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Abstract  

      In approximation theory, linear positive operators of general additive form are 

generally studied on the positive half-axis. In this study, the Szász–Kantorovich–

Chlodovsky type operator is defined on intervals extending over the entire real axis. 

Certain parts of this work, which were previously presented at a conference, have 

been used in the present research only as needed. The approximation properties are 

examined by means of a new Lipschitz-type function [XX]. The operator is also 

studied using Peetre’s 𝐾-functional. Approximation and the rate of approximation in 

weighted spaces are investigated. Graphs of two different functions are plotted for 

two different values of 𝑏𝑠, and the corresponding numerical tables are prepared. 

Keywords: Approximation, Szász -Mirakyan-Kantorovich Operators, Chlodovsky, 

weighted approximation, Symmetric Intervals, Voronovskaya type theorem, Lipschitz 

maximal function. 

I.   Introduction 
 

            Euler, one of the most important mathematicians of the 18th century, worked 

on minimizing distance errors in Russian maps (1777). Laplace’s 1843 work on 

determining the best-fitting ellipsoid for the Earth, as well as the contributions of 

many mathematicians up to Weierstrass, were all directed toward reducing 

approximation errors. Weierstrass brought this development to its culmination with a 

theorem stating that every function h continuous on a closed and bounded (compact) 

interval [α, β] can be approximated to any desired degree of accuracy by a sequence 

of polynomials on the same interval. In 1912, Bernstein [VII] introduced the 

polynomials that now bear his name and used the following sequence of polynomials 

to prove Weierstrass’ theorem: 

                         𝐵𝑠(ℎ, 𝑢) = ∑ 𝜑𝑗
𝑠(𝑢)ℎ(

𝑗

𝑠
𝑠
𝑗=0 )                                                              (1.1) 
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where 𝜑𝑗
𝑠(𝑣) = (

𝑠
𝑗)𝑢𝑗(1-𝑢)𝑠−𝑗, 𝑢 ∈ [0,1]. 

Let 𝑋 ⊆  ℝ and 

𝐵(𝑋) = {𝑔: 𝑋 → ℝ |𝑔(𝑡)|⁄ ≤ 𝐾𝑔 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ∈ 𝑋} 

𝐶(𝑋) = {𝑔: 𝑋 → ℝ ∶ 𝑔  𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠} , 
𝐶̂(𝑋) = {𝑔: 𝑋 → ℝ ∶ 𝑔  𝑖𝑠 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠} 

𝐶𝑏(𝑋) = 𝐵(𝑋) ∩  𝐶(𝑋), 𝐶̂𝑏(𝑋) = 𝐵(𝑋) ∩ 𝐶̂(𝑋)  

𝐶𝑏
𝑟(𝑋) = {𝑔 ∈ 𝐶𝑏(𝑋): 𝑔(𝑟) ∈ 𝐶𝑏(𝑋), 𝑟 = 0,1,2,3 … . }   

The standard norm of the space 𝐵(𝑋) is  

‖𝑔‖𝑏 = sup
𝑡∈𝑋

|𝑓(𝑡)|. 

In this case, 𝐾𝑔changes only depending on 𝑔. Bernstein polynomials are among the 

polynomials that have been most extensively generalized and modified. One of these 

modifications is due to Chlodovsky. In 1937, Chlodovsky [IX] modified the 

Bernstein polynomials on moving subintervals as follows:       

       𝐶𝑠(ℎ, 𝑢) = ∑ 𝜑𝑗
𝑠 (

𝑢

𝑏𝑠
) ℎ(

𝑗

𝑠
𝑠
𝑗=0 𝑏𝑠)                                                                    (1.2) 

where  (𝑏𝑠) is a sequence with positive terms and has the following properties 

lim
𝑠→∞

𝑏𝑠 = ∞ ve lim
𝑠→∞

𝑏𝑠

𝑠
= 0  

Thus, when 𝑠 → ∞ the interval [0, 𝑏𝑠] expands to [0, ∞). Another modification is the 

sequence of Szász [XXII] polynomials defined on [0, ∞). These are 

                  𝑆𝑟(ℎ, 𝑢) = ∑ 𝑞𝑗
𝑟(𝑢)ℎ(

𝑗

𝑟
𝑟
𝑗=0 ).                                                               (1.3) 

where 𝑞𝑗
𝑟(𝑢) = 𝑒−𝑟𝑢 (𝑟𝑢)𝑗

𝑗!
 and 𝑢 ∈ [0, ∞).  

Similar to Kantorovich’s [XVI] modifications of the Bernstein polynomials, 

Kantorovich-type versions of the Szász polynomials were also defined in [XXIV], 

and many researchers have subsequently studied them (see, for example, [XXIII, 

XIX, III, XVII, IV]). 

Çilo [X] was the first to generalize Bernstein polynomials to a symmetric interval in 

2012 (see also [XI]), and this generalization is given below, 

        𝐶𝑟(ℎ; 𝑢) =
1

2𝑟
∑ (

𝑟
𝑗)𝑟

𝑗=0 (1 + 𝑢)𝑗(1 − 𝑢)𝑟−𝑗ℎ(2
𝑗

𝑟
− 1)                                 (1.4) 

where  𝑢 ∈ [−1,1]. 

Considering the studies mentioned above, in this work the Szász–Kantorovich 

operators are defined by the following operator sequence, which will be studied in 

detail. 
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                    𝑅𝑠(ℎ, 𝑢) =
𝑠

𝑏𝑠
∑ 𝑞𝑗

𝑠 (
𝑢

𝑏𝑠
+ 1) ∫ ℎ(𝑣)𝑑𝑣

𝑗−𝑠+1

𝑠
𝑏𝑠

𝑗−𝑠

𝑠
𝑏𝑠

∞
𝑗=0                                   (1.5) 

where 𝑢 ∈ [−𝑏𝑠, ∞) , 𝑞𝑗
𝑠 (

𝑢

𝑏𝑠
+ 1) = 𝑒

−𝑠(
𝑢

𝑏𝑠
+1) [𝑠(

𝑢

𝑏𝑠
+1)]

𝑗

𝑗!
 [XXV, XXVI]. Throughout 

this study, the conditions set by Chlodovsky on (𝑏𝑠) will be used as follows, and the 

compact subintervals of [−𝑏𝑠, 𝑏𝑠] that expand along the entire real axis will be used.  

                                        lim
𝑠→∞

𝑏𝑠 = ∞ ve lim
𝑠→∞

𝑏𝑠
2

𝑠
= 0                                             (1.6) 

Different versions of Kantorovich-type polynomials are used in smoothing two- or 

three-dimensional images and in neural networks; only two articles are cited here as 
examples; there may be many more studies on this subject [IV, V]. 

II.   Preliminaries 

Let    𝑒𝑗(𝜏) = 𝜏𝑗 ve 𝜃𝑗(𝑢) = ( 𝜏 − 𝑢)𝑗 , 𝑗 = 0,1,2,3, … 

Lemma 2.1. [XXV, XXVI]The following equations hold for the integral in operator 

(1.5). 

i)  ∫ 𝑑𝑣
𝑗−𝑠+1

𝑠
𝑏𝑠

𝑗−𝑠

𝑠
𝑏𝑠

=
𝑏𝑠

𝑠
  

ii) ∫ 𝑣𝑑𝑣
𝑗−𝑠+1

𝑠
𝑏𝑠

𝑗−𝑠

𝑠
𝑏𝑠

=
1

2
𝑣2𝐼𝑗−𝑠

𝑠
𝑏𝑠

𝑗−𝑠+1

𝑠
𝑏𝑠

=
𝑏𝑠

2𝑠

2𝑗−2𝑠+1

𝑠
𝑏𝑠 =

𝑏𝑠

2𝑠
(2 (

𝑗

𝑠
− 1) 𝑏𝑠 +

𝑏𝑠

𝑠
) 

       iii) ∫ 𝑣2𝑑𝑣
𝑗−𝑠+1

𝑠
𝑏𝑠

𝑗−𝑠

𝑠
𝑏𝑠

= 
𝑣3

3
 𝐼𝑗−𝑠

𝑠
𝑏𝑠

𝑗−𝑠+1

𝑠
𝑏𝑠

=  
𝑏𝑠

3

𝑠3  ( 𝑗2 +  𝑗(1 − 2𝑠) +  𝑠2 −  𝑠 + 
1

3
) 

