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Abstract

In approximation theory, linear positive operators of general additive form are
generally studied on the positive half-axis. In this study, the Szdsz—Kantorovich—
Chlodovsky type operator is defined on intervals extending over the entire real axis.
Certain parts of this work, which were previously presented at a conference, have
been used in the present research only as needed. The approximation properties are
examined by means of a new Lipschitz-type function [XX]. The operator is also
studied using Peetre’s K-functional. Approximation and the rate of approximation in
weighted spaces are investigated. Graphs of two different functions are plotted for
two different values of bs, and the corresponding numerical tables are prepared.

Keywords: Approximation, Szasz -Mirakyan-Kantorovich Operators, Chlodovsky,
weighted approximation, Symmetric Intervals, Voronovskaya type theorem, Lipschitz
maximal function.

I. Introduction

Euler, one of the most important mathematicians of the 18th century, worked
on minimizing distance errors in Russian maps (1777). Laplace’s 1843 work on
determining the best-fitting ellipsoid for the Earth, as well as the contributions of
many mathematicians up to Weierstrass, were all directed toward reducing
approximation errors. Weierstrass brought this development to its culmination with a
theorem stating that every function h continuous on a closed and bounded (compact)
interval [, B] can be approximated to any desired degree of accuracy by a sequence
of polynomials on the same interval. In 1912, Bernstein [VII] introduced the
polynomials that now bear his name and used the following sequence of polynomials
to prove Weierstrass’ theorem:

By(h,u) = X5 9§ @h() (1.1)
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where ¢ (v) = (j)uj(l—u)s_j, u € [0,1].
LetX © Rand
B(X) ={g:X > R/|g(®)| < K, forall t € X}

C(X) ={g:X » R: g is continuous} ,
C(X) ={g:X » R: g is uniformly continuous}

Cy(X) =BX) n C(X), C,(X) = BX) N C(X)

CEX) ={g€C,(X): g™ eC,(X),r=0123....}
The standard norm of the space B(X) is

llglls = suplf (®)I.
tex

In this case, K;changes only depending on g. Bernstein polynomials are among the
polynomials that have been most extensively generalized and modified. One of these
modifications is due to Chlodovsky. In 1937, Chlodovsky [IX] modified the
Bernstein polynomials on moving subintervals as follows:

Cs(hw) = X595 () L by) (1.2)
where (by) is a sequence with positive terms and has the following properties
lim by = oo ve lim2 =0
S—00 Ss—oo S

Thus, when s — oo the interval [0, bs] expands to [0, ). Another modification is the
sequence of Szasz [ XXII] polynomials defined on [0, o). These are

S (hw) = Tj-o 4] WhE). (1.3)
where qj (w) = e‘T“(TjL')] and u € [0, ).

Similar to Kantorovich’s [XVI] modifications of the Bernstein polynomials,
Kantorovich-type versions of the Szasz polynomials were also defined in [XXIV],
and many researchers have subsequently studied them (see, for example, [XXIII,
XIX, I, XVIIL, 1IV]).

Cilo [X] was the first to generalize Bernstein polynomials to a symmetric interval in
2012 (see also [X1]), and this generalization is given below,

1 r i —j j
Cr(hiw) = 50 (j) A +w)/ (1 —wh@L- 1) (14)
where u € [—1,1].
Considering the studies mentioned above, in this work the Szasz—Kantorovich

operators are defined by the following operator sequence, which will be studied in
detail.
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Jj—s+1

Ry(h ) = 52045 (5 + 1) fims,

bs h(v)dv (1.5)

u j
o) [s(E+1
where u € [—bg, ), q} (bl + 1) =e S(bsﬂ)M [XXV, XXVI]. Throughout
this study, the conditions set by Chlodovsky on (b,) will be used as follows, and the
compact subintervals of [—by, b] that expand along the entire real axis will be used.

2

lim b, = o0 ve lim % = 0 (1.6)

S— 00 s—oo S

Different versions of Kantorovich-type polynomials are used in smoothing two- or
three-dimensional images and in neural networks; only two articles are cited here as
examples; there may be many more studies on this subject [IV, V].

