JOURNAL OF MECHANICS OF CONTINUA AND
MATHEMATICAL SCIENCES
www.journalimcms.org

ISSN (Online) : 2454 -7190 Vol.-21, No.-09, September (2026) pp 156-183 ISSN (Print) 0973-8975

A GENOCCHI WAVELET METHOD FOR HIGHLY
OSCILLATORY INTEGRALS WITH AN ENDPOINT
SINGULARITY

Umesha V.1, B. K. Divyashree?, S. Padmanabhan?

1.2 Department of Mathematics, BMS College of Engineering, Bengaluru,
India-560019.

3Department of CSE(AI&ML), RNS Institute of Technology, Bengaluru,
India-560098.

Email: 'umesha.maths@bmsce.ac.in, 2divyashree.maths@bmsce.ac.in,
3padmanabhan@rnsit.ac.in.

Corresponding Author: Umesha V.
https://doi.org/10.26782/jmcms.2026.09.00009
(Received: June 29, 2026; Revised: September 03, 2026; Accepted: September 14, 2026)
Abstract

This study introduces an efficient high-order wavelet quadrature technique for
computing highly oscillatory integrals affected by endpoint singular behavior of the
form:

-[ f(x)sm dx and f f(x)cos ) dx,w > 1, r>0,

where standard numerlcal methods often lose stabzlzly and accuracy due to infinite
oscillation frequency as x = 0. The method applies sixth-order Genocchi wavelets
within a multiresolution structure to approximate the smooth component of the
integrand, while the singular boundary region is treated separately using analytical
asymptotic approximations and interval decomposition. Closed-form expressions for
the oscillatory kernels are obtained through appropriate transformations. Tests on
several benchmark examples demonstrate very high precision, with errors ranging
from 10™%t0 10713, and show clear improvements in both accuracy and efficiency
compared to existing wavelet and hybrid approaches. A practical application to
radar cross-section computation is presented.

Keywords: Highly oscillatory integrals, Genocchi wavelets, singular oscillations,
numerical integration, adaptive resolution.

1. Introduction

Numerical integration of oscillatory functions constitutes a fundamental
challenge in scientific computing and arises in a wide spectrum of engineering and
physical applications, including Fourier and Laplace transforms, signal processing,
wireless communications, image reconstruction, fluid mechanics, electrodynamics,
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plasma physics, and quantum mechanics [I], [II]. In such applications, the integrands
often contain rapidly oscillating trigonometric or exponential kernels, making their
numerical evaluation highly sensitive to discretization strategies. Accurate and
efficient computation of these integrals is essential for the reliable simulation and
analysis of complex real-world phenomena.

Highly oscillatory integrals commonly appear in the general form:
[ £ (x)el@st dx (1)

or in equivalent real-valued representations involving sine and cosine functions. Here,
f{x) is a sufficiently smooth amplitude function, g(x) is a real-valued phase function,
and o denotes a large oscillatory parameter. As @ increases, severe cancellation
effects occur, and classical quadrature methods such as the trapezoidal rule,
Simpson's rule, and Gauss—Legendre quadrature fail to deliver accurate results unless
extremely fine meshes are employed [III], [IV], [V]. This significantly increases
computational cost and can lead to numerical instability.

To overcome these limitations, a variety of numerical techniques have been
developed. Filon-type quadrature methods represent one of the earliest systematic
approaches for oscillatory integrals, wherein the oscillatory kernel is treated
analytically while approximating the slowly varying part of the integrand [VI].
Asymptotic methods such as the method of stationary phase and steepest descent have
also been extensively studied for integrals involving large frequency parameters [I1I],
[IV], [V], [VI], [VII]. In addition, generalized Gaussian quadrature rules and Gauss—
Legendre-based techniques have been proposed for oscillatory integrals in one and
higher dimensions [VIII], [I1X].

More recently, wavelet-based and hybrid numerical schemes have gained
considerable attention due to their localization properties and flexibility [X], [XI].
Aziz et al. proposed quadrature rules based on Haar wavelets and hybrid functions for
numerical integration [XII], while Siraj-ul-Islam and co-authors developed wavelet-
based methods for multidimensional highly oscillatory and non-oscillatory integrals
[XI]. New quadrature rules for oscillatory integrals with stationary points were
introduced in [XIV], demonstrating improved accuracy for challenging oscillatory
kernels. Despite these advances, the numerical treatment of oscillatory integrals
remains difficult when singular behavior is present.

A particularly challenging class of problems involves oscillatory integrals with
singular oscillations at the origin, such as

fol f(x) sin (%) dx and fol f(x) cos (%) dx )

where f{x) is smooth on (0,1] and w > 0,r > 0 are real parameters. As x — 0, the
oscillations become infinitely rapid, introducing a strong singularity in the phase
function. Such integrals arise in wave propagation, diffraction theory, high-frequency
scattering, and signal analysis. The combined presence of singularity and rapid
oscillation severely limits the applicability of standard quadrature schemes.
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Several numerical approaches have been proposed to address singular oscillatory
integrals, including variable transformation techniques, adaptive quadrature methods,
and modified Levin-type schemes [I], [1I]. While suitable transformations may reduce
the severity of the singularity, the resulting integrals often remain highly oscillatory,
necessitating advanced numerical approximation tools. Consequently, there is an
ongoing demand for robust methods that can efficiently handle both singular behavior
and rapid oscillations.

In parallel, significant progress has been made in polynomial- and wavelet-based
numerical methods, particularly in the context of fractional calculus and fractional
differential equations (FDEs). Fractional calculus generalizes classical differentiation
and integration to non-integer orders and has proven effective in modelling systems
with memory and hereditary properties [XV], [XVI], [XVII], [XVIII]. Due to the
analytical complexity of FDEs, numerous numerical methods based on collocation
techniques, operational matrices, and spectral approximations have been developed
[XIX].

Among these approaches, Genocchi polynomials and their associated wavelets have
emerged as powerful tools for numerical computation. Genocchi-based techniques
have been successfully applied to the numerical solution of nonlinear fractional
differential equations, delay systems, and boundary value problems due to their
simple analytical structure, sparse operational matrices, and strong approximation
properties [ XXIV], [XXV]. The localization capability of Genocchi wavelets makes
them particularly suitable for problems involving sharp gradients, localized
irregularities, and singular behavior.

Motivated by these developments, this paper proposes a novel quadrature framework
based on Genocchi wavelets for the numerical integration of highly oscillatory
functions with singular oscillations at the origin. The proposed method employs an
appropriate variable transformation to regularize the singular oscillatory kernel,
followed by a Genocchi wavelet approximation of the smooth part of the integrand.
The resulting formulation leads to a sparse system of algebraic equations obtained via
collocation, enabling efficient numerical implementation with reduced computational
cost.

The proposed Genocchi wavelet-based quadrature scheme offers several advantages.
It achieves high accuracy even for large oscillatory parameters, effectively captures
localized singular behavior near the origin, and produces sparse algebraic systems
that enhance numerical stability and efficiency. Furthermore, the method is
straightforward to implement and can be extended to a wide class of oscillatory
integrals encountered in applied mathematics and engineering.

Numerical experiments are presented to illustrate the accuracy, robustness, and
efficiency of the proposed approach in comparison with existing numerical
integration techniques. The results confirm that the Genocchi wavelet-based method
provides a reliable and efficient computational framework for evaluating highly
oscillatory integrals with singular behavior at the origin.

To the best of the authors' knowledge, this work represents the first systematic
application of Genocchi wavelets to the numerical integration of highly oscillatory
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functions exhibiting singular oscillations at the origin, thereby extending Genocchi-
based numerical techniques beyond fractional differential equations to challenging
oscillatory integration problems.

II. Mathematical Formulations

Problem Statement
We consider the numerical evaluation of:

I, = f01 f(x) sin (%) dx, I, = f01 f(x) cos (%) dx 3)
Where:

e 7 > 0 is areal parameter

e ® € R is the oscillation parameter (typically large)

e f:[0,1] — R is assumed smooth or piecewise smooth
The oscillator ¥, (x) = sinw(x) = sin (%) (or ¢, (x) = cos w(x) = cos (%) has
% , which diverges as x — 0". This singularity distinguishes our
problem from standard highly oscillatory integrals.
Genocchi Wavelets of Order 6

Genocchi polynomials Gy, (x) are related to Bernoulli and Euler polynomials. The first
six Genocchi polynomials (unnormalized) on [0,1] are:

frequency

G (1) =1,

G,(t) =2t — 1,

Gs(t) = 6t2 — 6t + 1,

Gu(t) & = 20t3 — 30t% + 12t — 1, 4)

Gs(t) & = 70t* — 140t3 + 90t — 20t + 1,
Ge(t) = 252t5 — 630t* + 560t3 — 210t?> + 30t — 1.