       iv)∫ 𝑣3𝑑𝑣
𝑗−𝑠+1

𝑠
𝑏𝑠

𝑗−𝑠

𝑠
𝑏𝑠

=
𝑣4

4
 𝐼𝑗−𝑠

𝑠
𝑏𝑠

𝑗−𝑠+1

𝑠
𝑏𝑠

=
𝑏𝑠

4

4𝑠4 [4𝑗3 +  (6 −  12𝑠)𝑗2 + (12𝑠2 −  12𝑠 +  4)𝑗  

Lemma2.2 [XXV, XXVI]The following equations are satisfied for (1.5) 

i) 𝑅𝑠(𝑒0, 𝑢) = 1 

ii) 𝑅𝑠(𝑒1, 𝑢) = 𝑢 +
𝑏𝑠

2𝑠
 

iii) 𝑅𝑠(𝑒2, 𝑢) = 𝑢2 +
2𝑏𝑠𝑢

𝑠
+

(3𝑠+1)𝑏𝑠
2

3𝑠2  

iv) 𝑅𝑠(𝑒3, 𝑢) = 𝑢3 +
9𝑏𝑠𝑢2

2𝑠
 +   

(6𝑠+7)𝑏𝑠
2𝑢

2 𝑠2 +
(10𝑠 +1)𝑏𝑠

3

4𝑠3  

v) 𝑅𝑠(𝑒4, 𝑢) = 𝑢4 + 
8 𝑏𝑠𝑢3

𝑠
+

3(2𝑠+5)𝑏𝑠
2𝑢2

𝑠2 +
2(8𝑠+3) 𝑏𝑠

3𝑢 

𝑠3 +  
(15𝑠2+25𝑠+1)𝑏𝑠

4

5𝑠4  

Lemma2.3. [XXV, XXVI]The following equations regarding the central 
moments of operator (1.5) are true. 

i) 𝑅𝑠(𝜃0, 𝑢) =1  

ii) 𝑅𝑠(𝜃1, 𝑢) =
𝑏𝑠

2𝑠
 

iii) 𝑅𝑠(𝜃2, 𝑢) = 
𝑏𝑠𝑢

𝑠
+ 

(3𝑠+1)𝑏𝑠
2

3𝑠2    
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iv) 𝑅𝑠(𝜃4, 𝑢) =
−2𝑏𝑠

2𝑢2

𝑠2 +  
(6𝑠+15)𝑏𝑠

3𝑢

𝑠3 + 
(15𝑠2+25𝑠+1)𝑏𝑠

4

5𝑠4  

v) 
𝑠

𝑏𝑠
2 𝑅𝑠(𝜃2, 𝑢) =

𝑢

𝑏𝑠
+

3𝑠+1

3𝑠
  

vi) 
𝑠2

𝑏𝑠
4 𝑅𝑠(𝜃4, 𝑢) = −

2𝑢2

𝑏𝑠
2 +

(6𝑠+15)𝑢

𝑠𝑏𝑠
+

(15𝑠225𝑠+1)

5𝑠2  

The expression                                       

                           𝜔(ℎ, 𝜎) = sup
|𝑢−𝑡|≤𝜎
𝑢,𝑡∈[𝑎,𝑏]

|ℎ(𝑢) − ℎ(𝑡)|                                                      (2.1) 

is known as the first modulus of continuity. 

The properties of the modulus of continuity are available in many sources, one of 
which is [II]. 

If the function ℎ satisfies the condition  

                                    |ℎ(𝑡) − ℎ(𝑢)| ≤ 𝑀|𝑡 − 𝑢|𝜇                                                     (2.2) 

for every 𝑡, 𝑢 ∈ [−𝐴, 𝐴], then the function ℎ is said to be of the Lipschitz class, and 

this class is denoted by 𝐿𝑖𝑝𝜇
𝑀([−𝐴, 𝐴]). Here 𝐴 is a positive real number. 

Ozarslan and Aktuglu [XX] gave a new definition of Lipschitz, which is given below. 

                 |𝑤(𝑦) − 𝑤(𝑡)| ≤ 𝐶
|𝑦−𝑡|𝜇

(𝑦+𝜎1𝑡+𝜎2𝑡2)𝜇/2                                                      (2.3) 

where 𝑤 ∈ 𝐶[0, ∞) 𝜎1, 𝜎2, 𝐶 > 0 𝑎𝑟𝑒 𝑎𝑛𝑦 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠, 𝑦, 𝑡 ∈ [0, ∞) , and 0 < 𝜇 ≤ 1. 

The function class that satisfies this condition is denoted by 𝐿𝑖𝑝𝐶
𝜎1,𝜎2(𝜇).  

1. The theory of approximation by linear positive operators was first independently 

established by Bohman [VIII] and Korovkin [XVIII]. The test functions appearing in 

the Bohman–Korovkin theorem will be computed, and the corresponding moments 

will be calculated using them. 

Theorem 2.1 [XIII, XIV]. Let (𝑁𝑠)𝑠=1
∞  be a sequence of linear positive operators 

such that 

 𝑁: 𝐶[𝛼, 𝛽] →  𝐵[𝛼, 𝛽]. Here ℎ ∈ 𝐶[𝛼, 𝛽] satisfies the condition |ℎ(𝑡)| ≤ 𝑀 for every 

𝑡 ∈ ℝ. If this sequence satisfies the following conditions, then the sequence (𝑁𝑠ℎ)𝑠=1
∞  

converges uniformly to the function ℎ.  

1) lim
𝑠→∞

𝑁𝑠(𝟏; u) = 1,      2) lim
𝑠→∞

𝑁𝑠(𝒗; u) = u ,           3) lim
𝑠→∞

𝑁𝑠(𝒗𝟐; u) = u2 

(uniformly) 

III.   Main Results.  

The following theorem will consider the smooth approximation of the 

operator (1.5) on the interval [−𝐴, 𝐴], where 𝐴 > 0 is a fixed constant. 

Theorem 3.1.[XXV] Let ℎ ∈ 𝐶𝑏[−𝐴, 𝐴].  

Then  
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lim
𝑠→∞

𝑅𝑠(ℎ, 𝑢) = h(u) (uniformly) 

is implemented correctly.  

Proof.  

lim
𝑠→∞

‖𝑅𝑠(𝑒0, 𝑢) − 1‖𝐶[−𝐴,𝐴] = lim
𝑠→∞

𝑠𝑢𝑝
−𝐴≤𝑢≤𝐴

|𝑅𝑠(𝑒0, 𝑢) − 1| = 0  

lim
𝑠→∞

‖𝑅𝑠(𝑒1, 𝑢) − 𝑢‖𝐶[−𝐴,𝐴] = lim
𝑠→∞

𝑠𝑢𝑝
−𝐴≤𝑢≤𝐴

|𝑅𝑠(𝑒1, 𝑢) − 𝑢|  

                                            = lim
𝑠→∞

|
𝑏𝑠

2𝑠
| = 0 

lim
𝑠→∞

‖𝑅𝑠(𝑒2, 𝑢) − 𝑢2‖𝐶[−𝐴,𝐴] = lim
𝑠→∞

𝑠𝑢𝑝
−𝐴≤𝑢≤𝐴

|𝑅𝑠(𝑒2, 𝑢) − 𝑢2|  

                                             = lim
𝑠→∞

𝑠𝑢𝑝
−𝐴≤𝑢≤𝐴

|
2𝑏𝑠𝑢

𝑠
+

𝑏𝑠
2

3𝑠
|  

                                             = lim
𝑠→∞

|
2𝑏𝑠𝐴

𝑠
+

𝑏𝑠
2

3𝑠
| =  lim

𝑠→∞

𝑏𝑠

√𝑠
(

2𝐴

√𝑠
+

𝑏𝑠

3√𝑠
) = 0 

Considering the conditions on (𝑏𝑠) and Theorem 2.1, the proof is finished. 