II. Preliminaries
Let ei(7) = ) ve O;w) =(t— u) ,j=01.2.3,..

Lemma 2.1. [ XXV, XXVI|The following equations hold for the integral in operator
(1.5).
j—s+1

o S
i) fj%sbs

bs b,
dv ==
s

j—s+1 1 j—s+1b be 2i—2541
.o S S —48
i) [ Cvdv=-vi_ ¢ =2

< bs 2

_bs o (i_ bs
I=5p, 2s s bs = 2s @ (s 1) bs + s

Lo s e N SV 1
iif) f]?sbs vidv == 1].%;% == (]2 4 j(1—25)+ s2— s + 5)
] J'—s+1b$ ” jos+1 X bt . |

Lemma2.2 [ XXV, XXVI]The following equations are satisfied for (1.5)
i) Rs(epu) =1
ii) Rs(ep,u)=u+ s—;

b bs”
iii) Ry(eyu) = u? + 2% Gstbs

s 3s2 ) .
. 3 , 9bsu (6s+7)bSu . (10s +1)b?
iv) Ri(e3,u) =u® + +
) 5( 3 ) 2s . 252 Y 4s3 . ) .
R 8 bsu 3(2s+5)bsu 2(8s+3) bsu (155°4+255+1)bg
V) Rg(egu) =u*+ T - = =

Lemma2.3. [XXV, XXVI]The following equations regarding the central
moments of operator (1.5) are true.

i) R,(0y,u) =1

i) R(Opu) =2

2
i) Ry(6yu) = "T” 4 @stDbs

352
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—_2hp29,2 3
V) Ry(B,u) = 24 IO,

S u 35+1
V) b_SZRS(Gz,u) = b_s + 3s

(1552+255+1)bg
5s%

2u? (6s+15)u+ (155%2255+1)

. s?
VI) ERS(QAL! U) =-

b2 sbg 552
The expression
w(h,0) = sup |h(uw) — h(t)| (2.1)
lu—t|so
u,t€la,b]

is known as the first modulus of continuity.
The properties of the modulus of continuity are available in many sources, one of
which is [II].
If the function h satisfies the condition
|h(t) — h(w)| < M|t —ul* (2.2)

for every t,u € [—A, A], then the function % is said to be of the Lipschitz class, and
this class is denoted by Lip#, ([—A, A]). Here A is a positive real number.

Ozarslan and Aktuglu [XX] gave a new definition of Lipschitz, which is given below.

W@ - w()l < € ool 23)

y+0_1t+0_2t2)#/2

where w € C[0,©) g;,0,,C > 0 are any constants, y,t € [0,00) , and 0 < pu < 1.
The function class that satisfies this condition is denoted by Lipgl‘('T2 (w).

1. The theory of approximation by linear positive operators was first independently
established by Bohman [VIII] and Korovkin [XVIII]. The test functions appearing in
the Bohman—Korovkin theorem will be computed, and the corresponding moments
will be calculated using them.

Theorem 2.1 [XIII, XIV]. Let (Ny)s=; be a sequence of linear positive operators
such that

N:Cla, B] = Bla,B].- Here h € C[a, B] satisfies the condition |h(t)| < M for every
t € R. If this sequence satisfies the following conditions, then the sequence (Ngh)oe
converges uniformly to the function h.

1) lim Ny(1;u) = 1, 2) lim Ny(v;u) = u, 3) lim Ns(v?;u) = u?
S—00 S—00 §—00
(uniformly)

III. Main Results.

The following theorem will consider the smooth approximation of the
operator (1.5) on the interval [—A, A], where A > 0 is a fixed constant.

Theorem 3.1.[XXV] Let h € C,[—A4, A].
Then
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lim Rg(h,u) = h(u) (uniformly)
S—00

is implemented correctly.
Proof.

llm”R (e, w) — 1||C[ -AA] = llm juPA|R s(eg,u) =1 =0
<u<

Sli_)rglle(el,u) u”c[ -AA] = llm juPA|R s(er,w) —ul

=0

= lim |=

S—00 ZS

11m||R (ez,u) _u2||c[ -AA] = llm sup |Rs(ep,u) — u?|

—AsusA
) 2bsu | bg?
= lim sup — 4 =
5500 _p<yu<A S 3s
. |2bsA | b?
= lim | 4 = =0
s—00 N 3s s—»oo (\/_ )

Considering the conditions on (by) and Theorem 2.1, the proof is finished.