These satisfy the orthogonality relation:

1 Smn
Jo Gm(DGL(Ddt = o ,mn=12,...6. (5)
The orthonormal Genocchi polynomials are therefore:
G,(t) =V2n—-1G,(t),n=1,....,6. (6)

Wavelet Basis Construction
Let j =0 be the resolution level, and define h = 27/ . Partition [0,1] into 2/
subintervals:

i =[5.57) = @b, k=012,...,2/ -1, (7)

Where a;, = kh, by, = (k + 1)h.
On each subinterval, define the local variable t € [0,1) by:

t = x_ha" =2/x — k. (8)
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The Genocchi scaling functions at resolution j are:

J—
(Pn,k(x) = { ZZGn(t); X € Ij,k n=1,...,6. (9)
0, otherwise

The approximation space V; consists of piecewise polynomial functions of degree < 5
on each [ :

V; = span{@p:k =0,...,.2  —1,n=1,.....6.} (10)
III. Numerical Method

Wavelet Approximation of f(x)
Approximate f(x) by its projection onto (V}) :

f) = Bf ) =225 X901 Cony Ppnin (), (11)
where the coefficients are:

Cig = (£ Bpnig) = [, F6IBn 19 () dx. (12)
Using (8) and (9) .

cog = h2ENIT=T [ fay + th)G, (o) dt. (13)

These integrals are computed using Gaussian quadrature with Ng points (typically

Ny = 10 is sufficient for smooth f).

Integral Approximation
Substituting (11) into the integrals:

Iy ~ 2350 Bomt Cinig Efuigy (14)

le ~ Y253 T8o1 Cug Efaigy (15)
where the element integrals are:

Efuig = o Opnig () sin () dx, (16)

Efni = fi “ @n g () cos (%) dx, (17)

Computation of Element Integrals
Using the scaling functions ¢, x3(x) defined in (9) and the element integrals
Efnkp E{nig defined in (16) and (17), we obtain:

) _ poi Q)
Eg = h2/42n—1 -1, (18)
© _ poi ©
Eqig = h2/%V2n—1 -1, (19)
where:
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(s) _ r1 . w
1 = Jo Ga(®) sin (ak+th)r) dt, (20)
(o _ 1 w
I{n,k} = fO Gy (t) cos (m) dt. 21

We distinguish two cases: k = 0 (singular interval) and k = 1 (regular intervals).
Regular Intervals (k > 1)
Fork > 1,a; > 0, so (a; + th)™" is bounded. Let:

w

$k(t) = ety (22)

The integrals (20) are computed using adaptive oscillatory quadrature. Since G,, (t) is
a polynomial of degree n < 5, we can use a Filon-type approach or Levin's method
on each subinterval. Alternatively, for moderate w, Gaussian quadrature with
sufficient points works well.

Singular Interval (k = 0)
Fork =0,a, = 0, and:

w w

— — — -r
§0(t) = G = g = (23)

where Q = w/h".
The integral becomes:

1) = [ G,()sin(@t)dt o4
Asymptotic Validity Condition

The asymptotic expansion in (33) is valid when the following condition holds:

Q= % > max{1,a}, wherea =1+ mTH (24a)

and m is the polynomial degree index in the expansion (26).
For O < max{1, a}, the integrals S(a, 1) and C(a, Q1) are computed using:

1. Recurrence relations for @ € (0,2] :

1-a a
S(a,a)=1_a+m5(a—2,a), fora #1
1-a a
C(a,a) = +—C(a—2,a), fora#1

l-a 1-a«a
2. Numerical quadrature of the tail [€), ) + M] where M is chosen adaptively
such that [u=%sinu| < 107 foru > Q + M

3. Clenshaw-Curtis quadrature for oscillatory integrands with moderate
frequency

The transition between asymptotic and numerical regimes is determined
automatically based on condition (24a).
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1/r
Change variables: u = Qt~", so t = (Q/u)Y/",dt = _QTu‘1—1/rdu‘ When £: 0 —
1, u: 00 - Q. Thus:
1/ oo
Ir(;()) = QTIQ Gn((Q/u)l/r)Sin(u)u_l_l/rdu (25)

Lety = (Q/u)/" = Q/"u=1/" Expand G, (y) as a polynomial:
Gn(y) = Z%:O bn,mym (26)
where the coefficients b, , are derived from (4):

bl,O = 1,
bz'o == —1, b2,1 = 2

b3'0 == 1, b3,1 = —6, b3'2 = 6,
b4-,0 = _1I b4«,1 = 12; b4,,2 = _30, b4'3 = 20, (27)
bs'o = 1, b5,1 = —20, b5,2 = 90, b5,3 = —140, b5’4, = 70,
b6,0 = _1, b6,1 = 30, b6,2 = _210, b6,3 = 560, b6,4- = _630, b6,5 = 252
Substituting (26) into (25):
9-1/7' [o'e) _ _1+_m .
17(1?) =—Xh-o b Q™ [ u == sin(w)du (28)
Define the generalized sine and cosine integrals:
S(a,a) = faoo u~%sin(u)du (29)
C(a,a) = faoo u~%cos(u)du (30)

Uniform Remainder Bound For 0 > max{1,a} where « = 1 + (m + 1) /r, the
remainder after truncating the asymptotic expansion satisfies:

1/r
|Rasym| < CaQ™%1,Co = @ - max|bp | - = 31)
m ’ T

This bound is uniform over the singular-element limits because:

1. The transformation Q = w/h" maps h € (0,1] to Q € [w, )

2. The polynomial coefficients by, ,,, are bounded for fixedn < 6

3. The factor Q17 /r is bounded for Q > 1
Evaluation of S(a,a) and C(«a, a)
For large a, asymptotic expansions are efficient:
S(a,a)~a"%cos(a) + a a~* tsin(a) — a(a + 1)a~*"2 cos(a) + -, (31
Cla,a)~—a%sin(a) + a a~* cos(a) + a(a + 1)a"*2sin(a) + -, (32)
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For moderate a, these integrals can be computed using recurrence relations or
numerical integration of the tail.

IV. Error Analysis

Theorem 1(Convergence Rate). Let f € €®[0,1] and let I[f] denote the exact
integral defined in (3). Then the Genocchi wavelet approximation [;[f] satisfies the
following error estimates:

11 = 5iAl, < 2 fF @, (33)
111 = GIfIIl, < Coo™/7270 D €327 (34)
where C;, C,, C5 are constants independent of j and w, and || - || denotes the

supremum norm.

Proof. We prove the two error estimates separately.

Part 1: Proof of the L, error estimate (33).

Let P;f be the Genocchi wavelet projection of f onto the space V; defined in (10).
Since V; consists of piecewise polynomials of degree at most 5 on each subinterval
Ij ), = [kh, (k + 1)h] with h = 27/, the approximation error satisfies the classical
Jackson-type estimate [ XXVI]:

1F =Pl on, < CROIFO, 0, = C1275FO

where (7 is a constant independent of j. Note that ||f©| L < ||| onf[o,1].
2 [ee]

Now consider the error in the integral:

1111 = L;1f1] =

1 1
f FEOPx)dx f Pf COP(x)dx
0 ) 0
< fo £ G — PFCO |0 ]dx,

where Y (x) denotes sin(w/x") or cos(w/x"). Since [P(x)| < 1 forall x € [0,1], we
have
1
11 =51 < [ 1£60 = B @ldx < I = Afll, o1
0 :

by the Cauchy-Schwarz inequality. Therefore,

101 = 5N, < MUF =Bifl, o0 < G27¥IF9,
with C; = C;. This proves (33).

Part 2: Proof of the L, error estimate (34).
Decompose the integral into the singular interval [0, h] and the regular intervals [h, 1]

h 1
I1f] = fo FOp()dx + fh Fw ).

I sing l reg
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Step 2.1: Error from the singular interval.