Theorem 3.2. Let ℎ ∈ 𝐶𝑏[−𝐴, 𝐴]. Then the following inequality holds 

|𝑅𝑠(ℎ;  𝑢) −  ℎ(𝑢)| ≤ (1 + √3)𝜔 (ℎ; 
𝑏𝑠

√𝑠
 ) 

Proof. Using the properties of the continuity modulus, we can write that, 

 

|ℎ(𝑣) −  ℎ(𝑢)| ≤ (1 +
|𝑣 −  𝑢|

𝛿𝑠
 )  𝜔(ℎ; 𝛿𝑠) 

                        |𝑅𝑠(ℎ;  𝑢) −  ℎ(𝑢)|  ≤ |𝑅𝑠(ℎ(𝑣) − ℎ(𝑢);  𝑢)|  

                                                         ≤ 𝑅𝑠(|ℎ(𝑣) − ℎ(𝑢)|;  𝑢)  

                                                         ≤ 𝑅𝑠 ((1 +
|𝑣 − 𝑢|

𝛿𝑠
 )  𝜔(ℎ; 𝛿𝑠) ;  𝑢) 

                                                        ≤  𝜔(ℎ; 𝛿𝑠) {𝑅𝑠(1, 𝑢) +
1

𝛿𝑠
𝑅𝑠(|𝑣 −  𝑢|, 𝑢)} 

when the Cauchy-Schwarz-Bunyakovsky inequality is used, 

                          |𝑅𝑠(ℎ;  𝑢) −  ℎ(𝑢)| ≤ 𝜔(ℎ; 𝛿𝑠) {1 +
1

𝛿𝑠
√𝑅𝑠((𝑣 −  𝑢)2, 𝑢)}  

Since Lemma2.3(𝑖𝑖𝑖) and 𝑢 ∈ [−𝑏𝑠, 𝑏𝑠], 

𝑢 ≤ 𝑏𝑠 ⟹
𝑏𝑠𝑢

𝑠
≤

𝑏𝑠
2

𝑠
⟹

𝑏𝑠𝑢

𝑠
+ 

(3𝑠+1)𝑏𝑠
2

3𝑠2 ≤
(6𝑠+1)𝑏𝑠

2

3𝑠2 ≤
9𝑠𝑏𝑠

2

3𝑠2 =
3𝑏𝑠

2

𝑠
.                            (*) 

(The expression (*) is an upper bound for the second moment.) 
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Thus, by using the properties of the modulus of continuity, we get 

|𝑅𝑠(ℎ;  𝑢) −  ℎ(𝑢)| ≤ 𝜔(ℎ; 𝛿𝑠) {1 +
1

𝛿𝑠

√
𝑏𝑠𝑢

𝑠
+ 

(3𝑠 + 1)𝑏𝑠
2

3𝑠2
  } 

                                                ≤ 𝜔(ℎ; 𝛿𝑠) {1 +
1

𝛿𝑠

√ 
3𝑏𝑠

2

𝑠
 }. 

The proof ends by choosing 𝛿𝑠 =
𝑏𝑠

√𝑠
. 

Theorem. 3.3. If ℎ ∈ 𝐿𝑖𝑝𝜇
𝑀([−𝑏𝑠, 𝑏𝑠]) then 

|𝑅𝑠(ℎ, 𝑢) − ℎ(u)| ≤ 3𝜇/2𝑀 (
𝑏𝑠

2

𝑠
)

𝜇
2

 

Proof. Since 𝑅𝑠(ℎ, 𝑢) is a positive linear operator, combining (2.2), the Cauchy–

Schwarz inequality, and Lemma 2.3 (iii), we obtain 

|𝑅𝑠(ℎ;  𝑢) −  ℎ(𝑢)| ≤ 𝑅𝑠(|ℎ(𝑣) − ℎ(𝑢)|;  𝑢) 

                                                                 ≤ 𝑅𝑠(𝑀|𝑣 − 𝑢|𝜇;  𝑢) 

                                                                 ≤ 𝑀[𝑅𝑠((𝑣 − 𝑢)2;  𝑢)]𝜇/2 

                                                                  ≤ 𝑀 [
𝑏𝑠𝑢

𝑠
+  

(3𝑠+1)𝑏𝑠
2

3𝑠2   ]

𝜇

2
 

Since 𝑢 ∈ [−𝑏𝑠, 𝑏𝑠]) 

|𝑅𝑠(ℎ;  𝑢) −  ℎ(𝑢)| ≤ 3𝜇/2𝑀 (
𝑏𝑠

2

𝑠
)

𝜇
2

 

Theorem. 3.4. Let ℎ ∈ 𝐿𝑖𝑝𝐶
𝜎1,𝜎2(𝜇) and 0 ≠ 𝑢 ∈ [−𝑏𝑠, 𝑏𝑠]Then  

|𝑅𝑠(ℎ;  𝑢) −  ℎ(𝑢)| ≤ 𝐶(

𝑏𝑠𝑢
𝑠 +  

(3𝑠 + 1)𝑏𝑠
2

3𝑠2   

𝜎1𝑢 + 𝜎2𝑢2
)

𝜇
2 

Proof. Let's first prove it for 𝜇 = 1. 

Let 𝑢 ≠ 0 and 𝑢 ≠ −
𝜎1

𝜎2
 then  

|𝑣−𝑢|

(𝑣+𝜎1𝑢+𝜎2𝑢2)
1
2

<
|𝑣−𝑢|

(𝜎1𝑡+𝜎2𝑡2)
1
2

.  

Thus, by Lemma 2.3(iii) and the Cauchy–Schwarz–Bunyakowsky inequality, we have 

|𝑅𝑠(ℎ;  𝑢) −  ℎ(𝑢)| ≤ 𝑅𝑠(|ℎ(𝑣) − ℎ(𝑢)|, 𝑢) 

                                                                  ≤ 𝐶𝑅𝑠(
|𝑣−𝑢|𝜇

(𝑣+𝜎1𝑢+𝜎2𝑢2)𝜇/2 , 𝑢) 

                                                                  ≤ 𝐶𝑅𝑠 (
|𝑣−𝑢|

(𝜎1𝑢+𝜎2𝑢2)1/2 , 𝑢) 
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                                                                 ≤
𝐶

(𝜎1𝑢+𝜎2𝑢2)1/2 𝑅𝑠(|𝑣 − 𝑢|, 𝑢) 

                                                                 ≤
𝐶

(𝜎1𝑢+𝜎2𝑢2)1/2
(𝑅𝑠((𝑣 − 𝑢)2, 𝑢))1/2 

                                                                 ≤ 𝐶(
𝑏𝑠𝑢

𝑠
+ 

(3𝑠+1)𝑏𝑠
2

3𝑠2

𝜎1𝑢+𝜎2𝑢2 )1/2 

Now let 0 < 𝜇 < 1.  When Hölder's inequality is used by taking 𝑝 =
2

𝜇
 and 𝑝 =

2

2−𝜇
 

|𝑅𝑠(ℎ, 𝑢) − ℎ(𝑢)| ≤ 𝐶(𝑅𝑠(|ℎ(𝑣) − ℎ(𝑢)|
2
𝜇 , 𝑢))

𝜇
2 

                                                            ≤ 𝐶𝑅𝑠((
|𝑣−𝑢|𝜇

(𝑣+𝜎1𝑢+𝜎2𝑢2)
𝜇
2

)
2

𝜇, 𝑢))
𝜇

2  

                                                            =  𝐶(𝑅𝑠(
|𝑣−𝑢|2

(𝑣+𝜎1𝑢+𝜎2𝑢2)
, 𝑢))

𝜇

2  

                                                            ≤ 𝐶(
𝑀𝑟

∗((𝑣−𝑢)2,𝑡)

𝜎1𝑢+𝜎2𝑢2 )
𝜇

2 ≤ 𝐶(
𝑏𝑠𝑢

𝑠
+ 

(3𝑠+1)𝑏𝑠
2

3𝑠2

𝜎1𝑢+𝜎2𝑢2 )
𝜇

2 

Thus, the proof is finished.  

The second modulus of continuity is given as follows, 

           𝜔2(ℎ; 𝜎) = max
𝑣,𝑣+2ℎ∈𝐴

|𝜃|≤𝜎

|ℎ(𝑢 + 2𝜃) − 2ℎ(𝑢 + 𝜃) + ℎ(𝑢)|                             (3.1 )   

The K-Peetre’s functional definition is given by 

𝐾2(ℎ; 𝜎) = inf
𝑔∈𝐶𝑏

2(−∞,∞)
{‖ℎ − 𝑔‖𝐶𝑏(−∞,∞)

+ 𝜎‖𝑔′′‖𝐶(−∞,∞)}                              (3.2) 

by J. Peetre in 1968 [XXI] where 𝑔′ , 𝑔′′ ∈ 𝐶𝑏(−∞,∞).  There exists at least one 

constant C such that the inequality 𝐾2(ℎ; 𝜎) ≤ 𝐶𝜔2(ℎ; √𝜎)  holds [XII, Theorem 

3.1.2] 

Theorem 3.5. Let ℎ ∈ 𝐶̂[−𝑏𝑠, ∞), then for 𝑢 ∈ [−𝑏𝑠, ∞), the following inequality is 

provided:  

|𝑅𝑠(ℎ, 𝑢) − h(u)| ≤ 4𝐶𝜔2 (ℎ;
𝑏𝑠

√𝑠
) + 𝜔 (ℎ;

𝑏𝑠

2𝑠
). 

