, while integer values n and ¢=0 to n—1, are examined. For each
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candidate plan, both AQL and LQL constraints are evaluated. Only feasible plans
satisfying both constraints are retained, and the plan with minimum ASN at LQL is
selected. The residuals are defined as R _AQL=L(AQL)—0.95 and
R _LQL=B-L(LQL). The smaller residual is reported as the limiting constraint.
Thus, the discrete search establishes the minimum ASN among the enumerated
feasible integer plans without requiring simulation.

IV. Description of Tables and Optimization Results

To exhibit the implementation of the designed SkSP-R plan, Tables 14
present the feasible plan parameters for the selected values of 6, 8, p and p/po. For
every row, L(AQL) and L(LQL) are reported separately, together with their
constraint residuals and the ASN at LQL. The parameters i=2, {=0.5, k=1 and m=2
are fixed throughout. The tables show that, in general, larger quality ratios and
larger termination ratios permit smaller feasible sample sizes and/or lower ASN,
while stricter consumer’s-risk requirements increase the required sample size.

For each combination of the distributional and quality parameters, an integer search
is performed over n and c, while i=2, f=0.5, k=1 and m=2 are kept fixed. For each
combination of (n, ¢), the OC is evaluated separately at AQL and LQL. Only plans
satisfying both constraints are retained. Among the feasible plans, the plan with
minimum ASN at LQL is selected.

Table 1: Feasible plan parameters of SkSP-R with 0=1.5 and 6=0.5.
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Table 2: Feasible plan parameters of SKSP-R with 0=1.5 and 6=0.75.

Table 3: Feasible plan parameters of SKSP-R with 6=2 and 6=0.5.
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Table 4: Feasible plan parameters of SkSP-R with 6=2 and 6=0.75.

V. Comparison with the reference single sampling plan

To distinguish the intrinsic effect of the skip-lot mechanism from changes in the
reference-plan design, a comparison with the single sampling plan (SSP) is made under
the same lifetime distribution, termination ratio, quality ratio and risk constraints. For an
SSP the ASN equals its sample size. For the proposed SkSP-R, ASN/n represents the
average inspection intensity relative to a full reference-plan inspection. The table also
gives an SSP design optimized under the same two-point constraints.

Table 5:
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For example, at 6=1.5, 6=0.5, f=0.25 and p/pe=2, the selected SkSP-R plan is SkSP-R
(31,8,0.5,2,1,2), with ASN=28.802405. Under the same n=31 and c=8, the reference SSP
would inspect all 31 items whenever a lot is inspected, whereas the SkSP-R plan has
ASN/n=92.91%, corresponding to a 7.09% reduction in average inspection intensity. The
separately optimized SSP satisfying the same two-point constraints requires n=40 and
c=11. Thus, changes in ASN across Tables 1-4 should be interpreted as the combined
effect of the reference-plan sample size, the lot-acceptance probability and the skip-lot
inspection frequency, rather than as an isolated effect of a single distributional parameter.

VI Real-Data Example

In this section, the proposed Type II GHLD is illustrated with following real
lifetime data on clean upgradient groundwater monitoring wells in( ug/ L) from

Vinyl chloride data taken from Krishnamoorthy et al., [XIII], the observations are
0.1, 0.1, 0.2, 0.2, 0.4, 04, 04 , 0.5, 0.5, 0.5, 0.6, 0.6, 0.8, 0.9, 0.9, 1.0, 1.1, 1.2, 1.2,
1.3,18,2.0,2.0,2.3,2.4,2.5,2.7,2.9,3.2,4.0,5.1, 5.3, 6.8, 8.0.

The shape parameter & is estimated using ML method based on the Vinyl chloride

data as & =0.6809. To test the goodness of fit, we apply the Kolmogorov-Smirnov
test, it is observed that for the data set Kolmogorov-Smirnov statistic is 0.15704 with
p-value is 0.4224. Thus, the data set is reasonably fitted for Type II GHLD. Figure 4
display Superimposed Empirical, Theoretical Density plots and Q-Q Plot, which
shows that Type II GHLD well fitted for this data set.