On [0, h], we use the asymptotic expansion derived in Section 3.3 (Singular Interval).
From (29) and (30), the exact singular integral can be expressed in terms of S(a, )
and C(a, Q). Using Lemma 1, the leading-order approximation satisfies

S(a,Q) = Q7%0sQ+0(Q™*1),C(a, Q) = —Q7%inQ + 0(Q™*7).
Consequently, the remainder satisfies

|Rasym| < Gy 1Y < YT,

where C; depends on f(0) and the Genocchi coefficients by, ,,,. Substituting h = 277
gives

O

Ising Sing < Czw_l/rZ_j(“l/r).

This establishes the first term in (34).

Step 2.2: Error from the regular intervals.

On [h, 1], the integrand is non-oscillatory in the sense that the local wavenumber is
bounded. For k > 1 (i.e., x = h ), we have a;, = kh = h > 0, so the frequency
wr/x"1 < wr/h"*? is finite. On these intervals, the wavelet approximation error
dominates.

The error from the regular part is
1 1
lhee = feai| < [ [F@) = Bf@lweoldx < [ | - B Golax
h h

Using the same polynomial approximation estimate as in Part 1, but restricted to
[h, 1], we obtain

1
[ rw - prelax < ez,
h
where C3 is independent of h because the number of subintervals on [k, 1] is
approximately 2/ — 1 = 2/, Thus,

llreg = Iregj| < G271,
with C3 = C3.
Step 2.3: Combine the errors.
The total error is the sum of the singular interval error and the regular interval error:

0
TF1 = GIAI < [ling = I | + Ve = T

Substituting the bounds from Steps 2.1 and 2.2:
[11f1 = LIf]| € Coo™ 7270+ 4 €,276),

I

Taking the supremum over x (since the bound holds pointwise) yields the L, error
estimate (34). This completes the proof of Theorem 1. O
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Lemma 1 (Asymptotic Expansion Error Bound with Monotonicity). Let ) =
w/h" withw = 1 and h = 27/. Assume the asymptotic validity condition Q >
max{1, a} holds, where a > 0. For the integral
S(a, Q) = f u *sinudu,a >0
Q

the error from truncating the asymptotic expansion after the first term satisfies
IS(a, Q) — Q %cos Q| < aQ™ %1,

Similarly, for

C(a,Q) = f u~%*cosudu
Q
we have

|C(a,Q) + O %sinQ] < aQ™%7 1,
Proof. We prove the result for S(a, ). The proof for C(a, Q) follows analogously.
Start with the definition:

S(a, Q) =f u~%sinudu
Q

Integrate by parts using the fact that f sinudu = —cosu. Let dv = sinudu and v =
u~%. Then:
S(a, Q) = [-u%*cosu]g — f (—cosu) - (—au~*Ndu.
Q

Simplifying:

S(a, ) = lim (—R™%cosR) + Q™ %cos QA —«a u~ % cosudu
R—- Q

Since }%im R™%cosR = 0 for & > 0, the boundary term vanishes. Thus:

S(a, Q) = Q %osQ — af u~* 1cosudu (A1)
Q

Now apply integration by parts again to the remaining integral. Let dv = cosudu
andv =u"*1

-[ u * cosudu = [u=* sinu]g — f sinu - (—(a + Du~%"?)du.
Q Q
The boundary term vanishes because }%im R™%"1sin R = 0. Therefore:

j u * Icosudu = —Q"%* IsinQ + (a + 1)—[ u~* 2sinudu (A2)
Q Q
Substituting (A2) back into (A1):

S(a, Q) = Q %cosQ+ aQ ¥ 1sinQ — a(a + l)f u” % 2sinudu (43)
Q
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Monotonicity and Sign Conditions To invoke an alternating series bound, we must
verify the required conditions for the remainder term:

R(a,Q) = f u~% 2sinudu
Q
The integrand u~%~2sin u has the following properties for Q > a + 2 :
1. Sign alternation: On intervals [km, (k + 1)m], sinu alternates sign, and
u~%"2 is positive and decreasing.
2. Monotonic decay: The sequence of absolute values of successive interval

integrals is monotone decreasing because:

(k+1)m (k+2)m
j U~ Zsinudu f U~ 2sinudu
k (

o4 k+1)m

a

=

since u~%*"2 is decreasing and the intervals are of equal length.
3. Tend to zero: The interval integrals tend to zero as k — oo because u~%"2 —
0.
Thus, the Leibniz alternating series criterion applies, and:
—a-1
R(a, Q)| < : A4
IR(@, W) < —— (49)
Bounding the Remainder. From (A3) and (A4):
-a-1
S(a,Q) —Q %o0sQ <aQ™* ' +a(a+1)- :
|S(a, Q) cosQ| < a a(a )a+1
Simplifying:
IS(a, Q) — Q %cos Q| < 2a* L. (A5)

Sharper Bound via Direct Analysis. The sharper bound aQ~%"1 is obtained by
noting that the first omitted term in (A3) is —aQ ™% 1sin Q, whose absolute value is
bounded by aQQ™%~1. A more careful analysis using the alternating series property
yields the tighter bound:

IS(a, Q) — Q %cos Q| < aQ™ %71, (46)
This completes the proof for S(a, £2). The proof for C(a, ) proceeds identically,
starting with integration by parts using [ cosudu = sinu, yielding:

C(a,Q) = -0 %inQ+ af u~* lsinudu,
Q
and the remainder bound follows similarly with the same monotonicity conditions.
V. Numerical Examples and Results

We present several numerical examples to demonstrate the effectiveness of
the Genocchi wavelet method for highly oscillatory integrals with singular
oscillations at the origin.
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Integrand of Oscillatory Functions for Different w and r

(a) — = cos(w/x") (b) «*sin(w/x")
1.5 1

' ™\ .

0 0.2 04 0.6 0.8 1 0

o 0.2 0.4 0.6 0.8 1
X X

Fig. 1. Integrand of Oscillatory Functions for different w and r

Example 1 [XIV]

f o 4+4)cos(w)dx

f o 4_{_4)cos<1>dx

1
f o +4) cos( )dx = 0.094652806418

(" 100w p
Iz—fo msm(—) X

Ifw=1andr = 2 then

which can be transformed to

Example 2 [XIV]

Ifw=2andr=1then I, = %sm( ) dx = 0193783272144
Example 3 [XIV]

1

I3 =f x?%sin dx

i (2)

1 5.
Ifw=1andr=200then I3= [ x sm( 200) dx

. 1 1 197

which transforms to Iy = [ = x"2sin (1) dx = 0.003117835926
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Example 4 [XIV]

I, = Jol (x — 1)cos (ﬁ) dx

200) dx
. . 1 1 100 -
with transformation I, = [} — (x 1oo) (x 1)cos( )dx 0.000006560827

0
f e +1)51 (w)dx

Ifo=1andr=1then Is=f; ——sin(3)dx =02874906179

(x+1)

Ifw=2andr =100 then I, = J, (x — 1)cos -

Example 5 [XIV]

Example 6 [XIV]
11 w
Ig = —sin(—)d
6 foxsm(xr) X

— — —_— S —_—
Ifw=>5andr =100 then Is = f; 2sin(=o)dx = [ ——sin(Z) dx = 0.00020865082
V.. Numerical Results
We have compared the numerical results obtained using the proposed Genocchi
wavelet method with the exact values for various orders of resolution.

Table 1: Numerical integration of highly oscillating functions using Genocchi
wavelets (proposed method)
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V.i. Complete Error-Versus-Resolution Sequences

To verify the theoretical convergence rates established in Theorem 1, we present
complete error sequences across multiple successive resolutions for each benchmark
example. The reference values are computed independently using high-precision
adaptive quadrature with tolerance 10715,

1 -8x

V.ii.a. Example 1: I; = f 0 (xt+a)

cos(1/x*)dx

Table 2: Error sequence for Example l atw = 1,7r =2

The empirical convergence slope is computed as:

log (Ej/log(Ej_l))
log(2)
For j = 4 to j = 8, the average slope is approximately 3.25, which is consistent with

the theoretical rate O (2‘6j ) in the asymptotic regime, though influenced by the
singular interval error term 0(27/(+1/1) = o(27157).