Proof. Through Taylor’s series, 

                    𝑔(𝑣) − 𝑔(𝑢) = (𝑣 − 𝑢)𝑔′(𝑢) + ∫ (𝑣 − 𝑧)𝑔′′(𝑧)𝑑𝑧
𝑣

𝑢
                    (3.3)                    

By applying the operator 𝑅𝑠(ℎ, 𝑢) to the equality (3.3), we get 

 𝑅𝑠(𝑦 − 𝑡, 𝑡) =
𝑏𝑠

2𝑠
≠ 0 and Let's assign an auxiliary 𝑅𝑠 operator from 𝑅𝑠

∗(ℎ, 𝑡)  in this 

way, 
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 𝑅𝑠
∗(ℎ, 𝑢) = 𝑅𝑠(ℎ, 𝑢) − ℎ(𝑅𝑠(𝑣, 𝑢)) + ℎ(𝑢)                                 (3.4)         

By applying 𝑅𝑠
∗(ℎ, 𝑢) to both sides of (3,3), we get 

𝑅𝑠
∗(𝑔, 𝑢) − g(u) = 𝑅𝑠(𝑣 − 𝑢, 𝑢)𝑔′(𝑢) + 𝑅𝑠

∗ (∫(𝑣 − 𝑧)𝑔′′(𝑧)𝑑𝑧

𝑣

𝑢

, 𝑢) 

Considering (3.4) 

𝑅𝑠
∗(𝑔, 𝑢) − g(u) = 𝑅𝑠 (∫(𝑣 − 𝑧)𝑔′′(𝑧)𝑑𝑧

𝑣

𝑢

, 𝑢) 

                                 − (∫ (𝑅𝑠(𝑣, 𝑢) − 𝑡)𝑔′′(𝑧)𝑑𝑧
𝑅𝑠(𝑣,𝑢))

𝑢
, 𝑢)+∫ (𝑢 − 𝑧)𝑔′′(𝑧)𝑑𝑧

𝑢

𝑢
 

|𝑅𝑠
∗(𝑔, 𝑢) − gu| ≤ |𝑅𝑠 (∫(𝑣 − 𝑧)𝑔′′(𝑧)𝑑𝑧

𝑣

𝑢

, 𝑢)| + | ∫ (𝑅𝑠(𝑣, 𝑢) − 𝑧)𝑔′′(𝑧)𝑑𝑧

𝑅𝑠(𝑣,𝑢)

𝑢

| 

                                     ≤ 𝑅𝑠(∫ |𝑣 − 𝑧||𝑔′′(𝑧)|𝑑𝑧
𝑣

𝑢
, 𝑢) + ∫ |𝑅𝑠(𝑣, 𝑢) −

𝑅𝑠(𝑣,𝑢))

𝑢

𝑧||𝑔′′(𝑧)|𝑑𝑧 

                                     ≤
‖𝑔′′‖

𝑏

2
(𝑅𝑠((𝑣 − 𝑢)2, 𝑢) + (𝑀𝑟

∗(𝑣, 𝑢))2) 

Using Lemma 2.1 and Lemma 2.2, we get 

                                 |𝑅𝑠
∗(𝑔, 𝑢) − g(t)| ≤

‖𝑔′′‖
𝑏

2
((

𝑏𝑠𝑢

𝑠
+  

(3𝑠+1)𝑏𝑠
2

3𝑠2 ) + (
𝑏𝑠𝑢

𝑠
)2)                                         

                                                                  ≤
‖𝑔′′‖

𝑏

2
( 

(9𝑠+1)𝑏𝑠
2

3𝑠2 + (
𝑏𝑠

2

𝑠
)2)  

                                                                   ≤
‖𝑔′′‖

𝑏

2
(

𝑏𝑠
2

𝑠

3𝑏𝑠
2+(9𝑠+1)

3𝑠
) 

  Since 
𝑏𝑠

2

𝑠
 →  0 as 𝑠 →  ∞, it follows that 

3𝑏𝑠
2+(9𝑠+1)

3𝑠
≤ 5, then                                                      

                       |𝑅𝑠
∗(𝑔, 𝑢) − g(t)| ≤

5‖𝑔′′‖
𝑏

2

𝑏𝑠
2

𝑠
                  (3.5) 

From equality (3.4) and ℎ ∈ 𝐶𝑏[−𝑏𝑠, ∞), we have 

              |𝑅𝑠
∗(ℎ, 𝑢)| ≤ |𝑅𝑠(ℎ, 𝑢)| + |ℎ (

𝑏𝑠

2𝑠
)| + |+ℎ(𝑢)| ≤ 3‖ℎ‖𝑏                          (3.6)        

Considering  equality (3.4)  

    |𝑅𝑠(ℎ, 𝑢) − h(u)| ≤ |𝑅𝑠
∗(ℎ − 𝑔, 𝑢) − (ℎ − 𝑔)(𝑢)| + |𝑅𝑠

∗(ℎ, 𝑢) − ℎ(𝑢)|           

                                     + |ℎ (
𝑏𝑠

2𝑠
) − ℎ(𝑢)|                                      (3.7) 

When (3.1) and (3.4-3.7) are considered together, we obtain 
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|𝑅𝑠(ℎ, 𝑢) − h(u)| ≤ 4‖ℎ − 𝑔‖𝑏 +
5‖𝑔′′‖

𝑏

2

𝑏𝑠
2

𝑠
+ 𝜔 (ℎ;

𝑏𝑠

2𝑠
)  

If we take the infimum over 𝑔 on the right-hand side  

|𝑅𝑠(ℎ, 𝑢) − h(u)| ≤ 4𝐾2 (ℎ;
𝑏𝑠

2

𝑠
) + 𝜔 (ℎ;

𝑏𝑠

2𝑠
) 

                                                     ≤ 4𝐶𝜔2 (ℎ;
𝑏𝑠

√𝑠
) + 𝜔 (ℎ;

𝑏𝑠

2𝑠
). 

Thus the proof ends. 

IV.   Asymptotic Approximation.  

When studying approximation by linear positive operators, the goal is to 

determine the functional expression, in terms of the derivatives of the function, that 

describes the asymptotic behaviour of the error. 

In this section, we will calculate the limit of the difference between the function and 

its image under the operator, multiplied by a sequence that tends to infinity: 

𝑅𝑠(ℎ, 𝑢) − h(u)  for the function ℎ ∈ 𝐶2(𝑋). 

Theorem 4.1. Let ℎ ∈ 𝐶2([−𝑏𝑠, 𝑏𝑠]), then the following equation holds 

lim
𝑠→∞

𝑠

𝑏𝑠

{𝑅𝑠(ℎ, 𝑢) − ℎ(u)} =  
1

2!
 ℎ′′(𝑢) 

Proof. We will use the Taylor expansion given below. 

ℎ(𝑣) = ℎ(𝑢) + (𝑣 − 𝑢)ℎ′(𝑢) +
1

2
(𝑣 − 𝑢)2ℎ′′(𝑢) + 𝐾𝑚(𝑣, 𝑢)(𝑣 − 𝑢)2 

ℎ(𝑣) − ℎ(𝑢) = (𝑣 − 𝑢)ℎ′(𝑢) +
1

2
(𝑣 − 𝑢)2ℎ′′(𝑢) + 𝐾𝑚(𝑣, 𝑢)(𝑣 − 𝑢)2 .(*) 

Here, Km is the remaining term, and it is continuous, 

𝐾𝑚(𝑣, 𝑢) =  
1

3!
ℎ′′′(𝑢)(𝑣 − 𝑢)3 + 

1

4!
ℎ(4)(𝑢)(𝑣 − 𝑢)4 + ⋯  

also lim
𝑣→𝑢

𝐾𝑚(𝑣, 𝑢) = 0. When the 𝑅𝑠 operator is applied to the (*) expression 

𝑅𝑠(ℎ(𝑣); 𝑢) − ℎ(𝑢) = 𝑅𝑠((𝑣 − 𝑢); 𝑢)ℎ′(𝑢) +
1

2!
𝑅𝑠((𝑣 − 𝑢)2; 𝑢) ℎ′′(𝑢)      

                                 +𝑅𝑠(𝐾𝑚(𝑣, 𝑢)(𝑣 − 𝑢)2 , 𝑢)   