The 25™ percentile lifetime and termination-ratio setting used in the submitted
example are retained. The specified design values are 6=0.6809, to/l=0.5, =0.25 and
W uo=4. Using the two-point feasibility criterion, the selected plan parameters for the
considered setup are SkSP-R (n=23, ¢=2, i=2, f=0.5, k=1, m=2).

Initiate the normal inspection plan with n=23 sample observations. If d=2 items fail
before the termination time, the lot is accepted since d<2.

The inspection procedure is described as follows:

a. Initiate the normal inspection plan with n = 23 sample observations for a pre
assumed value t; = 0.25. Measure the observations that are failed before the duration
of the experiment time, say d =2. Hence the lot is accepted since d < ¢=2.

b. When i = 2, Through this normal inspection two consecutive lots are not rejected
based on time truncated life test. Now, terminate the normal inspection and follow
Skipping Inspection.

c. Test only a fraction f = 0.5 of lots that are chosen at random during the Skipping
Inspection. This process is continued until a sampled lot is rejected.

d. The clearance number for skipping inspection is k = 1. Following a rejection in the
skipping inspection stage, the subsequent lot is handled according to the re-sampling
procedure specified by the SkSP-R plan.
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e. For this selected design, the failure probabilities at the AQL and LQL points are
p = 0.042936 and 0.174103, respectively.

The corresponding acceptance probabilities are

L(AQL)=0.961322 and L(LQL)=0.240082,
The ASN at LQL 1s 21.359356. Hence, both risk constraints are satisfied:
L(AQL) = 0.95 and L(LQL) < 0.25.
f. If the lot is failed to accept in re-sampling process, then directly apply the normal

inspection as in Step (a).
g. All identified non-conforming items in the rejected lots are discarded or rectified

with satisfactory units.

Empirical and Fitted PDFs Q-Q plot

Sample Quantiles
4

; = -] ol

T
o 2 4 o 2 4 6

Fitted Quantiles

Fig. 4. Superimposed Empirical, Theoretical Density plots and Q-Q Plot of the fitted
Type Il GHLD for Vinyl chloride data.

VII. Summary and Conclusion

In this article, a SkKSP-R plan for Type II GHLD is developed using a two-
point optimization approach based on AQL and LQL. The numerical procedure
evaluates the lot acceptance probability separately at the two design points and selects
the minimum-ASN feasible integer plan. The tables provide the plan parameters,
AQL and LQL acceptance probabilities, constraint residuals and ASN values for
several distributional and quality settings. The results show that the proposed
procedure can provide feasible plans while reducing the average inspection intensity
through the skip lot mechanism under the specified risk constraints. The methodology
can be extended in future work to shifted fractions non-conforming and to other
probability distributions.
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  G  ( t )


     [ 1 − G  ( t ) ]  𝜃


  1 −    [ 1 − G  ( t ) ]  𝜃


  G  ( t )


  F ( t ; 𝜃 ) = 1 −    [ 1 − G  ( t ) ]  𝜃


  = 1 −    [ 1 −  ( 1 −  2  1 +   e  t ) ]  𝜃 = 1 −    2  𝜃     ( 1 +   e  t )  𝜃  ;   0< t < ∞ ,   𝜃 > 0


  f ( t ; 𝜃 ) =    2  𝜃 𝜃   e  t  ( 1 +   e  t  )  𝜃 + 1 ;    0< t < ∞ ,  𝜃 > 0


  M e d i a n =   l o g ⁡ [  2     ( 𝜃 + 1 )  𝜃 − 1   ]


  M o d e =  2  𝜃 𝜃  [   ( 1 +   e  t )   e  t − ( 𝜃 + 1 )   e  2 t  ( 1 +   e  t  )  𝜃 + 2 ]


  S ( t ) = 1 − F ( t ) =    [ 2 / ( 1 +   e  t )   ]  𝜃


  R  ( x ) = 1 −  [ 1 −    2  𝜃     ( 1 +   e  t )  𝜃 ]


  h ( t ) = f ( t ) / S ( t ) = 𝜃 / ( 1 +   e  − t )  