Theorem 3.2. Let h € C,[—A, A]. Then the following inequality holds

IRy(; w) = A < (1+V3)o (I %)

Proof. Using the properties of the continuity modulus, we can write that,

lv — ul s 5.)
5, ) ONE s

IRs(h; u) = h(w)| < |Rs(h(v) — h(u); Wl
< Rs(|h(v) = h(W)|; w)

SRS<(1+ ) w(h; 8,); u)

< w(h; &) {Ry(Lu) +5-Ry(lv — ul,w)}

|h(v) — h(uw)| < <1 +

when the Cauchy-Schwarz-Bunyakovsky inequality is used,
IRs(h w) = AW < w(h; 8) {1+ 5 yR( — W20}

Since Lemma?2.3(iii) and u € [—by, bg],

2 1)p2 1)p2 2 2
qus=>bs—qu—s=>bs—u+ (3s+ )bSS(65+ )bSS‘)sbS:&‘ (*)
s s s 3s2 3s2 3s2 s

(The expression (*) is an upper bound for the second moment.)
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Thus, by using the properties of the modulus of continuity, we get

1 \/bsu N (3s + 1)b?
s

. _ < . —
|Rs(h; u) — h(w)| < w(h; 65){1+ 5. 352

1 | 3p2
The proof ends by choosing §; = %.
Theorem. 3.3. If h € Lip#,, ([—bs, b,]) then

b2\2
|Rg(h,u) — h(w)| < 3#/2M <?)
Proof. Since R;(h,u) is a positive linear operator, combining (2.2), the Cauchy—
Schwarz inequality, and Lemma 2.3 (iii), we obtain
IRs(h; u) — h(W)| < Rs(|h(v) — h(W)|; u)
< Rs(M|v —ul*; uw)
< M[Rs((v —w)% w]*/?

[t
2

< M[bsTu+ (3s+1)b? ]

3s2

Since u € [—by, bg])
b2\2
IRs(h; w) — h(w)| < 3#?M <?>
Theorem. 3.4. Let h € Lipt“%(u) and 0 # u € [—bs, bs] Then
bs_u+ (3s + 1)b?

S 3s2
Ry(h; u) — <
IRk ) = hw)| < €350,

H’
2

Proof. Let's first prove it for u = 1.

lv—u| lv—u|

Letuthanduqt—%then T < T.

2 (w+outo,u?)z (o,t+0,t2)2

Thus, by Lemma 2.3(iii) and the Cauchy—Schwarz—Bunyakowsky inequality, we have
IRs(h; w) — h(W)| < Rs(|h(v) — h(w)|, u)
[v—ul#
(vtouto,u2)H/2’ )

< CR, (2t )

(o u+o,u?)t/2’

< CRy(
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c

< oy Rs(lv —ulw)
c
= (oru+oyu?)l/? (Rs((v — w)?,u))Y/?

bsu , (3s+1)b%

< C( s 3s2 )1/2

- o uto,u?

Now let 0 < p < 1. When Hélder's inequality is used by taking p = %and p= 2

2-u
2 K
[Rs(h,u) — h(W)| < C(Rs(|h(v) — h(w)|#,u))2
< CR(— )’
(v+outoyu?)2
_ lv—ul|? £
- C(RS((v+alu+02u2)'u))2
M (( ) t) bsu (3s+1)b5
F(v-u 352
S C( O_1u+O_2u2 ) < ( O_1u+0'2u2 )2
Thus, the proof is finished.
The second modulus of continuity is given as follows,
w,(h;0) = v,vril%eAIh(u +20) — 2h(u + 6) + h(w)]| (3.1)
|0|<o
The K-Peetre’s functional definition is given by
. — ; _ "
Kohio) = ot ik =glley o+ 019" e} (3.2)

by J. Peetre in 1968 [XXI] where g', g" € Cp(—w,c0). There exists at least one
constant C such that the inequality K, (h; 0) < Cw,(h;+o) holds [XII, Theorem
3.1.2]

Theorem 3.5. Let h € C[—bg, ), then for u € [—bg, ), the following inequality is
provided:

|Rs(h,u) —h(u)| < 4Cw, (h, \/_) +w (h;ﬁ).