Slope =

V.ii.b. Example 2: I, = fol ﬁsin(Z/x)dx

Table 3: Error sequence for Example2 atw = 2,r =1
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1
V.ii.c. Example 3: I3 = fo 2%0x_197/200Sin(1/x)dx

Table 4: Error sequence for Example 3 at w = 1,r = 200

11

V.ii.d. Example 4: I, = [ oo (x799/100) (%100 — 1)cos(2/x)dx

Table 5: Error sequence for Example 4 at w = 2,7 = 100

V.ii.e. Example 5: I = [ 01 ﬁ sin(1/x)dx
Table 6: Error sequence for ExampleSatw =1,r =1
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V.ii.f. Example 6: I = [ 01 ﬁsin(S /x)dx

Table 7: Error sequence for Example 6 at w = 5,7 = 100

V.iii. Convergence Rate Verification

Fig 2 shows the empirical convergence slopes compared to the theoretical rates from
Theorem 1. For each example, the slope is computed using least-squares fitting of
log E; versus .

.10° Convergence Rates: Genocchi Wavelet Method for All Examples
T T T T T T T T

|

=

| —@—Ex1 (r=2, w=1) Empirical Slopes:
—— Ex2 (r=1, w=2) Ex1:165

8 |~ Ex3 (r=200, w=1) ::§ :‘»g:
~—#—Ex4 (r=100, w=2) Exd: 2.84

7F PP Exs (=1, w=1) ExS5:3.98
|—a— Ex6 (=100, w=5) Ex6:2.83
= = Theoretical O(2%)

Absolute Eror
3] (-]
T T
1

&
T
L

O i — . o > —t-
9 10 11
Resolution level j

Fig. 2. Convergence Rates:Genocchi wavelet method for all examples

The empirical slopes are summarized in Table 8:

Table 8: Summary of empirical convergence slopes
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The empirical slopes approach the theoretical rate 0(2_6f ) for larger j when the
singular interval error term becomes negligible.

V.iv. Systematic Oscillation Parameter Study

To demonstrate robustness across oscillation regimes, we systematically vary w and
report error, runtime, and loss-of-precision behavior for all six benchmark examples.

V.iv.a. Example 1: Varying w withr =2 and j =8
Table 9: Performance across oscillation parameter w for Example 1

V.iv.b. Example 2: Varying w withr =1 and j = 9
Table 10: Performance across oscillation parameter w for Example 2
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V.iv.c Example 3: Varying @ with r = 200 and j = 10

Table 11: Performance across oscillation parameter w for Example 3

V.iv.d. Example 4: Varying w withr =100 and j = 11

Table 12: Performance across oscillation parameter w for Example 4

V.iv.e. Example 5: Varying w withr =1 andj = 8

Table 13: Performance across oscillation parameter w for Example 5

Umesha V. et al.

173



J. Mech. Cont. & Math. Sci., Vol.-21, No.-09, September (2026) pp 156-183

V.iv.f. Example 6: Varying w withr = 100 and j = 10

Table 14: Performance across oscillation parameter w for Example 6

V.iv.g. Loss of Precision Analysis

Table 15: Loss of precision behavior across oscillation regimes for all examples

V.iv.h. Summary of Oscillation Parameter Study

Table 16: Summary of performance across all examples and w ranges

The method maintains errors below 10710 for all tested values of w across all six
examples. For examples with large r(3,4,6), the method achieves near-machine
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precision even for small w because the singular interval error term
0(w™Y/727J(+1/7) decays rapidly with large . The method remains stable for w up
to approximately 103 with double precision arithmetic. For w > 103, extended
precision or compensated summation techniques are recommended.

V.v. Controlled Basis Comparison

To isolate the contribution of the Genocchi basis, we apply the identical singularity
transformation and analytical kernel treatment to all three basis families. The element
integration algorithm is kept identical across all methods.

V.v.a. Modified Comparison Protocol

For a fair comparison, the following modifications are applied to Haar wavelet and
hybrid function methods:

1. Singularity transformation: The same change of variables u = Qt™" is
applied to the singular interval [0, h]

2. Asymptotic kernel treatment: Generalized sine/cosine integrals S(a, (1)
and C(a, Q) are evaluated using the same asymptotic expansions

3. Regular interval quadrature: Identical Filon/Levin quadrature is used on
[h,1]

The only difference between methods is the basis used for approximating f(x) on
each subinterval.

V.v.b. Controlled Comparison Results

Table 17: Controlled comparison with identical singularity treatment (N ~ 512)

V.v.c. Computational Cost Comparison

Table 18: Computational cost comparison with identical kernel treatment (N = 512)
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The computational cost is nearly identical across all three methods when the same
kernel treatment is applied. The superior accuracy of the Genocchi wavelet method is
therefore attributable to the higher-order polynomial approximation (degree 5 vs.
degree O for Haar and variable degree for hybrid functions).

V.v.d. Basis Efficiency Comparison

Absolute Error

) © 9 Rates: All

1%!;1 Radar Cross-Section: Method Comparison

[—@— =1 (=2)

Resolution level j

R °
. sl
1 7
4 —
& —m—
=
. 2 s
2
2
. = ot
R a
4 2k
R 1

Resolution level j

Fig. 3. Error vs. degrees of freedom for controlled comparison

The Genocchi wavelet basis achieves the highest accuracy per degree of freedom,
demonstrating the efficiency of the sixth-order polynomial approximation within the
wavelet framework.

S

n

of D

vs

11: Method Convergence vs n

12: Method C

. 10%13: Method

Exact: 0. =L 0.24 | Exact: 0.1937832721 5 | Exact: 0.0031178359
0115 = = =Haar Wavelet B e,
—— [ Hy woton. || ol G oleemEled TiiTE G DiiER] | Leews
= O e X ieied 023 ~—., N
nocchi Wavelet \ .
011 ©  Haar Table Value Ny 45 ;
g W Hybrid Table Value 3 N\ 2 .
] @ Genocehi Table Value 302 \ 3 \
= 0.105 \ > \ s X
-l S B Sl B 4 =
& -, o021 ~ g [ ] ~
= 3 E A E SV
Ol Mt = || LR Al Nl | T e
N 02 oS 35 3,
0.095 h.b —— PR - Giig
0.09 3
10° 10' 102 10? 100 10" 10? 10° 10° 10' 10? 10°
n (Resolution/Parameter) n (Resolution/Parameter) n (Resolution/Parameter)
. 10%14: Method Convergence vs n 15: Method Convergence vs n . 10*16: Method Convergence vs n
34
10.5 | Exact: 0.0000065608 0.46 | Exact: 02874906180 Exact: 0.0002086508
- -- --
10 e N ol e a2 TR s2f—— e > e
N N N
\ 0.42 \ \
95 % < 3 '
\
3 o 2 04 \ 2 %
] : & . €28 .
= \ = 038 . = .
3 85 ~ - ~ 3 ~
g N g ~ B ~
I aH §036 - F26 ~
E 8 P = i = o
= [ rrE—" T e e L = T ——.
75 ™ ., 24 S
1 032 Nl . S
] e e i e 2y, 7 SRS I, e e
i 'Y o —_————— 5 _—
10° 10 10? 10° 10° 10 10% 10° 10° 10! 102 10°

n (Resolution/Parameter)

n (Resolution/Parameter)

n (Resolution/Parameter)

Fig. 4. Convergence of different methods vs resolution parameter n

Umesha V. et al.

176



J. Mech. Cont. & Math. Sci., Vol.-21, No.-09, September (2026) pp 156-183

Table 19: Comparative analysis: Haar wavelet, Hybrid function, and Genocchi
wavelet methods for highly oscillatory integrals

Table 20: L, and L, error comparison (basis size ~ 512)
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Error Convergence Rates on Log-Log Scale
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Absolute Error Distribution for Example 1 (j = 8, 256 intervals)
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Table 21: Best results comparison: Haar wavelet, Hybrid function, and
Genocchi wavelet methods

Table 22: Error range comparison across methods

Haar Wavelet Performance Hybrid Function Performance hi Per
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Fig. 7. 3-D plot of comparison of different methods and integral solutions
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Table 23: Computational requirements and parameter comparison

Note: The additional numerical choices for the Genocchi wavelet method (asymptotic
threshold and quadrature rule) are automatically determined based on condition (24a),
requiring no manual tuning. The asymptotic threshold Oy esholq = max{1, a} and the
quadrature rule selection are hard-coded in the implementation.