    P  a =    ( 1 − f )   P  i + f   P  k  (   P  i − P )  ( 1 −   Q  m ) + f P    P  i  ( 1 + f Q   P  k ) + f  ( 1 −   P  i )  [ 1 −   P  k  ( 1 −   Q  m ) ]


  A S N =   n   f  Q    P  i + k − n   f     P  k  ( 1 −   P  i )  ( 1 −   Q  m ) + n   f    P  i  ( 1 + f  Q    P  k ) + f  ( 1 −   P  i )  [ 1 −   P  k  ( 1 −   Q  m ) ]                                              


  P =   ∑  j = 0  c   (    n   j )   p  j    ( 1 − p )  n − j  


  p = F  ( t ,   𝛿 0 )  


      t  q 0  


      𝛿 0 =   t    t  q 0


      t 0 = 𝛿   𝜇 0


    𝜇 0


    𝜂  p


  p


  p = 1 −    (  2  1 +   e    𝜂  p )  𝜃


    𝜂  p =  ln ⁡   [  2     ( 1 − p )  1 / 𝜃 − 1 ]


  p = 0 . 5


    𝜂  0 . 5 =  ln ⁡   (  2   ( 𝜃 + 1 ) / 𝜃 − 1 )


  𝜇 = 𝜎   𝜂  p ,       𝜇 0 =   𝜎 0   𝜂  p ,


  r =   𝜇    𝜇 0 ,     𝛿 =     t 0    𝜇 0


      t 0  𝜎 =   𝛿   𝜇 0  𝜎 =   𝛿   𝜂  p  r .


  F  (   t 0 ) = 1 −    [  2  1 +  exp ⁡   (   t 0 / 𝜎 ) ]  𝜃


  p = 1 −    [  2  1 +  exp ⁡   ( 𝛿 / r ) ]  𝜃


  r =   𝜇    𝜇 0


    t 0


  𝜃


  𝛿


  𝜇 /   𝜇 0


  p = 1 −    [  2  1 +  exp ⁡   (   𝛿    𝜇    𝜇 0 ) ]  𝜃                                                                                                 ( 8 )


   ( n , c )


  P =   ∑  j = 0  c   (   n  j )   p  j    ( 1 − p )  n − j


  p


  𝛼


  𝛽


   ( 1 − 𝛼 )  


    p 0  and    p 1  


   (   p 0 , 1 − 𝛼 )  


   (   p 1 ,   β )


  A S N  (   p 1 ) =   n f   Q 1   P 1  i + k − n f   P 1  k  ( 1 −   P 1  i )  ( 1 −   Q 1  m ) + n f    P 1  i  ( 1 + f   Q 1   P 1  k ) + f  ( 1 −   P 1  i )  [ 1 −   P 1  k  ( 1 −   Q 1  m ) ]                                                                           ( 9 )


    P  a  (   p 0 ) =    ( 1 − f )   P 0  i + f   P 0  k  (   P 0  i −   P 0 )  ( 1 −   Q 0  m ) + f   P 0    P 0  i  ( 1 + f   Q 0   P 0  k ) + f  ( 1 −   P 0  i )  [ 1 −   P 0  k  ( 1 −   Q 0  m ) ] ≥ 1 − 𝛼                                     ( 10 )


    P  a  (   p 1 ) =    ( 1 − f )   P 1  i + f   P 1  k  (   P 1  i −   P 1 )  ( 1 −   Q 1  m ) + f   P 1    P 1  i  ( 1 + f   Q 1   P 1  k ) + f  ( 1 −   P 1  i )  [ 1 −   P 1  k  ( 1 −   Q 1  m ) ] ≤ 𝛽                                                       ( 11 )


  𝛽 ∈


    𝜇    𝜇  0   ∈


   ( n , c )


    t 0 = 0 . 25


  p = 0 . 042936


  0 . 174103


  L  ( A Q L ) ≥ 0 . 95


  L  ( L Q L ) ≤ 0 . 25 .