2s

Proof. Through Taylor’s series,
9 =g = (v —w)g' W) + f,; (v - Dg" (@)dz (33)
By applying the operator Ry (h, u) to the equality (3.3), we get

R;(y —t,t) = % # 0 and Let's assign an auxiliary R operator from R (h, t) in this

way,
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R;(h,u) = R;(h,u) — h(Rs(v, u)) + h(u) (3.4)
By applying R;(h, u) to both sides of (3,3), we get

Rs(g,w) —g(w) = Rs(v —u,u)g"(w) + Rs f(v —2)9"(z)dz,u

Considering (3.4)
v
Ri(gw) — ) = Re| [ 0= 2)g" @)z,
u

— (fjs(v'u))(Rs(v' u) _ t)g”(z)dz,u)Jrf;(u _ Z)g”(Z)dZ
Rs(vu)

IR:(g,u) — gul < |Rs f w-2g" @dz,u || + f Rs(v, 1) — 2)g" (2)dz

u

<R[ lv-zllg"@ldz,u)  +  [FOVIR,w,0) -

z|lg" (2)|dz

IIg”Ilb(R (v — w2 u) + (M;(v,u))?)

Using Lemma 2.1 and Lemma 2.2, we get

IR (g,0) — (0] < 1 (s Comy o oy

N

llg"ll,, Os+DbE
S 2 ( 352 ( ))

< la"l, (ﬁ 3b52+(9s+1))

2 N 3s
2 2
Since b?s — 0ass — oo, it follows that w < 5, then
gll bs
IR: (9,u) — g(®)] < Ao (3.5)
From equality (3.4) and h € Cp,[—b,, ), we have
* bs
IR:(h,w)| < Rg(h,w)] + | (32)] + 1+h)] < 3l (3:6)

Considering equality (3.4)
|Rs(h,u) —h(u)| < [Rs(h — g,w) — (h — g)(W)| + |Rs(h,u) — h(w)]

by
+|n (%) - h@w 3.7)
When (3.1) and (3.4-3.7) are considered together, we obtain
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||g”||b % b
IRs(h,w) = h(w)] < 4llh = gll, + 2522 + o ()

If we take the infimum over g on the rlght-hand side

bs

bé
IRy (h,w) — h(w)| < 4K, <h; ?) +o (h; Z)

< 4Cw, (h; f) + o (k).
Thus the proof ends.
IV. Asymptotic Approximation.

When studying approximation by linear positive operators, the goal is to
determine the functional expression, in terms of the derivatives of the function, that
describes the asymptotic behaviour of the error.

In this section, we will calculate the limit of the difference between the function and
its image under the operator, multiplied by a sequence that tends to infinity:

R (h,u) —h(u) for the function h € C?(X).
Theorem 4.1. Let h € C?([—bg, b,]), then the following equation holds

s 1
lim —{Rs(h,u) —h(w)} = = h" (W)
s—00 by 2!
Proof. We will use the Taylor expansion given below.
1
h(v) = h(uw) + (v —uw)h'(w) + > v —w)?h" (w) + K,,(v,u) (v — u)?
h() = h@) = @ —wWh' @) +5 = W2 W) + K (0,1) @ —u)? .(*)
Here, Km is the remaining term, and it is continuous,
Km(@u) = Zh" @@ —u)* + AP @) —u)* +
also lim K, (v, u) = 0. When the R operator is applied to the (*) expression
v-u
R,(h(v);u) — h(u) = Rs((v —u); u)h’(u) + %RS((U —w)?u) h'(w)
+R (K, (v, w) (v — u)? ,u)
_ bs h ( ) 41 (bsu n (35+1)bs) h”( )
+Ry (K (v, w) (v — w)? ,u)
(35 + 1\,
22 (R ()10 = W)} = =)+ (b =)@
s s

+? Rs(Km(v,w)(v —w)? ,u)
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If we take the limit of both sides of the above equation

1
m 57 (Rs(h(D; ) = R} = 7" () + Jim 2 Ry (Ko (0,00 (0~ )% 1)

hm R (K (v, u) (v —u)? < hmw/R (K2 (v, u) R (v —w)?t )

< hm R (K2 (v,u) \/ (6S+15) (155252525+1)
< V3lim /Ry (K7 (v,w)
S—00

Since K,,,(v,u) = 0 when v — u, the result of the limit is zero.

