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Abstract

The aim of this paper is to introduce the new concept of the quadripartitioned
Pythagorean Neutrosophic Super Hypersoft Set and discuss some of'its properties. The
focus of this paper is to propose a new notion of QPNSHS and study some basic
operations and results in QPNSHS. Further, we develop a systematic study on
OPNSHS and obtain various properties induced by them. Some equivalent
characterizations and interrelations among them are discussed with counterexamples.

Keywords: Quadri-partitioned Set, Neutrosophic Hypersoft Set, Super Hypersoft Set,
Pythagorean Hypersoft Set, Pythagorean Neutrosophic Hypersoft Set, Pythagorean
Neutrosophic Super Hypersoft Set, QPNSHS.

I. Introduction

In 1965, A. Zadeh laid the groundwork for FS [XIII]. Fuzzy sets are
determined by the level of membership values. The IVF sets notion was presented [ XII]
to address the ambiguity surrounding membership values. We must consider
membership and non-membership values in certain real-world issues in order to
accurately represent an item in a dubious and ambiguous state. IFSs, which are helpful
in some circumstances, were initially created by Atanassov [I]. IFS, which consider
both truth and falsehood values, can be used to deal with inadequate data.

Smarandache was the first to propose the idea of the Neutrosophic set [IX]. The
membership values for truth, doubt, and falsehood are shown by the neutrosophic set.
The idea of QSVNS is actually stretched from Smarandache’s four numerical-valued
neutrosophic logic and Belnap’s four-valued logic, where the indeterminacy is divided
into two parts, namely, “unknown” i.e., neither true nor false, and “contradiction” i.e.,
both true and false. In the context of neutrosophic study, however, the QSVNS looks
quite logical. Also, in their study, Chatterjee [II] et al. analyzed a real-life example for
a better understanding of a QSVNS environment and showed that such situations occur
very naturally.
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The idea of a soft set was first presented by Molodstov [V] as a novel numerical
technique for dealing with uncertain situations. He defines a soft set as a family of
universal sets with parameter subsets. Soft sets are useful in many fields, including
game theory, Al, and basic DM problems [III]. Many scholars have studied the
foundations of soft set theory in recent years. Ali et al. [VIII] offered the subset and
superset, whereas Maji et al. [IV] provided a theoretical analysis of soft sets.
Smarandache suggested a  fresh approach for dealing with uncertainty.
He expanded the Softset(ssy to Hypersoft sy set and Super Hyper soft
set is related to the Smarandache power set [X, XI].

[VI] Hemalatha and Francina Shalini defined the concept of the Pythagorean
Neutrosophic Super Hypersoft set. We can relate to this more in our daily lives.

II. Preliminaries

Definition 2.1: [XIII] Consider U be the universal set and the power set of U
is P(U). Fort>1 let (84,5,,83.....6,)yus be t-distinct attributes, each of whose
associated attributive values is the set (51, 85,93 ... 5¢)yus With (54 N8 )yps = @
fory # zand gy, z € {1,2,, ...... ,t}. The connection between these sets is stated as
(51,972,593 - =3, and § : (51,952,593 - 8 s P (U) and ( &,
(51,92, 53 -----5t)NHS:{( 3 <xnus T3 Onus > Igo) O nuss Fgoy()nus>) : x €
U,}where T represents truth membership, [ represents indeterminacy, and F represents
falsity membership such that Tz (X) vus, Igo) (X nus, Fgoy)(X)nus € [0,1] also 0
< Tz s> Iy ) nas> Fyoy(nus < 3.

Definition 2.2: [XII] Let 3 represent the universal set and the power set of 3 is ®(3).
For k>1, let (&4, 85,65 ..... 01 )pnsus be k-distinct attributes, each of whose
associated attributive values is the set (B;, By, Bs .....Br )pnsuss With (B, N
Bu)pnsuss =9 as well as m # n and m, n €({1,2,..,k}. Let

.. St) NHS

®(B1) pnsuss: O(Bz) pnsuss) O(Bs) psnss » -+ - OBy ) pysuss = T be the power
sets of the set (B, B,, B3 ....- Br )pnsus respectively.

Then (f, ®(B1)pnsuss X O(Bz)pnsuss X O(Bz)pnsuss X wov oo X O(By) pnsuss)
is PNSHSS over 3.