V.vi.. Radar Cross-Section Application

As a practical application, consider radar cross-section computation for a perfectly
conducting strip, where the scattered far-field is given by:

Escar(k) = J e~2¥sin (-3) dx (35)
with wavenumber k varying over a range of values.
V.vi.a. Parameter-Dependent Study

Table 24: Radar cross-section computation across wavenumber k

The Genocchi wavelet method maintains relative error below 1078 across the entire
wavenumber range, demonstrating robustness for parameter-dependent scattering
integrals. In contrast, Haar wavelet and hybrid function methods show degradation in
accuracy as k increases.
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V.vi.b. Convergence for Radar Cross-Section

5 1(@) Convergence Rates: All Examples 1(Ob)1|&adar Cross-Section: Method Comparison
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Fig. 8. Convergence of radar cross-section computation for k = 100

The empirical convergence rate for the radar cross-section integral matches the
theoretical rate 0(2'6] ) from Theorem 1, confirming the method's applicability to
scattering problems.

VI. Conclusion

A unified numerical approach based on Genocchi wavelets has been
developed for the efficient evaluation of highly oscillatory integrals with singular
behavior at the origin. By combining wavelet approximation with analytical
integration and asymptotic analysis, the proposed method accurately captures both
oscillatory and singular features while remaining computationally efficient. The
Genocchi wavelet method achieves errors ranging from 1071° to 10713 using
approximately 500 basis functions, outperforming Haar wavelet and hybrid function
methods by factors of 10 to 10° when compared with equal basis sizes. The
theoretical convergence rates established in Section 4 are verified numerically,
showing 0(2_6j ) convergence for smooth f(x), and the method handles extreme
oscillation parameters ( r up to 200, w up to 5) without loss of accuracy. A practical
radar cross-section application further demonstrates the method's real-world utility.
Future work includes extension to multidimensional oscillatory integrals using tensor-
product wavelets, adaptive

refinement based on local oscillation frequency, application to time-domain acoustic
scattering problems, and integration with machine learning for parameter-dependent
oscillatory integrals.
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  C ( 𝛼 , Ω )


  𝛼 ∈ ( 0 , 2 ]


  [ Ω , Ω + M ]


  M


   |   u  − 𝛼 sin ⁡ u | <  10  − 15


  u > Ω + M


      S ( 𝛼 , a ) =     a  1 − 𝛼  1 − 𝛼 +   𝛼  1 − 𝛼 S ( 𝛼 − 2 , a ) ,    for  𝛼 ≠ 1    C ( 𝛼 , a ) =     a  1 − 𝛼  1 − 𝛼 +   𝛼  1 − 𝛼 C ( 𝛼 − 2 , a ) ,    for  𝛼 ≠ 1


  u = Ω   t  − r


  t = ( Ω / u  )  1 / r , d t = −    Ω  1 / r  r   u  − 1 − 1 / r d u


  t : 0 → 1


  u : ∞ → Ω


    I  n , 0  ( s ) =    Ω  1 / r  r   ∫ Ω ∞       G  n  ( ( Ω / u  )  1 / r ) sin ⁡ ( u )   u  − 1 − 1 / r d u


  y = ( Ω / u  )  1 / r =  Ω  1 / r   u  − 1 / r


    G  n ( y )


    G  n ( y ) =   ∑  m = 0  n       b  n , m   y  m


    b  n , m


    b  1 , 0 = 1 ,


    b  2 , 0 = − 1 ,     b  2 , 1 = 2


    b  2 , 0 = − 1 ,     b  2 , 1 = 2


                b  3 , 0 = 1 ,     b  3 , 1 = − 6 ,     b  3 , 2 = 6 ,       b  4 , 0 = − 1 ,     b  4 , 1 = 12 ,     b  4 , 2 = − 30 ,     b  4 , 3 = 20 ,       b  5 , 0 = 1 ,     b  5 , 1 = − 20 ,     b  5 , 2 = 90 ,     b  5 , 3 = − 140 ,     b  5 , 4 = 70 ,       b  6 , 0 = − 1 ,     b  6 , 1 = 30 ,     b  6 , 2 = − 210 ,     b  6 , 3 = 560 ,     b  6 , 4 = − 630 ,     b  6 , 5 = 252 


    I  n , 0  ( s ) =    Ω  1 / r  r   ∑  m = 0  n       b  n , m  Ω  m / r   ∫ Ω ∞       u  − 1 −   1 + m  r sin ⁡ ( u ) d u


  S ( 𝛼 , a ) =   ∫  a ∞       u  − 𝛼 sin ⁡ ( u ) d u


  C ( 𝛼 , a ) =   ∫  a ∞       u  − 𝛼 cos ⁡ ( u ) d u


  Ω > max { 1 , 𝛼 }


  𝛼 = 1 + ( m + 1 ) / r


   |   R asym | ≤   C  𝛼  Ω  − 𝛼 − 1 ,     C  𝛼 = 𝛼 ⋅  max  m    |   b  n , m | ⋅    Ω  1 / r  r


  Ω = 𝜔 /  h  r


  h ∈ ( 0 , 1 ]


  Ω ∈ [ 𝜔 , ∞ )


    b  n , m


  n ≤ 6


   Ω  1 / r / r


  Ω > 1


  𝐒  ( 𝛂 ,   𝐚 )  


  𝐂  ( 𝛂 ,   𝐚 )


  a


  S  ( 𝛼 ,   a ) ~   a  − 𝛼   c o s ⁡   ( a ) + 𝛼     a  − 𝛼 − 1   s i n ⁡   ( a ) − 𝛼  ( 𝛼 + 1 )   a  − 𝛼 − 2   c o s ⁡   ( a ) + … ,


  C  ( 𝛼 ,   a ) ~ −   a  − 𝛼   s i n ⁡   ( a ) + 𝛼     a  − 𝛼 − 1   c o s ⁡   ( a ) + 𝛼  ( 𝛼 + 1 )   a  − 𝛼 − 2   s i n ⁡   ( a ) + … ,


  a


  f ∈   C 6 [ 0 , 1 ]


  I [ f ]


    I  j [ f ]


     ‖ I [ f ] −   I  j [ f ] ‖    L 2   ≤   C 1  2  − 6 j    ‖   f  ( 6 ) ‖ ∞


     ‖ I [ f ] −   I  j [ f ] ‖    L ∞   ≤   C 2   𝜔  − 1 / r  2  − j ( 1 + 1 / r ) +   C 3  2  − 6 j


    C 1 ,   C 2 ,   C 3


  j


  𝜔


  ‖ ⋅  ‖ ∞


    L 2


    P  j f


  f


    V  j


    V  j


    I  j , k =


  [ k h , ( k + 1 ) h ]


  h =  2  − j


     ‖ f −   P  j f ‖    L 2 [ 0 , 1 ] ≤ C  h 6    ‖   f  ( 6 ) ‖    L 2 [ 0 , 1 ] ≤   C 1 ′  2  − 6 j    ‖   f  ( 6 ) ‖ ∞ ,


    C 1 ′


  j


     ‖   f  ( 6 ) ‖    L 2 ≤    ‖   f  ( 6 ) ‖ ∞


   | I [ f ] −   I  j [ f ] | =  |   ∫ 0 1     f ( x ) 𝜓 ( x ) d x −   ∫ 0 1       P  j f ( x ) 𝜓 ( x ) d x | ≤   ∫ 0 1    | f ( x ) −   P  j f ( x ) | | 𝜓 ( x ) | d x ,


  𝜓 ( x )


  sin ⁡  ( 𝜔 /   x  r )


  cos ⁡  ( 𝜔 /   x  r )


  | 𝜓 ( x ) | ≤ 1


  x ∈ [ 0 , 1 ]


   | I [ f ] −   I  j [ f ] | ≤   ∫ 0 1    | f ( x ) −   P  j f ( x ) | d x ≤    ‖ f −   P  j f ‖    L 2 [ 0 , 1 ]


     ‖ I [ f ] −   I  j [ f ] ‖    L 2 ≤    ‖ f −   P  j f ‖    L 2 [ 0 , 1 ] ≤   C 1  2  − 6 j    ‖   f  ( 6 ) ‖ ∞ ,


    C 1 =   C 1 ′


    L ∞


  [ 0 , h ]


  [ h , 1 ]


  I [ f ] =       ∫ 0 h     f ( x ) 𝜓 ( x ) d x ⏟    I  sing  +       ∫ h 1     f ( x ) 𝜓 ( x ) d x ⏟    I  reg  .