V. Approximation in Weighted Space

In spaces of bounded functions, approximation by linear positive operators
can be studied relatively easily on compact intervals. In contrast, when the underlying
function space consists of functions that may grow at infinity (such spaces are called
weighted spaces, and the controlling function is called the weight function), a
different norm is required that is defined over the whole real line.

The weight function plays a role similar to the heavy concrete counterweights used at
one end of a tall crane to balance varying loads.

Let

¢:R - R ,@6(¢t) =1, |tllim @(t) =, g:R— Rand |h(w)| < F,@(u) where Fy, is
a constant that varies depending on h.

By(—00,00) = {h: |h(u)| < K, @(uw), his a function on (—o0,0)}

C(—00,0) = {h: h is a continuous function on (—, )}

Cp(—00,00) = C(—00,00) N By(—00,00) , CK[—by,00) = {h € Cp: lim 2 Kh}.

|x|=00 B(x)

These function classes are used with the [|h]lg = sup Ih(w)
UE (—00,00) o(uw)

Here, the weight function @(u) = 1 + u? given in Gadjiev's [XIII],[XIV] work and
Korovkin's theorem will be used.

norm

Lemma 6.1. Let (R;) be a sequence of linear positive operators that maps
C@ [—bs, bs] into B@[—bs, bs]

Proof. It is enough to show l-lir{.})”Rs((D(v)'u)”Q),[—bs,bs] = @(uw), (uniformly) here.

2b 3s + 1)bs°
Rs(a(v);u) =1+u? +Tsu +%

(3s+1)bg2

— 2bs
=0(u) + SUt

A.Izgi and R.Yilmaz
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Since
lim sup ( (3s+1)bs ) — lim ((9s+1)bs) =0,
§=% ye[—bg,bg] =0

then the proof is finished.
Theorem 6.1 Let h € Cg [bs, 00).Then lim [|Rs(h, w) — ullg[-p, b, = O.
S—00
Proof. It is sufficient to show that the conditions of the Korovkin theorem are
satisfied in the weighted spaces given in [ XIII-XIV].

The first condition is obvious. We now verify the second and third conditions.

b
lim||Rs( e (v),u ) — ullg— = lim su =
Jm s(er(w),u ) @,[-bs,bs] Sﬁwue[_blibs] oS
~lim & = 0.
r—oo 28
lim|[RsCex(v),u ) 2| = li L 0
im e;(V),u)—u =lim su —| =
2 Ol=bsbs) = UG ety | s 32

The proof ends.
Various moduli of continuity have been defined for weighted spaces. In this study,
the following moduli of continuity given in [XV] will be used.

|h(u+w)—h(w)|

Uu€[0,bg]
(see also [XIV]). Some properties of @w(h, o) can be found in [XXI]:

limw(h, o) = 0 and

|h(v) = hW)| < 2(1 + ) (1 + u?)w(h, 05)ys (v, u)
=1+ @-6)%)

2(1+asz), v —ul < o,
(v,u) < —u)*
Vs 2(1 + 0_52) (yo-;:) |

Iv t|

Where y,-(v,t) = (1+

5.2
v—ul| =g (5.2)

Theorem 6.2 Let h € CQ’)‘ [—bs, ). Then, for all sufficiently large s 's

2
N

IRs(h, u) — h(W)llg[-p, b, < 496 | h, 5
Proof. |Rs(h, u) — h(uw)| < Rs(|h(y) — h(w)], w)

<2(1+ 0> +u®>w(h,o5)Rs(ys (v, u), ).