                               =
𝑏𝑠

2𝑠
ℎ′(𝑢) +

1

2
(

𝑏𝑠𝑢

𝑠
+  

(3𝑠+1)𝑏𝑠
2

3𝑠2 ) ℎ′′(𝑢) 

                                +𝑅𝑠(𝐾𝑚(𝑣, 𝑢)(𝑣 − 𝑢)2 , 𝑢)    

𝑠

𝑏𝑠
2

{𝑅𝑠(ℎ(𝑣); 𝑢) − ℎ(𝑢)} =
1

2𝑏𝑠
ℎ′(𝑢) +

1

2
(

𝑢

𝑏𝑠
+ 

(3𝑠 + 1)

3𝑠
) ℎ′′(𝑢) 

                                                        +
𝑠

𝑏𝑠
2 𝑅𝑠(𝐾𝑚(𝑣, 𝑢)(𝑣 − 𝑢)2 , 𝑢)    
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If we take the limit of both sides of the above equation 

lim
𝑠→∞

𝑠

𝑏𝑠
2

{𝑅𝑠(ℎ(𝑡); 𝑢) − ℎ(𝑢)} =
1

2!
ℎ′′(𝑢) + lim

𝑠→∞

𝑠

𝑏𝑠
2 𝑅𝑚(𝐾𝑚(𝑣, 𝑢)(𝑣 − 𝑢)2 , 𝑢) 

lim
𝑠→∞

𝑠

𝑏𝑠
2 𝑅𝑠(𝐾𝑚(𝑣, 𝑢)(𝑣 − 𝑢)2 ≤ lim

𝑠→∞
√𝑅𝑠(𝐾𝑚

2 (𝑣, 𝑢)√
𝑠2

𝑏𝑠
4 𝑅𝑠((𝑣 − 𝑢)4, 𝑢)  

                                               ≤ lim
𝑠→∞

√𝑅𝑠(𝐾𝑚
2 (𝑣, 𝑢)√−

2

𝑏𝑠
2 𝑢2 +

(6𝑠+15)

𝑠𝑏𝑠
𝑢 +

(15𝑠225𝑠+1)

5𝑠2  

                                               ≤ √3 lim
𝑠→∞

√𝑅𝑠(𝐾𝑚
2 (𝑣, 𝑢) 

Since 𝐾𝑚(𝑣, 𝑢) → 0 when 𝑣 → 𝑢, the result of the limit is zero. 

V.    Approximation in Weighted Space 

In spaces of bounded functions, approximation by linear positive operators 

can be studied relatively easily on compact intervals. In contrast, when the underlying 

function space consists of functions that may grow at infinity (such spaces are called 

weighted spaces, and the controlling function is called the weight function), a 

different norm is required that is defined over the whole real line. 

The weight function plays a role similar to the heavy concrete counterweights used at 

one end of a tall crane to balance varying loads. 

Let 

 ∅: ℝ → ℝ+ ,∅(𝑡) ≥ 1, lim
|𝑡|→∞

∅(𝑡) = ∞ , 𝑔: ℝ → ℝ and |ℎ(𝑢)| ≤ 𝐹𝑔∅(𝑢)  where 𝐹ℎ is 

a constant that varies depending on h. 

𝐵∅(−∞, ∞) = {ℎ: |ℎ(𝑢)| ≤ 𝐾ℎ∅(𝑢), ℎ 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  𝑜𝑛 (−∞, ∞)}  

𝐶(−∞, ∞) = {ℎ: ℎ 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  𝑜𝑛 (−∞, ∞)}  

𝐶∅(−∞, ∞) = 𝐶(−∞, ∞) ∩ 𝐵∅(−∞, ∞) , 𝐶∅
𝑘[−𝑏𝑠, ∞) = {ℎ ∈ 𝐶∅: lim

|𝑥|→∞

|ℎ(𝑥)|

∅(𝑥)
= 𝐾ℎ}. 

These function classes are used with the ‖ℎ‖∅ = sup
𝑢∈ (−∞,∞)

|ℎ(𝑢)|

∅(𝑢)
 norm. 

Here, the weight function ∅(𝑢) = 1 + 𝑢2 given in Gadjiev's [XIII],[XIV] work and 

Korovkin's theorem will be used. 

Lemma 6.1. Let (𝑅𝑠)  be a sequence of linear positive operators that maps 

C∅[−𝑏𝑠, 𝑏𝑠] into B∅[−𝑏𝑠, 𝑏𝑠] 

Proof. It is enough to show lim
𝑖→∞

‖𝑅𝑠(∅(𝑣), 𝑢)‖∅,[−𝑏𝑠,𝑏𝑠] = ∅(𝑢), (𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦) here.  

𝑅𝑠(∅(𝑣), 𝑢) = 1 + 𝑢2 +
2𝑏𝑠

𝑠
𝑢 +

(3𝑠 + 1)𝑏𝑠
2

3𝑠2
 

                                                    = ∅(𝑢) +
2𝑏𝑠

𝑠
𝑢 +

(3𝑠+1)𝑏𝑠
2

3𝑠2 .  
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Since  

lim
𝑠→∞

𝑠𝑢𝑝
𝑢∈[−𝑏𝑠,𝑏𝑠] 

(
2𝑏𝑠

𝑠
𝑢 +

(3𝑠+1)𝑏𝑠
2

3𝑠2 ) = lim
𝑟→∞

(
(9𝑠+1)𝑏𝑠

2

3𝑠2 ) = 0,  

then the proof is finished. 

Theorem 6.1 Let ℎ ∈ 𝐶∅
𝑘[𝑏𝑠, ∞).Then lim

𝑠→∞
‖𝑅𝑠(ℎ, 𝑢) − 𝑢‖∅,[−𝑏𝑠,𝑏𝑠] = 0.  

Proof. It is sufficient to show that the conditions of the Korovkin theorem are 

satisfied in the weighted spaces given in [XIII–XIV]. 

The first condition is obvious. We now verify the second and third conditions. 

lim
𝑠→∞

‖𝑅𝑠( 𝑒1(𝑣), 𝑢  ) − 𝑢‖∅,[−𝑏𝑠,𝑏𝑠] = lim
𝑠→∞

sup
𝑢∈[−𝑏𝑠,𝑏𝑠]

|
𝑏𝑠

2𝑠
| 

                                                                                = lim
𝑟→∞

𝑏𝑠

2𝑠
= 0. 

lim
𝑠→∞

‖𝑅𝑠( 𝑒2(𝑣), 𝑢  ) − 𝑢2‖∅,[−𝑏𝑠,𝑏𝑠] = lim
𝑠→∞

sup
𝑢∈[−𝑏𝑠,𝑏𝑠]

|
5𝑏𝑠

2

𝑠
+

𝑏𝑠
2

3𝑠2
| = 0 

The proof ends. 

Various moduli of continuity have been defined for weighted spaces. In this study, 

the following moduli of continuity given in [XV] will be used. 

                     𝜛(ℎ, 𝜎𝑠) = sup
|𝜇|≤𝜎𝑠

𝑢∈[0,𝑏𝑠]

|ℎ(𝑢+𝜇)−ℎ(𝑢)|

(1+𝜇2)(1+𝑢2)
                                                       (5.1) 

 (see also [XIV]). Some properties of 𝜛(ℎ, 𝜎) can be found in [XXI]: 

lim
𝑟→∞

𝜛(ℎ, 𝜎𝑠) = 0 and 

|ℎ(𝑣) − ℎ(𝑢)| ≤ 2(1 + 𝜎𝑠
2)(1 + 𝑢2)𝜛(ℎ, 𝜎𝑠)𝛾𝑠(𝑣, 𝑢)  

Where  𝛾𝑟(𝑣, 𝑡) = (1 +
|𝑣−𝑡|

𝜎𝑟
)(1 + (𝑣 − 𝑡)2) 

             𝛾𝑠(𝑣, 𝑢) ≤ {
2(1 + 𝜎𝑠

2), |𝑣 − 𝑢| ≤ 𝜎𝑠

2(1 + 𝜎𝑠
2)

(𝑦−𝑢)4

𝜎𝑠
4 |𝑣 − 𝑢| ≥ 𝜎𝑠

                                            (5.2) 

Theorem 6.2 Let ℎ ∈ 𝐶∅
𝑘[−𝑏𝑠, ∞). Then, for all sufficiently large 𝑠 's 

‖𝑅𝑠(ℎ, 𝑢) − ℎ(𝑢)‖∅,[−𝑏𝑠,𝑏𝑠] ≤ 496𝜛 (ℎ, √
𝑏𝑠

2

𝑠
 ) 