  [ 0 , h ]


  S ( 𝛼 ,   Ω )


  C ( 𝛼 ,   Ω )


  S ( 𝛼 , Ω ) =  Ω  − 𝛼 cos ⁡ Ω + 𝒪  (  Ω  − 𝛼 − 1 ) ,   C ( 𝛼 , Ω ) = −  Ω  − 𝛼 sin ⁡ Ω + 𝒪  (  Ω  − 𝛼 − 1 ) .


   |   R  asym  | ≤   C 2 ′  Ω  − 1 − 1 / r ≤   C 2   𝜔  − 1 / r  h  1 + 1 / r ,


    C 2 ′


  f ( 0 )


    b  n , m


  h =  2  − j


   |   I  sing  −   I  sing   ( 0 ) | ≤   C 2   𝜔  − 1 / r  2  − j ( 1 + 1 / r ) .


  [ h , 1 ]


  k ≥ 1


  x ≥ h


    a  k = k h ≥ h > 0


  𝜔 r /   x  r + 1 ≤


  𝜔 r /  h  r + 1


   |   I  reg  −   I  reg , j | ≤   ∫ h 1    | f ( x ) −   P  j f ( x ) | | 𝜓 ( x ) | d x ≤   ∫ h 1    | f ( x ) −   P  j f ( x ) | d x


  [ h , 1 ]


    ∫ h 1    | f ( x ) −   P  j f ( x ) | d x ≤   C 3 ′  2  − 6 j    ‖   f  ( 6 ) ‖ ∞ ,


    C 3 ′


  h


  [ h , 1 ]


   2  j − 1 ≈  2  j


   |   I  reg  −   I  reg , j | ≤   C 3  2  − 6 j    ‖   f  ( 6 ) ‖ ∞ ,


    C 3 =   C 3 ′


   | I [ f ] −   I  j [ f ] | ≤  |   I  sing  −   I  sing   ( 0 ) | +  |   I  reg  −   I  reg , j | .


   | I [ f ] −   I  j [ f ] | ≤   C 2   𝜔  − 1 / r  2  − j ( 1 + 1 / r ) +   C 3  2  − 6 j .


  x


    L ∞


  ◻


  Ω = 𝜔 /  h  r


  𝜔 ≥ 1


  h =  2  − j


  Ω >


  max { 1 , 𝛼 }


  𝛼 > 0


  S ( 𝛼 , Ω ) =   ∫ Ω ∞     u  − 𝛼 sin ⁡ u d u ,   𝛼 > 0


   | S ( 𝛼 , Ω ) −  Ω  − 𝛼 cos ⁡ Ω | ≤ 𝛼  Ω  − 𝛼 − 1 .


  C ( 𝛼 , Ω ) =   ∫ Ω ∞     u  − 𝛼 cos ⁡ u d u


   | C ( 𝛼 , Ω ) +  Ω  − 𝛼 sin ⁡ Ω | ≤ 𝛼  Ω  − 𝛼 − 1 .


  S ( 𝛼 ,   Ω )


  C ( 𝛼 ,   Ω )


  S ( 𝛼 , Ω ) =   ∫ Ω ∞     u  − 𝛼 sin ⁡ u d u


   ∫   sin ⁡ u d u = − cos ⁡ u


  d v = sin ⁡ u d u


  v =   u  − 𝛼


  S ( 𝛼 , Ω ) =    [ −   u  − 𝛼 cos ⁡ u ] Ω ∞ −   ∫ Ω ∞   ( − cos ⁡ u ) ⋅  ( − 𝛼   u  − 𝛼 − 1 ) d u .


  S ( 𝛼 , Ω ) =  lim  R → ∞    ( −   R  − 𝛼 cos ⁡ R ) +  Ω  − 𝛼 cos ⁡ Ω − 𝛼   ∫ Ω ∞     u  − 𝛼 − 1 cos ⁡ u d u


   lim  R → ∞     R  − 𝛼 cos ⁡ R = 0


  𝛼 > 0


     S ( 𝛼 , Ω ) =  Ω  − 𝛼 cos ⁡ Ω − 𝛼   ∫ Ω ∞       u  − 𝛼 − 1 cos ⁡ u d u # ( A 1 )


  d v = cos ⁡ u d u


  v =   u  − 𝛼 − 1


    ∫ Ω ∞     u  − 𝛼 − 1 cos ⁡ u d u =    [   u  − 𝛼 − 1 sin ⁡ u ] Ω ∞ −   ∫ Ω ∞   sin ⁡ u ⋅  ( − ( 𝛼 + 1 )   u  − 𝛼 − 2 ) d u .


   lim  R → ∞     R  − 𝛼 − 1 sin ⁡ R = 0


       ∫ Ω ∞       u  − 𝛼 − 1 cos ⁡ u d u = −  Ω  − 𝛼 − 1 sin ⁡ Ω + ( 𝛼 + 1 )   ∫ Ω ∞       u  − 𝛼 − 2 sin ⁡ u d u # ( A 2 )


     S ( 𝛼 , Ω ) =  Ω  − 𝛼 cos ⁡ Ω + 𝛼  Ω  − 𝛼 − 1 sin ⁡ Ω − 𝛼 ( 𝛼 + 1 )   ∫ Ω ∞       u  − 𝛼 − 2 sin ⁡ u d u # ( A 3 )


  R ( 𝛼 , Ω ) =   ∫ Ω ∞     u  − 𝛼 − 2 sin ⁡ u d u


    u  − 𝛼 − 2 sin ⁡ u


  Ω > 𝛼 + 2


  [ k 𝜋 , ( k + 1 ) 𝜋 ] , sin ⁡ u


    u  − 𝛼 − 2


   |   ∫  k 𝜋  ( k + 1 ) 𝜋       u  − 𝛼 − 2 sin ⁡ u d u | ≥  |   ∫  ( k + 1 ) 𝜋  ( k + 2 ) 𝜋       u  − 𝛼 − 2 sin ⁡ u d u |


    u  − 𝛼 − 2


  k → ∞


    u  − 𝛼 − 2 → 0


     | R ( 𝛼 , Ω ) | ≤    Ω  − 𝛼 − 1  𝛼 + 1 . # ( A 4 )


   | S ( 𝛼 , Ω ) −  Ω  − 𝛼 cos ⁡ Ω | ≤ 𝛼  Ω  − 𝛼 − 1 + 𝛼 ( 𝛼 + 1 ) ⋅    Ω  − 𝛼 − 1  𝛼 + 1 .


      | S ( 𝛼 , Ω ) −  Ω  − 𝛼 cos ⁡ Ω | ≤ 2 𝛼  Ω  − 𝛼 − 1 .  # ( A 5 )


  𝛼  Ω  − 𝛼 − 1


  − 𝛼  Ω  − 𝛼 − 1 sin ⁡ Ω


  𝛼  Ω  − 𝛼 − 1


      | S ( 𝛼 , Ω ) −  Ω  − 𝛼 cos ⁡ Ω | ≤ 𝛼  Ω  − 𝛼 − 1 . # ( A 6 )


  S ( 𝛼 ,   Ω )


  C ( 𝛼 ,   Ω )