A.Izgi and R.Yilmaz
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w-w?*

4
0

Considering (5.2) ys(v,u) < 2(1 + o?)[1 + ], then for all v,u € [—bg, bs] we

have

(v—u)*
|Rs(h,u) — h(w)| < 4(1 +02)(1 + u?)R,(1 + T,u)w(h, o)

N

2 2 61%
<41 +o0H)(A1+u”)[1+ aj 1@ (h, o)
6153
[Rs(hu)—h(w)| 2
—(ﬁuz) O < 41+ aD)[1 + 6;] w(h, o)

2 2
Ifog = \/% is chosen, then |[Rg(h, u) — hllg[—p,p,] < 496w <h,\/%)

VI. Graphs and Numerical Value Tables

In this section, graphs and the corresponding numerical tables are provided
for different functions and various values of by

Fig. 2. h(u) = (u + 2) (u-— Z)Sin?, bs = s'/3

A.Izgi and R.Yilmaz
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176«

— U] O\
=l
i i) Mw _‘\.:
..... Al o N

I / 3

I
Fig. 4. h(w) = In(1 + u?)(1 + cos(5), bs = s/

In the graphs, the function his plotted in blue, the operator for s = 20 is shown in
red, for 40 in green, and for s = 60 in black.

The following tables have been prepared for |Rs(h, u) — h(u)|
Table 1: for Figure 2

Table 2: for Figure 2

Table 3: for Figure 3 Table 4 : for Figure 4
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VII. Conclusion and Remarks.

In this study, the Szasz—Chlodovsky—Kantorovich type operators were first
discussed in the master’s thesis of Yilmaz [XXVI] on a symmetric interval covering
the entire real axis. Some parts of that work were presented at a conference [XXV].
Korovkin-type approximation was considered on a symmetric compact interval, and
the rate of approximation was calculated using the modulus of continuity on the same
interval. The second modulus of continuity and Peetre’s K-functional were also
employed in the investigation. A Voronovskaya-type approximation theorem was
obtained. The approximation properties were examined separately for functions
satisfying the classical Lipschitz condition and a modified Lipschitz condition.
Graphs of two different functions were plotted for different values of bgon a compact
interval, and the corresponding numerical tables were prepared. Finally, the
approximation and the rate of approximation were investigated in a weighted space.
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  g


   |   R  s  ( h , u ) − h  ( u ) | ≤ 4   K 2  ( h ;     b  s 2  s ) + 𝜔  ( h ;     b  s  2 s )


  ≤ 4 C   𝜔 2  ( h ;     b  s   s ) + 𝜔  ( h ;     b  s  2 s )


    R  s  ( h , u ) − h  ( u )


  h ∈   C 2  ( X )


  h ∈   C 2 (  [ −   b  s ,   b  s ] )


   lim  s → ∞   s    b  s  {   R  s  ( h , u ) − h ( u ) } =    1  2 !    h  ′ ′ ( u )


  h  ( v ) = h  ( u ) +  ( v − u )  h ′  ( u ) +    1 2  ( v − u ) 2  h  ′ ′  ( u ) +   K  m ( v , u )    ( v − u ) 2


  h  ( v ) − h  ( u ) =  ( v − u )  h ′  ( u ) +    1 2  ( v − u ) 2  h  ′ ′  ( u ) +   K  m ( v , u )    ( v − u ) 2  


    K  m  ( v , u ) =    1  3 !  h  ′ ′ ′  ( u )    ( v − u )  3   +    1  4 !  h   ( 4 )    ( u )  ( v − u )  4   + …


     lim  v → u ⁡    K  m  ( v , u ) = 0


    R  s


    R  s  ( h  ( v ) ; u ) − h  ( u ) =   R  s  (  ( v − u ) ; u )  h ′  ( u ) +    1  2 !   R  s (  ( v − u ) 2 ; u )    h  ′ ′  ( u )


  +     R  s ( K  m ( v , u )    ( v − u ) 2   , u )  


  =     b  s  2 s  h ′  ( u ) +  1 2  (     b  s u  s +      ( 3 s + 1 )   b  s 2  3   s 2 )  h  ′ ′  ( u )


  +     R  s ( K  m ( v , u )    ( v − u ) 2   , u )      


    s    b  s 2  {   R  s  ( h  ( v ) ; u ) − h  ( u ) } =  1  2   b  s  h ′  ( u ) +  1 2  (   u    b  s +      ( 3 s + 1 )  3 s )  h  ′ ′  ( u )