Proof. |𝑅𝑠(ℎ, 𝑢) − ℎ(𝑢)| ≤ 𝑅𝑠(|ℎ(𝑦) − ℎ(𝑢)|, 𝑢) 

                                         ≤ 2(1 + 𝜎𝑠
2)(1 + 𝑢2)𝜛(ℎ, 𝜎𝑠)𝑅𝑠(𝛾𝑠(𝑣, 𝑢), 𝑢). 
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Considering (5.2) 𝛾𝑠(𝑣, 𝑢) ≤ 2(1 + 𝜎𝑟
2)[1 +

(𝑣−𝑢)4

𝜎𝑖
4 ], then for all 𝑣, 𝑢 ∈ [−𝑏𝑠, 𝑏𝑠] we 

have 

|𝑅𝑠(ℎ, 𝑢) − ℎ(𝑢)| ≤ 4(1 + 𝜎𝑠
2)(1 + 𝑢2)𝑅𝑠(1 +

(𝑣 − 𝑢)4

𝜎𝑠
4 , 𝑢)𝜛(ℎ, 𝜎𝑠) 

                                           ≤ 4(1 + 𝜎𝑠
2)(1 + 𝑢2)[1 +

61
𝑏𝑠

4

𝑠2

𝜎𝑠
4 ] 𝜛(ℎ, 𝜎𝑠) 

                       
|𝑅𝑠(ℎ,𝑢)−ℎ(𝑢)|

(1+𝑢2)
≤ 4(1 + 𝜎𝑠

2)[1 +
61

𝑏𝑠
4

𝑠2

𝜎𝑠
4 ] 𝜛(ℎ, 𝜎𝑠) 

If 𝜎𝑠 = √
𝑏𝑠

2

𝑠
 is chosen, then ‖𝑅𝑠(ℎ, 𝑢) − ℎ‖∅,[−𝑏𝑠,𝑏𝑠] ≤ 496𝜛 (ℎ, √

𝑏𝑠
2

𝑠
 )  

VI.    Graphs and Numerical Value Tables     

In this section, graphs and the corresponding numerical tables are provided 

for different functions and various values of 𝑏𝑠   

         

 

 

 

 

 

    

          Fig. 1. (𝑢 +
3

2
) (𝑢 − 2)𝑠𝑖𝑛

𝜋𝑢

4
, 𝑏𝑠 = ln(1 + 𝑠) 

 

Fig. 2. ℎ(𝑢) = (𝑢 +
3

2
) (𝑢 − 2)𝑠𝑖𝑛

𝜋𝑢

4
, 𝑏𝑠 = s1/3 
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Fig. 3. ℎ(𝑢) = ln(1 + 𝑢2)(1 + cos(
𝜋𝑢

4
)), 𝑏𝑠 = ln(1 + 𝑠) 

 

                                  Fig. 4. ℎ(𝑢) = ln(1 + 𝑢2)(1 + cos(
𝜋𝑢

4
)), 𝑏𝑠 = 𝑠1/3         

 In the graphs, the function ℎis plotted in blue, the operator for 𝑠 = 20 is shown in 

red, for 40 in green, and for 𝑠 = 60 in black.    

The following tables have been prepared for |𝑅𝑠(ℎ, 𝑢) − ℎ(𝑢)| 

                Table 1:  for Figure 2                                                Table 2:  for Figure 2 

𝒔 𝒖 = −𝟐. 𝟓 𝒖 = 𝟏  𝒔 𝒖 = −𝟐. 𝟕 𝒖 = 𝟎. 𝟖 

 102 0.2664593280 0.4791972770   102 03213014950 0.3908989020 

103 0.0734156990 0.1102386910  103 0.2323953950 0.1795250140 

104 0.0141308830 0.0193811630  104 0.1261454720 0.0830747330 

105 0.0023015310 0.0029834410  105 0.0624358990 0.0385237410 

106 0.0003020124 0.0004245390  106 0.0000000003 0.0000000001 

              Table 3: for Figure 3                                                   Table 4 : for Figure 4 

𝒔 𝒖 = −𝟏. . 𝟓 𝒖 =1.7  𝒔 𝒖 = −𝟏. 𝟕 𝒖 =0 

 102 0.1394054426 0.2344686058   102 0.1220869738 0.3145502026 

103 0.0371720596 0.0532680208  103 0.0744788268 0.1694120114 

104 0.0070782906 0.0091848868  104 0.0387853638 0.0854047176 

105 0.0012405962 0.0010812630  105 0.0001428571 0.0000851234 

106 0.0003972610 0.0003427381  106 0.0000307142 0.0000183205 
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VII. Conclusion and Remarks.  

In this study, the Szász–Chlodovsky–Kantorovich type operators were first 

discussed in the master’s thesis of Yılmaz [XXVI] on a symmetric interval covering 

the entire real axis. Some parts of that work were presented at a conference [XXV]. 

Korovkin-type approximation was considered on a symmetric compact interval, and 

the rate of approximation was calculated using the modulus of continuity on the same 

interval. The second modulus of continuity and Peetre’s K -functional were also 

employed in the investigation. A Voronovskaya-type approximation theorem was 

obtained. The approximation properties were examined separately for functions 

satisfying the classical Lipschitz condition and a modified Lipschitz condition. 

Graphs of two different functions were plotted for different values of bson a compact 

interval, and the corresponding numerical tables were prepared. Finally, the 

approximation and the rate of approximation were investigated in a weighted space. 
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  ≤   𝜔  ( h ;     𝛿  s )  {   R  s  ( 1 , u ) +  1    𝛿  s   R  s (  | v   −   u | , u ) }


   |   R  s  ( h ;   u ) −   h  ( u ) | ≤ 𝜔  ( h ;     𝛿  s )  { 1 +  1    𝛿  s    R  s (    ( v   −   u ) 2 , u ) }


  i i i


  u ∈ [ −   b  s ,   b  s ]


  u ≤   b  s ⟹     b  s u  s ≤     b  s 2  s ⟹     b  s u  s +      ( 3 s + 1 )   b  s 2  3   s 2 ≤      ( 6 s + 1 ) b  s 2  3   s 2 ≤     9 s b  s 2  3   s 2 =   3   b  s 2  s


   |   R  s  ( h ;   u ) −   h  ( u ) | ≤ 𝜔  ( h ;     𝛿  s )  { 1 +  1    𝛿  s      b  s u  s +     ( 3 s + 1 )   b  s 2  3   s 2     }


  ≤ 𝜔  ( h ;     𝛿  s )  { 1 +  1    𝛿  s      3   b  s 2  s   } .


    𝛿  s =     b  s   s


  h ∈     L i p  𝜇  M (  [ −   b  s ,   b  s ] )


   |   R  s  ( h , u ) − h ( u ) | ≤  3  𝜇 / 2 M    (     b  s 2  s )    𝜇 2


    R  s  ( h , u )


   |   R  s  ( h ;   u ) −   h  ( u ) | ≤   R  s  (  | h  ( v ) − h ( u ) | ;   u )


  ≤   R  s  (   M  | v − u |  𝜇 ;   u )


  ≤   M [ R  s    (   ( v − u ) 2 ;   u ) ]  𝜇 / 2


  ≤ M    [     b  s u  s +     ( 3 s + 1 )   b  s 2  3   s 2     ]    𝜇 2


  u ∈  [ −   b  s ,   b  s ] )


   |   R  s  ( h ;   u ) −   h  ( u ) | ≤  3  𝜇 / 2 M    (     b  s 2  s )    𝜇 2


  h   ∈ L i p  C    𝜎 1 ,   𝜎 2  ( 𝜇 )


  0 ≠ u ∈ [ −   b  s ,   b  s ]


   |   R  s  ( h ;   u ) −   h  ( u ) | ≤ C   (       b  s u  s +     ( 3 s + 1 )   b  s 2  3   s 2        𝜎 1 u +   𝜎 2   u 2 )    𝜇 2


  𝜇 = 1


  u ≠ 0


  u ≠ −     𝜎 1    𝜎 2


         | v − u |     ( v +   𝜎 1 u +   𝜎 2   u 2 )   1 2 <    | v − u |     (   𝜎 1 t +   𝜎 2   t 2 )   1 2


   |   R  s  ( h ;   u ) −   h  ( u ) | ≤   R  s (  | h ( v ) − h ( u ) | , u )