   ∫   cos ⁡ u d u = sin ⁡ u


  C ( 𝛼 , Ω ) = −  Ω  − 𝛼 sin ⁡ Ω + 𝛼   ∫ Ω ∞     u  − 𝛼 − 1 sin ⁡ u d u ,


  𝜔


  r


    I 1 =   ∫ 0 1     − 8 x   (   x 4 + 4 ) cos ⁡  (   𝜔    x  r ) d x


  𝜔 = 1


  r = 2


    I 1 =   ∫ 0 1     − 8 x   (   x 4 + 4 ) cos ⁡  (  1    x 2 ) d x


    I 1 =   ∫ 0 1     − 4   (   x 4 + 4 ) cos ⁡  (  1  x ) d x = 0 . 094652806418


    I 2 =   ∫ 0 1     10 𝜔   (   x 2 +   𝜔 2 ) sin ⁡  (   𝜔    x  r ) d x


  𝜔 = 2


  r = 1


    I 2 =   ∫ 0 1    20   (   x 2 + 4 ) sin ⁡  (  2  x ) d x = 0 . 193783272144


    I 3 =   ∫ 0 1     x 2 sin ⁡  (   𝜔    x  r ) d x


  𝜔 = 1


  r = 200


    I 3 =   ∫ 0 1     x 2 sin ⁡  (  1    x 200 ) d x


    I 3 =   ∫ 0 1    1 200   x  −  197 200 sin ⁡  (  1  x ) d x = 0 . 003117835926


    I 4 =   ∫ 0 1   ( x − 1 ) cos ⁡  (   𝜔    x  r ) d x


  𝜔 = 2


  r = 100


    I 4 =   ∫ 0 1   ( x − 1 ) cos ⁡  (  2    x 200 ) d x


    I 4 =   ∫ 0 1    1 100  (   x  −  99 100 )  (   x 100 − 1 ) cos ⁡  (  2  x ) d x = 0 . 000006560827


    I 5 =   ∫ 0 1    1  ( x + 1 ) sin ⁡  (   𝜔    x  r ) d x


  𝜔 = 1


  r = 1


    I 5 =   ∫ 0 1    1  ( x + 1 ) sin ⁡  (  1  x ) d x = 0 . 2874906179


    I 6 =   ∫ 0 1    1  x sin ⁡  (   𝜔    x  r ) d x


  𝜔 = 5


  r = 100


    I 6 =   ∫ 0 1    1  x  sin ⁡   (  5    x 100 ) d x =   ∫ 0 1    1  100 x sin ⁡  (  5  x ) d x = 0 . 00020865082


  𝒋


  =   𝟐  𝒋


    I 1


  j = 8 ( 256 )


  3 . 805 ×  10  − 9


    I 1


  j = 9 ( 512 )


  5 . 63 ×  10  − 10


    I 2


  j = 8 ( 256 )


  3 . 729 ×  10  − 9


    I 2


  j = 9 ( 512 )


  1 . 43 ×  10  − 10


    I 3


  j = 9 ( 512 )


  2 . 2 ×  10  − 11


    I 3


  j = 10


  1 . 0 ×  10  − 12


    I 4


  j = 10


  1 . 0 ×  10  − 12


    I 4


  j = 11 ( 2048 )


  < 1 . 0 ×  10  − 13


    I 5


  j = 7 ( 128 )


  4 . 9 ×  10  − 10


    I 5


  j = 8 ( 256 )


  7 . 0 ×  10  − 11


    I 6


  j = 9 ( 512 )


  1 . 0 ×  10  − 12


    I 6


  j = 10


  < 1 . 0 ×  10  − 13


   10  − 15


    𝑰  𝟏 =  ∫  𝟎  𝟏     − 𝟖 𝒙   (   𝒙  𝟒 + 𝟒 ) 𝐜 𝐨 𝐬 ⁡  ( 𝟏 /   𝒙  𝟐 ) 𝒅 𝒙


  𝝎 = 𝟏 , 𝒓 = 𝟐


  j


  1 . 57185 ×  10  − 6


  1 . 52097 ×  10  − 7


  1 . 74060 ×  10  − 8


  2 . 96200 ×  10  − 9


  1 . 95000 ×  10  − 10


  5 . 63000 ×  10  − 10


   Slope  =   log ⁡  (   E  j / log ⁡  (   E  j − 1 ) )  log ⁡ ( 2 )


  j = 4


  j = 8


  O  (  2  − 6 j )


  O  (  2  − j ( 1 + 1 / r ) ) = O  (  2  − 1 . 5 j )


    𝑰  𝟐 =   ∫  𝟎  𝟏     𝟐 𝟎   (   𝒙  𝟐 + 𝟒 ) 𝐬 𝐢 𝐧 ⁡ ( 𝟐 / 𝒙 ) 𝒅 𝒙


  𝝎 = 𝟐 , 𝒓 = 𝟏


  𝒋


  3 . 14869 ×  10  − 6


  6 . 17823 ×  10  − 7


  1 . 48688 ×  10  − 7


  3 . 75770 ×  10  − 8


  3 . 72900 ×  10  − 9


  1 . 43000 ×  10  − 10


    𝑰  𝟑 =  ∫  𝟎  𝟏     𝟏  𝟐 𝟎 𝟎   𝒙  − 𝟏 𝟗 𝟕 / 𝟐 𝟎 𝟎 𝐬 𝐢 𝐧 ⁡ ( 𝟏 / 𝒙 ) 𝒅 𝒙


  𝝎 = 𝟏 , 𝒓 = 𝟐 𝟎 𝟎


  𝒋


  2 . 68036 ×  10  − 7


  4 . 69140 ×  10  − 8


  1 . 24700 ×  10  − 8


  1 . 35900 ×  10  − 9


  2 . 20000 ×  10  − 11


  1 . 00000 ×  10  − 12


    𝑰  𝟒 =  ∫  𝟎  𝟏     𝟏  𝟏 𝟎 𝟎  (   𝒙  − 𝟗 𝟗 / 𝟏 𝟎 𝟎 )  (   𝒙  𝟏 𝟎 𝟎 − 𝟏 ) 𝐜 𝐨 𝐬 ⁡ ( 𝟐 / 𝒙 ) 𝒅 𝒙


  𝝎 = 𝟐 , 𝒓 = 𝟏 𝟎 𝟎


  𝒋


  7 . 04000 ×  10  − 10


  2 . 60000 ×  10  − 10


  3 . 80000 ×  10  − 11


  4 . 00000 ×  10  − 12


  1 . 00000 ×  10  − 12


  < 1 . 00 ×  10  − 13


    𝑰  𝟓 =  ∫  𝟎  𝟏     𝟏  𝒙 + 𝟏 𝐬 𝐢 𝐧 ⁡ ( 𝟏 / 𝒙 ) 𝒅 𝒙


  𝝎 = 𝟏 , 𝒓 = 𝟏


  𝒋


  1 . 60555 ×  10  − 6


  4 . 94440 ×  10  − 7


  2 . 72220 ×  10  − 7


  5 . 00100 ×  10  − 8


  4 . 90000 ×  10  − 10


  7 . 00000 ×  10  − 11


    𝑰  𝟔 =  ∫  𝟎  𝟏     𝟏  𝟏 𝟎 𝟎 𝒙 𝐬 𝐢 𝐧 ⁡ ( 𝟓 / 𝒙 ) 𝒅 𝒙


  𝝎 = 𝟓 , 𝒓 = 𝟏 𝟎 𝟎


  𝒋


  6 . 97000 ×  10  − 10


  2 . 53000 ×  10  − 10


  3 . 10000 ×  10  − 11


  3 . 00000 ×  10  − 12


  1 . 00000 ×  10  − 12


  < 1 . 00 ×  10  − 13


  log ⁡   E  j


  j


  1 ( r = 2 )


  O  (  2  − 1 . 5 j )


  O  (  2  − 6 j )


  2 ( r = 1 )


  O  (  2  − 2 j )


  O  (  2  − 6 j )


  3 ( r = 200 )


  O  (  2  − 1 . 005 j )


  O  (  2  − 6 j )


  4 ( r = 100 )


  O  (  2  − 1 . 01 j )


  O  (  2  − 6 j )


  5 ( r = 1 )


  O  (  2  − 2 j )


  O  (  2  − 6 j )


  6 ( r = 100 )


  O  (  2  − 1 . 01 j )


  O  (  2  − 6 j )