  +   s    b  s 2


      R  s ( K  m ( v , u )    ( v − u ) 2   , u )      


   lim  s → ∞   s    b  s 2  {   R  s  ( h  ( t ) ; u ) − h  ( u ) } =  1  2 !  h  ′ ′  ( u ) +  lim  s → ∞   s    b  s 2     R  m ( K  m ( v , u )    ( v − u ) 2   , u )


   lim  s → ∞   s    b  s 2     R  s ( K  m  ( v , u )    ( v − u ) 2 ≤  lim  s → ∞    R  s (   K  m 2 ( v , u )        s 2    b  s 4 R  s (    ( v − u ) 4 , u )


  ≤  lim  s → ∞    R  s (   K  m 2 ( v , u )  −  2    b  s 2   u 2 +    ( 6 s + 15 )  s   b  s u +   ( 15   s 2 25 s + 1 )  5   s 2


  ≤  3  lim  s → ∞    R  s (   K  m 2 ( v , u )


    K  m  ( v , u ) → 0


  v → u ,


  ∅ : ℝ →  ℝ +


  ∅ ( t ) ≥ 1


     lim   | t | → ∞ ⁡  ∅  ( t ) = ∞


  g : ℝ → ℝ


   | h ( u ) | ≤   F  g ∅  ( u )


    F h


    B ∅  ( − ∞ , ∞ ) =  { h :  | h ( u ) | ≤   K h ∅ ( u ) , h   i s   a   f u n c t i o n     o n    ( − ∞ , ∞ ) }


  C  ( − ∞ , ∞ ) =  { h : h   i s   a   c o n t i n u o u s   f u n c t i o n     o n    ( − ∞ , ∞ ) }


    C ∅  ( − ∞ , ∞ ) = C  ( − ∞ , ∞ ) ∩   B ∅  ( − ∞ , ∞ )


    C ∅  k  [   − b  s , ∞ ) =  { h ∈   C ∅ :    lim   | x | → ∞ ⁡     | h ( x ) |  ∅ ( x ) =   K h } .


     ‖ h ‖ ∅ =    sup  u ∈    ( − ∞ , ∞ ) ⁡     | h ( u ) |  ∅  ( u )


  ∅  ( u ) = 1 +   u 2


   (   R  s )


   C ∅  [ −   b  s ,   b  s ]


   B ∅  [ −   b  s ,   b  s ]


   lim  i → ∞    ‖   R  s  ( ∅  ( v ) , u ) ‖  ∅ ,  [ −   b  s ,   b  s ] = ∅  ( u ) , ( u n i f o r m l y )


    R  s  ( ∅  ( v ) , u ) = 1 +   u 2 +     2 b  s  s u +       ( 3 s + 1 ) b  s 2  3   s 2


  = ∅  ( u ) +     2 b  s  s u +       ( 3 s + 1 ) b  s 2  3   s 2


   lim  s → ∞     s u p  u ∈  [ −   b  s ,   b  s ]   ⁡  (     2 b  s  s u +       ( 3 s + 1 ) b  s 2  3   s 2 ) =    lim  r → ∞ ⁡  (     ( 9 s + 1 ) b  s 2  3   s 2 ) = 0


  h ∈   C ∅  k  [   b  s , ∞ ) .


   lim  s → ∞    ‖   R  s  ( h , u ) − u ‖  ∅ ,  [ −   b  s ,   b  s ] = 0


     lim  s → ∞ ⁡     ‖   R  s  (     e 1 ( v ) , u     ) − u ‖  ∅ ,  [ −   b  s ,   b  s ] =  lim  s → ∞    sup  u ∈  [ −   b  s ,   b  s ] ⁡   |     b  s  2 s |


   lim  r → ∞     b  s  2 s = 0


     lim  s → ∞ ⁡     ‖   R  s  (     e 2 ( v ) , u     ) −   u 2 ‖  ∅ ,  [ −   b  s ,   b  s ] =  lim  s → ∞    sup  u ∈  [ −   b  s ,   b  s ] ⁡   |     5 b  s 2  s +     b  s 2  3   s 2 | = 0


  𝜛  ( h ,   𝜎  s ) =    sup      | 𝜇 | ≤   𝜎  s   u ∈ [ 0 ,   b  s ] ⁡     | h  ( u + 𝜇 ) − h ( u ) |  ( 1 +   𝜇 2 ) ( 1 +   u 2 )