  ≤ C   R  s (      | v − u |  𝜇    ( v +   𝜎 1 u +   𝜎 2   u 2 )  𝜇 / 2 , u )


  ≤ C   R  s  (    | v − u |    (   𝜎 1 u +   𝜎 2   u 2 )  1 / 2 , u )


  ≤   C    (   𝜎 1 u +   𝜎 2   u 2 )  1 / 2   R  s (  | v − u | , u )


  ≤   C    (   𝜎 1 u +   𝜎 2   u 2 )  1 / 2    (   R  s (    ( v − u ) 2 , u ) )  1 / 2


  ≤ C (         b  s u  s +     ( 3 s + 1 )   b  s 2  3   s 2    𝜎 1 u +   𝜎 2   u 2 )  1 / 2


  0 < 𝜇 < 1 .


  p =  2  𝜇


  p =  2  2 − 𝜇


  |   R  s ( h , u ) − h ( u ) | ≤ C (     R  s (    | h  ( v ) − h  ( u ) |   2  𝜇 , u ) )    𝜇 2


  ≤ C     R  s (   (      | v − u |  𝜇     ( v +   𝜎 1 u +   𝜎 2   u 2 )    𝜇 2 )   2  𝜇 , u ) )    𝜇 2


  =   C     ( R  s (      | v − u | 2   ( v +   𝜎 1 u +   𝜎 2   u 2 ) , u ) )    𝜇 2


  ≤ C   (     M  r ∗ (    ( v − u ) 2 , t )    𝜎 1 u +   𝜎 2   u 2 )    𝜇 2 ≤ C   (       b  s u  s +     ( 3 s + 1 )   b  s 2  3   s 2    𝜎 1 u +   𝜎 2   u 2 )    𝜇 2


    𝜔 2  ( h ; 𝜎 ) =    max     v , v + 2 h ∈ A    | 𝜃 | ≤ 𝜎 ⁡   | h  ( u + 2 𝜃 ) − 2 h  ( u + 𝜃 ) + h ( u ) |


    K 2  ( h ; 𝜎 ) =    inf  g ∈   C  b 2 ( − ∞ , ∞ ) ⁡   {    ‖ h − g ‖    C  b  ( − ∞ , ∞ ) + 𝜎    ‖   g  ′ ′ ‖  C ( − ∞ , ∞ ) }


    g ′


    g  ′ ′ ∈   C  b  ( − ∞ , ∞ ) .


    K 2  ( h ; 𝜎 ) ≤ C   𝜔 2  ( h ;  𝜎 )


  h ∈   C ^ [ −   b  s , ∞ )


  u ∈ [ −   b  s , ∞ )


   |   R  s  ( h , u ) − h  ( u ) | ≤ 4 C   𝜔 2  ( h ;     b  s   s ) + 𝜔  ( h ;     b  s  2 s )


  g  ( v ) − g  ( u ) =  ( v − u )   g ′  ( u ) +   ∫  u  v   ( v − z )   g  ′ ′  ( z ) d z


    R  s  ( h , u )


    R  s  ( y − t , t ) =     b  s  2 s ≠ 0


    R  s


    R  s ∗  ( h , t )


    R  s ∗  ( h , u ) =   R  s  ( h , u ) − h  (   R  s  ( v , u ) ) + h ( u )


    R  s ∗  ( h , u )


    R  s ∗  ( g , u ) − g  ( u ) =   R  s  ( v − u , u )   g ′  ( u ) +   R  s ∗  (   ∫  u  v   ( v − z )   g  ′ ′  ( z ) d z , u )


    R  s ∗  ( g , u ) − g  ( u ) =   R  s  (   ∫  u  v   ( v − z )   g  ′ ′  ( z ) d z , u )


  −  (   ∫  u    R  s ( v , u ) )   (   R  s ( v , u ) − t )   g  ′ ′  ( z ) d z , u )


    ∫  u  u   ( u − z )   g  ′ ′  ( z ) d z


   |   R  s ∗  ( g , u ) − gu | ≤  |   R  s  (   ∫  u  v   ( v − z )   g  ′ ′  ( z ) d z , u ) | +  |   ∫  u    R  s ( v , u )   (   R  s ( v , u ) − z )   g  ′ ′  ( z ) d z |


  ≤   R  s  (   ∫  u  v   | v − z |  |   g  ′ ′  ( z ) | d z , u )


    ∫  u    R  s ( v , u ) )   |   R  s ( v , u ) − z |  |   g  ′ ′  ( z ) | d z


  ≤      ‖   g  ′ ′ ‖  b 2  (   R  s  (    ( v − u ) 2 , u ) +     ( M  r ∗  ( v , u ) ) 2 )


   |   R  s ∗  ( g , u ) − g  ( t ) | ≤      ‖   g  ′ ′ ‖  b 2  ( (     b  s u  s +      ( 3 s + 1 )   b  s 2  3   s 2 ) +   (     b  s u  s ) 2 )


    ≤      ‖   g  ′ ′ ‖  b 2  (      ( 9 s + 1 )   b  s 2  3   s 2 +   (     b  s 2  s ) 2 )


  ≤      ‖   g  ′ ′ ‖  b 2  (     b  s 2  s   3   b  s 2 +  ( 9 s + 1 )  3 s )


      b  s 2  s


  →   0


  s   →   ∞


    3   b  s 2 +  ( 9 s + 1 )  3 s ≤ 5


   |   R  s ∗  ( g , u ) − g  ( t ) | ≤     5  ‖   g  ′ ′ ‖  b 2     b  s 2  s


  h ∈   C  b [ −   b  s , ∞ )


   |   R  s ∗  ( h , u ) | ≤  |   R  s  ( h , u ) | +  | h  (     b  s  2 s ) | +  | + h ( u ) | ≤ 3    ‖ h ‖  b


   |   R  s  ( h , u ) − h  ( u ) | ≤  |   R  s ∗  ( h − g , u ) −  ( h − g )  ( u ) | +  |   R  s ∗  ( h , u ) − h  ( u ) |


  +  | h  (     b  s  2 s ) − h ( u ) |


   |   R  s  ( h , u ) − h  ( u ) | ≤ 4    ‖ h − g ‖  b +     5  ‖   g  ′ ′ ‖  b 2     b  s 2  s + 𝜔  ( h ;     b  s  2 s )


  g


   |   R  s  ( h , u ) − h  ( u ) | ≤ 4   K 2  ( h ;     b  s 2  s ) + 𝜔  ( h ;     b  s  2 s )


  ≤ 4 C   𝜔 2  ( h ;     b  s   s ) + 𝜔  ( h ;     b  s  2 s )


    R  s  ( h , u ) − h  ( u )


  h ∈   C 2  ( X )


  h ∈   C 2 (  [ −   b  s ,   b  s ] )


   lim  s → ∞   s    b  s  {   R  s  ( h , u ) − h ( u ) } =    1  2 !    h  ′ ′ ( u )


  h  ( v ) = h  ( u ) +  ( v − u )  h ′  ( u ) +    1 2  ( v − u ) 2  h  ′ ′  ( u ) +   K  m ( v , u )    ( v − u ) 2


  h  ( v ) − h  ( u ) =  ( v − u )  h ′  ( u ) +    1 2  ( v − u ) 2  h  ′ ′  ( u ) +   K  m ( v , u )    ( v − u ) 2  


    K  m  ( v , u ) =    1  3 !  h  ′ ′ ′  ( u )    ( v − u )  3   +    1  4 !  h   ( 4 )    ( u )  ( v − u )  4   + …


     lim  v → u ⁡    K  m  ( v , u ) = 0


    R  s


    R  s  ( h  ( v ) ; u ) − h  ( u ) =   R  s  (  ( v − u ) ; u )  h ′  ( u ) +    1  2 !   R  s (  ( v − u ) 2 ; u )    h  ′ ′  ( u )


  +     R  s ( K  m ( v , u )    ( v − u ) 2   , u )  


  =     b  s  2 s  h ′  ( u ) +  1 2  (     b  s u  s +      ( 3 s + 1 )   b  s 2  3   s 2 )  h  ′ ′  ( u )


  +     R  s ( K  m ( v , u )    ( v − u ) 2   , u )      


    s    b  s 2  {   R  s  ( h  ( v ) ; u ) − h  ( u ) } =  1  2   b  s  h ′  ( u ) +  1 2  (   u    b  s +      ( 3 s + 1 )  3 s )  h  ′ ′  ( u )