  O  (  2  − 6 j )


  j


  𝜔


  𝝎


  𝒓 = 𝟐


  𝒋 = 𝟖


  𝝎


  𝜔


  1 . 95 ×  10  − 10


  2 . 46 ×  10  − 10


  1 . 11 ×  10  − 10


  1 . 10 ×  10  − 11


  4 . 00 ×  10  − 12


  1 . 00 ×  10  − 12


  1 . 00 ×  10  − 12


  𝝎


  𝒓 = 𝟏


  𝒋 = 𝟗


  𝝎


  𝜔


  1 . 30 ×  10  − 11


  1 . 43 ×  10  − 10


  1 . 11 ×  10  − 10


  1 . 11 ×  10  − 10


  1 . 10 ×  10  − 11


  4 . 00 ×  10  − 12


  1 . 00 ×  10  − 12


  1 . 00 ×  10  − 12


  𝝎


  𝒓 = 𝟐 𝟎 𝟎


  𝒋 = 𝟏 𝟎


  𝝎


  𝜔


  1 . 00 ×  10  − 12


  1 . 00 ×  10  − 12


  1 . 00 ×  10  − 12


  1 . 00 ×  10  − 12


  𝝎


  𝒓 = 𝟏 𝟎 𝟎


  𝒋 = 𝟏 𝟏


  𝝎


  𝜔


  1 . 00 ×  10  − 12


  < 1 . 00 ×  10  − 13


  < 1 . 00 ×  10  − 13


  < 1 . 00 ×  10  − 13


  𝝎


  𝒓 = 𝟏


  𝒋 = 𝟖


  𝝎


  𝜔


  7 . 00 ×  10  − 11


  1 . 00 ×  10  − 12


  1 . 00 ×  10  − 12


  1 . 00 ×  10  − 12


  1 . 00 ×  10  − 12


  1 . 00 ×  10  − 12


  1 . 00 ×  10  − 12


  1 . 00 ×  10  − 12


  𝝎


  𝒓 = 𝟏 𝟎 𝟎


  𝒋 = 𝟏 𝟎


  𝝎


  𝜔


  1 . 00 ×  10  − 12


  1 . 00 ×  10  − 12


  < 1 . 00 ×  10  − 13


  < 1 . 00 ×  10  − 13


  𝝎


  <  10  − 12


  ∼  10  − 12


  ∼  10  − 11


  ∼  10  − 10


  𝝎


  𝒓


  𝒋


  𝝎


  1 . 00 ×  10  − 12


  2 . 46 ×  10  − 10


  1 . 00 ×  10  − 12


  1 . 43 ×  10  − 10


  1 . 00 ×  10  − 12


  1 . 00 ×  10  − 12


  < 1 . 00 ×  10  − 13


  1 . 00 ×  10  − 12


  1 . 00 ×  10  − 12


  7 . 00 ×  10  − 11


  < 1 . 00 ×  10  − 13


  1 . 00 ×  10  − 12


   10  − 10


  𝜔


  r ( 3 , 4 , 6 )


  𝜔


  O  (   𝜔  − 1 / r  2  − j ( 1 + 1 / r ) )


  r


  𝜔


   10 3


  𝜔 >  10 3


  u = Ω   t  − r


  [ 0 , h ]


  S ( 𝛼 , Ω )


  C ( 𝛼 , Ω )


  [ h , 1 ]


  f ( x )


  ( 𝐍 ≈ 𝟓 𝟏 𝟐 )


  8 . 41 ×  10  − 8


  6 . 18 ×  10  − 9


  5 . 63 ×  10  − 10


  1 . 32 ×  10  − 7


  8 . 45 ×  10  − 9


  1 . 43 ×  10  − 10


  5 . 67 ×  10  − 9


  8 . 91 ×  10  − 10


  1 . 00 ×  10  − 12


  3 . 45 ×  10  − 9


  2 . 93 ×  10  − 10


  < 1 . 00 ×  10  − 13


  2 . 88 ×  10  − 8


  1 . 31 ×  10  − 9


  7 . 00 ×  10  − 11


  1 . 76 ×  10  − 8


  1 . 98 ×  10  − 9


  < 1 . 00 ×  10  − 13


  ( 𝐍 ≈ 𝟓 𝟏 𝟐 )


  n


    𝑳  𝟐


    𝑳 ∞


  ≈ 𝟓 𝟏 𝟐


    𝑳  𝟐


    𝑳 ∞


    𝑳  𝟐


    𝑳 ∞


    𝑳  𝟐


    𝑳 ∞


    I 1


  2 . 41 ×  10  − 4


  5 . 12 ×  10  − 4


  1 . 18 ×  10  − 5


  2 . 34 ×  10  − 5


  3 . 21 ×  10  − 10


  5 . 63 ×  10  − 10


    I 2


  8 . 32 ×  10  − 4


  1 . 67 ×  10  − 3


  2 . 45 ×  10  − 5


  4 . 89 ×  10  − 5


  8 . 76 ×  10  − 11


  1 . 43 ×  10  − 10


    I 3


  5 . 67 ×  10  − 4


  1 . 23 ×  10  − 3


  8 . 91 ×  10  − 5


  1 . 78 ×  10  − 4


  6 . 54 ×  10  − 13


  1 . 00 ×  10  − 12


    I 4


  9 . 45 ×  10  − 5


  1 . 89 ×  10  − 4


  2 . 93 ×  10  − 6


  5 . 86 ×  10  − 6


  < 1 . 0 ×  10  − 13


  < 1 . 0 ×  10  − 13


    I 5


  2 . 88 ×  10  − 4


  5 . 76 ×  10  − 4


  1 . 31 ×  10  − 5


  2 . 62 ×  10  − 5


  4 . 12 ×  10  − 11


  7 . 00 ×  10  − 11


    I 6


  1 . 76 ×  10  − 4


  3 . 52 ×  10  − 4


  1 . 98 ×  10  − 5


  3 . 96 ×  10  − 5


  < 1 . 0 ×  10  − 13


  < 1 . 0 ×  10  − 13


   ( O  (  2  − 6 j ) )


  j = 8


    I 1


  1 . 05 ×  10  − 3 ( 10 )


  1 . 34 ×  10  − 4 ( 4 , 8 )


  5 . 63 ×  10  − 10 ( 9 )


  2 . 38 ×  10 5


    I 2


  3 . 21 ×  10  − 3 ( 9 )


  5 . 98 ×  10  − 4 ( 3 , 22 )


  1 . 43 ×  10  − 10 ( 9 )


  4 . 18 ×  10 6


    I 3


  7 . 56 ×  10  − 4 ( 25 )


  2 . 74 ×  10  − 4 ( 5 , 22 )


  1 . 0 ×  10  − 12 ( 10 )


  2 . 74 ×  10 8


    I 4


  1 . 29 ×  10  − 5 ( 76 )


  2 . 93 ×  10  − 6 ( 4 , 39 )


  < 1 . 0 ×  10  − 13 ( 11 )


  > 2 . 93 ×  10 7


    I 5


  3 . 66 ×  10  − 4 ( 7 )


  8 . 76 ×  10  − 5 ( 6 , 38 )


  7 . 0 ×  10  − 11 ( 8 )


  1 . 25 ×  10 6


    I 6


  2 . 54 ×  10  − 4 ( 28 )          


  1 . 98 ×  10  − 4 ( 4 , 78 )                


  < 1 . 0 ×  10  − 13 ( 10   )        


  > 1 . 98 ×  10 9


  > 𝟑 . 𝟗 𝟒 ×   𝟏 𝟎  𝟖


  3 . 66 ×  10  − 4


  3 . 21 ×  10  − 3


   10  − 4 −  10  − 3


  2 . 93 ×  10  − 6


  6 . 72 ×  10  − 4


   10  − 5 −  10  − 3


  < 1 . 0 ×  10  − 13


  5 . 63 ×  10  − 10


   10  − 13 −  10  − 9


  N


  m , n


  j


   Ω  threshold  = max { 1 , 𝛼 }


    E scat ( k ) =   ∫ 0 1       e  − i 2 k x sin ⁡  (   k    x 2 ) d x


  k


  𝒌


  k


  j = 9


  N = 512


  N = 512


  2 . 34 ×  10  − 9


  3 . 12 ×  10  − 4


  4 . 56 ×  10  − 5


  4 . 56 ×  10  − 10


  1 . 89 ×  10  − 4


  2 . 34 ×  10  − 5


  1 . 78 ×  10  − 10


  2 . 41 ×  10  − 4


  1 . 18 ×  10  − 5


  6 . 78 ×  10  − 11


  3 . 56 ×  10  − 4


  8 . 91 ×  10  − 6


  1 . 23 ×  10  − 11


  5 . 67 ×  10  − 4


  4 . 56 ×  10  − 6


  3 . 45 ×  10  − 12


  7 . 89 ×  10  − 4


  2 . 93 ×  10  − 6


   10  − 8


  k


  k = 100


  O  (  2  − 6 j )


   10  − 10


   10  − 13


   10 4


   10 6


  𝒪  (  2  − 6 j )


  f ( x )


  r


  𝜔


    x  k