  𝜛  ( h , 𝜎 )


   lim  r → ∞ 𝜛  ( h ,   𝜎  s ) = 0


   | h  ( v ) − h ( u ) | ≤ 2 ( 1 +   𝜎  s 2 ) ( 1 +   u 2 ) 𝜛  ( h ,   𝜎  s )   𝛾  s ( v , u )


    𝛾  r  ( v , t ) = ( 1 +    | v − t |    𝜎  r ) ( 1 + ( v −   t ) 2 )


    𝛾  s  ( v , u ) ≤  {    2  ( 1 +   𝜎  s 2 ) ,   | v − u | ≤   𝜎  s   2  ( 1 +   𝜎  s 2 )      ( y − u ) 4    𝜎  s 4   | v − u | ≥   𝜎  s


  h ∈   C ∅  k  [ −   b  s , ∞ ) .


  s


     ‖   R  s  ( h , u ) − h ( u ) ‖  ∅ ,  [ −   b  s ,   b  s ] ≤ 496 𝜛  ( h ,      b  s 2  s   )


   |   R  s  ( h , u ) − h ( u ) | ≤   R  s (  | h  ( y ) − h  ( u ) | , u )


  ≤ 2 ( 1 +   𝜎  s 2 ) ( 1 +   u 2 ) 𝜛  ( h ,   𝜎  s )   R  s (   𝛾  s  ( v , u ) , u )


    𝛾  s  ( v , u ) ≤ 2 ( 1 +   𝜎  r 2 ) [ 1 +      ( v − u ) 4    𝜎  i 4 ]


  v , u ∈  [ −   b  s ,   b  s ]


   |   R  s  ( h , u ) − h ( u ) | ≤ 4 ( 1 +   𝜎  s 2 ) ( 1 +   u 2 )   R  s ( 1 +      ( v − u ) 4    𝜎  s 4 , u ) 𝜛  ( h ,   𝜎  s )


  ≤ 4 ( 1 +   𝜎  s 2 ) ( 1 +   u 2 ) [ 1 +   61     b  s 4    s 2    𝜎  s 4


  𝜛  ( h ,   𝜎  s )


     |   R  s  ( h , u ) − h ( u ) |  ( 1 +   u 2 ) ≤ 4 ( 1 +   𝜎  s 2 ) [ 1 +   61     b  s 4    s 2    𝜎  s 4


  𝜛  ( h ,   𝜎  s )


    𝜎  s =      b  s 2  s


     ‖   R  s  ( h , u ) − h ‖  ∅ ,  [ −   b  s ,   b  s ] ≤ 496 𝜛  ( h ,      b  s 2  s   )


    b  s


   ( u +  3 2 )  ( u − 2 ) s i n   𝜋 u 4


    b  s = ln ⁡ ( 1 + s )


  /


    h  ( u ) =  ( u +  3 2 )  ( u − 2 ) s i n   𝜋 u 4


    b  s =  s  1 / 3


  h  ( u ) = ln ⁡ ( 1 +   u 2 ) ( 1 + cos ⁡ (   𝜋 u 4


    b  s = ln ⁡ ( 1 + s )


  h  ( u ) = ln ⁡ ( 1 +   u 2 ) ( 1 + cos ⁡ (   𝜋 u 4


    b  s =   s  1 / 3


  h


  s = 20


  40  


  s = 60


   |   R  s  ( h , u ) − h ( u ) |


  𝒔


  𝒖 = − 𝟐 . 𝟓


  𝒖 = 𝟏


  𝒔


  𝒖 = − 𝟐 . 𝟕


  𝒖 = 𝟎 . 𝟖


     10 2


     10 2


   10 3


   10 3


   10 4


   10 4


   10 5


   10 5


   10 6


   10 6


  𝒔


  𝒖 = − 𝟏 . . 𝟓


  𝒖 =


  𝒔


  𝒖 = − 𝟏 . 𝟕


  𝒖 =


     10 2


     10 2


   10 3


   10 3


   10 4


   10 4


   10 5


  0 . 00124


  0 . 00108


   10 5


  0 . 0001428571


  0 . 0000851234


   10 6


  0 . 00039


  0 . 00034


   10 6


  0 . 0000307142


  0 . 0000183205


  K


   b s


  [   − 𝟏 ,   𝟏 ]