  +   s    b  s 2


      R  s ( K  m ( v , u )    ( v − u ) 2   , u )      


   lim  s → ∞   s    b  s 2  {   R  s  ( h  ( t ) ; u ) − h  ( u ) } =  1  2 !  h  ′ ′  ( u ) +  lim  s → ∞   s    b  s 2     R  m ( K  m ( v , u )    ( v − u ) 2   , u )


   lim  s → ∞   s    b  s 2     R  s ( K  m  ( v , u )    ( v − u ) 2 ≤  lim  s → ∞    R  s (   K  m 2 ( v , u )        s 2    b  s 4 R  s (    ( v − u ) 4 , u )


  ≤  lim  s → ∞    R  s (   K  m 2 ( v , u )  −  2    b  s 2   u 2 +    ( 6 s + 15 )  s   b  s u +   ( 15   s 2 25 s + 1 )  5   s 2


  ≤  3  lim  s → ∞    R  s (   K  m 2 ( v , u )


    K  m  ( v , u ) → 0


  v → u ,


  ∅ : ℝ →  ℝ +


  ∅ ( t ) ≥ 1


     lim   | t | → ∞ ⁡  ∅  ( t ) = ∞


  g : ℝ → ℝ


   | h ( u ) | ≤   F  g ∅  ( u )


    F h


    B ∅  ( − ∞ , ∞ ) =  { h :  | h ( u ) | ≤   K h ∅ ( u ) , h   i s   a   f u n c t i o n     o n    ( − ∞ , ∞ ) }


  C  ( − ∞ , ∞ ) =  { h : h   i s   a   c o n t i n u o u s   f u n c t i o n     o n    ( − ∞ , ∞ ) }


    C ∅  ( − ∞ , ∞ ) = C  ( − ∞ , ∞ ) ∩   B ∅  ( − ∞ , ∞ )


    C ∅  k  [   − b  s , ∞ ) =  { h ∈   C ∅ :    lim   | x | → ∞ ⁡     | h ( x ) |  ∅ ( x ) =   K h } .


     ‖ h ‖ ∅ =    sup  u ∈    ( − ∞ , ∞ ) ⁡     | h ( u ) |  ∅  ( u )


  ∅  ( u ) = 1 +   u 2


   (   R  s )


   C ∅  [ −   b  s ,   b  s ]


   B ∅  [ −   b  s ,   b  s ]


   lim  i → ∞    ‖   R  s  ( ∅  ( v ) , u ) ‖  ∅ ,  [ −   b  s ,   b  s ] = ∅  ( u ) , ( u n i f o r m l y )


    R  s  ( ∅  ( v ) , u ) = 1 +   u 2 +     2 b  s  s u +       ( 3 s + 1 ) b  s 2  3   s 2


  = ∅  ( u ) +     2 b  s  s u +       ( 3 s + 1 ) b  s 2  3   s 2


   lim  s → ∞     s u p  u ∈  [ −   b  s ,   b  s ]   ⁡  (     2 b  s  s u +       ( 3 s + 1 ) b  s 2  3   s 2 ) =    lim  r → ∞ ⁡  (     ( 9 s + 1 ) b  s 2  3   s 2 ) = 0


  h ∈   C ∅  k  [   b  s , ∞ ) .


   lim  s → ∞    ‖   R  s  ( h , u ) − u ‖  ∅ ,  [ −   b  s ,   b  s ] = 0


     lim  s → ∞ ⁡     ‖   R  s  (     e 1 ( v ) , u     ) − u ‖  ∅ ,  [ −   b  s ,   b  s ] =  lim  s → ∞    sup  u ∈  [ −   b  s ,   b  s ] ⁡   |     b  s  2 s |


   lim  r → ∞     b  s  2 s = 0


     lim  s → ∞ ⁡     ‖   R  s  (     e 2 ( v ) , u     ) −   u 2 ‖  ∅ ,  [ −   b  s ,   b  s ] =  lim  s → ∞    sup  u ∈  [ −   b  s ,   b  s ] ⁡   |     5 b  s 2  s +     b  s 2  3   s 2 | = 0


  𝜛  ( h ,   𝜎  s ) =    sup      | 𝜇 | ≤   𝜎  s   u ∈ [ 0 ,   b  s ] ⁡     | h  ( u + 𝜇 ) − h ( u ) |  ( 1 +   𝜇 2 ) ( 1 +   u 2 )


  𝜛  ( h , 𝜎 )


   lim  r → ∞ 𝜛  ( h ,   𝜎  s ) = 0


   | h  ( v ) − h ( u ) | ≤ 2 ( 1 +   𝜎  s 2 ) ( 1 +   u 2 ) 𝜛  ( h ,   𝜎  s )   𝛾  s ( v , u )


    𝛾  r  ( v , t ) = ( 1 +    | v − t |    𝜎  r ) ( 1 + ( v −   t ) 2 )


    𝛾  s  ( v , u ) ≤  {    2  ( 1 +   𝜎  s 2 ) ,   | v − u | ≤   𝜎  s   2  ( 1 +   𝜎  s 2 )      ( y − u ) 4    𝜎  s 4   | v − u | ≥   𝜎  s


  h ∈   C ∅  k  [ −   b  s , ∞ ) .


  s


     ‖   R  s  ( h , u ) − h ( u ) ‖  ∅ ,  [ −   b  s ,   b  s ] ≤ 496 𝜛  ( h ,      b  s 2  s   )


   |   R  s  ( h , u ) − h ( u ) | ≤   R  s (  | h  ( y ) − h  ( u ) | , u )


  ≤ 2 ( 1 +   𝜎  s 2 ) ( 1 +   u 2 ) 𝜛  ( h ,   𝜎  s )   R  s (   𝛾  s  ( v , u ) , u )


    𝛾  s  ( v , u ) ≤ 2 ( 1 +   𝜎  r 2 ) [ 1 +      ( v − u ) 4    𝜎  i 4 ]


  v , u ∈  [ −   b  s ,   b  s ]


   |   R  s  ( h , u ) − h ( u ) | ≤ 4 ( 1 +   𝜎  s 2 ) ( 1 +   u 2 )   R  s ( 1 +      ( v − u ) 4    𝜎  s 4 , u ) 𝜛  ( h ,   𝜎  s )


  ≤ 4 ( 1 +   𝜎  s 2 ) ( 1 +   u 2 ) [ 1 +   61     b  s 4    s 2    𝜎  s 4


  𝜛  ( h ,   𝜎  s )


     |   R  s  ( h , u ) − h ( u ) |  ( 1 +   u 2 ) ≤ 4 ( 1 +   𝜎  s 2 ) [ 1 +   61     b  s 4    s 2    𝜎  s 4


  𝜛  ( h ,   𝜎  s )


    𝜎  s =      b  s 2  s


     ‖   R  s  ( h , u ) − h ‖  ∅ ,  [ −   b  s ,   b  s ] ≤ 496 𝜛  ( h ,      b  s 2  s   )


    b  s


   ( u +  3 2 )  ( u − 2 ) s i n   𝜋 u 4


    b  s = ln ⁡ ( 1 + s )


  /


    h  ( u ) =  ( u +  3 2 )  ( u − 2 ) s i n   𝜋 u 4


    b  s =  s  1 / 3


  h  ( u ) = ln ⁡ ( 1 +   u 2 ) ( 1 + cos ⁡ (   𝜋 u 4


    b  s = ln ⁡ ( 1 + s )


  h  ( u ) = ln ⁡ ( 1 +   u 2 ) ( 1 + cos ⁡ (   𝜋 u 4


    b  s =   s  1 / 3


  h


  s = 20


  40  


  s = 60


   |   R  s  ( h , u ) − h ( u ) |


  𝒔


  𝒖 = − 𝟐 . 𝟓


  𝒖 = 𝟏


  𝒔


  𝒖 = − 𝟐 . 𝟕


  𝒖 = 𝟎 . 𝟖


     10 2


     10 2


   10 3


   10 3


   10 4


   10 4


   10 5


   10 5


   10 6


   10 6


  𝒔


  𝒖 = − 𝟏 . . 𝟓


  𝒖 =


  𝒔


  𝒖 = − 𝟏 . 𝟕


  𝒖 =


     10 2


     10 2


   10 3


   10 3


   10 4


   10 4


   10 5


  0 . 00124


  0 . 00108


   10 5


  0 . 0001428571


  0 . 0000851234


   10 6


  0 . 00039


  0 . 00034


   10 6


  0 . 0000307142


  0 . 0000183205


  K


   b s


  [   − 𝟏 ,   𝟏 ]