Where

f:C 6(By)pnsuss X O(B2)pnsuss X ©(Bs)pnsuss X, v oo, X O(By) pysuss) —
(B (3)pnsuss) and

f(®(B1)pnsuss X O(Bz)pnsuss X O(Bz)pnsuss X oo oo, X O(Br) pnsuss) =

{T, <%, Tz (%), iy (%), Fyry (¥) >t x €3, T € (6(By)pnsuss X

®(By) pnsss X ©(B3)pnsuss X - X O(By) pysnss) }

Where Tix) and Fjg) are the dependent components. [jg) is an independent
component. Also,

0= (B @) + (i ))” + (Fim () < 2and Fizy () + Fyy(() < 1.

Definition2.3: [XIV]
Let X be an initial universe set, and E is a set of parameters. Consider a non-empty set
Aand A € E. Let P(X) denote the set of all quadri-partitioned neutrosophic sets of X.
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The collection (F, A) is termed the quadri-partitioned neutrosophic soft set (QNSS)
over X, where F is a mapping given by F : A — P(X), where

A= {<x,T3(x),Cq(x), Uy(x), F4(x) >:x € U} Where Ty,C4, Uy, F4: — [0,1] and
0 <TH(x)+ C4(x) +Uy(x) + Fo(x) <4. Here Ty(x) is the truth membership,
C4(x) is contradiction membership, U, (x) is ignorance membership, and F4(x) is the
false membership.

III. Quadripartitioned Pythagorean Neutrosophic Super Hypersoft Set

Definition: 3.1
Let U be the universal set and P(U) be the power set of U. Consider
H{,H,,Hs .....H, for n>1 be n-distinct attributes, whose corresponding attribute
values are respectively the set
hy,hy, hy .....hy, with by 0 by = @ for i#j and i,j € {1,2,3, ...... ,n}
Let P(H1),P(H,),P(bH3),........,P(h,) =3 be the power sets of the set
hy, hy, hs ... hy, respectively. QPNSHS
Then the pair (F, P(5;),P(52), P(H3), ... ...., P(D,,)) is said to be QPNSHS over U.
where F: P(5,) , P(b,), P(b3), ......., P(H,) — P(U) and
F(P(H1),P(52), P(H3) , - oo, P(Br))
= {3'< %, Tp ) (%), Crey (), Up(y (%), Frpy (x) >: x € U,
Y€ P(H), P(H2), P(h3), .. ----,P(bg)}
0< (Tm)(x))z + (CF(I)(x))z + (UF(A)(X))Z + (Fray(0)) <2
Definition: 3.2
Let (34, ©)gpnsus and Oy, D) gpnsus be two QPNSHS over the universe U. Consider
51,92, 93 ... 9y for n= 1 be n-distinct attributes, whose corresponding attribute

values are respectively the set
b1,b2,b3 ... hpithh; Nh; = @ fori#jand i, j € {1,2,3,... ... ,n}

Let P(h,),P(b,),P(bH3), ......., P(H,) = 1 be the power set of the set h1, b5, b3 ..... by,
respectively.
Then (3, €)gpnsns is the QPNSHS subset of (3%, D)oprnsus if

T00 Ogpnsus < T (s, D)gopnsuss

COw O gpnsus < CQp D)opnsns»

UGy O gpnsus < Uy, D)opnsus

F(3, ®)gpnsus < F (3, D)opnsus

Definition:3.3

Consider (3, €) gpnsus be the QPNSHS over the universe U. Let $4, 92, H3 ... Dy
for n > 1 be n-distinct attributes, whose corresponding attributive values are
respectively the set

b1,b2,b3 ..... by, withh; Nh; = @ fori#j and i, j € {1,2,3, ... ... ,n}

Let P(H;),P(H,), P(b3), ... ...., P(H,) = A be the power set of the set h1,H,, b3 ... H,
respectively. The complement of QPNSHS (3, €)pysns is denoted by (3g, €)5pnsns
and is defined as
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(3, Q:)BPNSHS = {(FF(J)(x)'uF(J\)(x)’CF(J)(x)’:E"(J)(x)):x ev,

3EP®DH), PO),P(®3), ..., P(hr)}

Definition: 3.4

Let (34, ©)gpnsus and Oy, D) gpysus be two QPNSHS over the universe U. Consider

51,92, 93 ...y for n=> 1 be n-distinct attributes, whose corresponding attribute

values are respectively the set

b1,b2,b3 ..... by withh; Nh; = @ fori#j and i, j € {1,2,3, ... ... ,n}

Let P(h,),P(b,), P(bH3), ... ...., P(H,) = A be the power set of the set h;1, b5, b3 ..... by

respectively.

Then (3, €)gpnsus U (3, D) gpnshs is given as

(3o ©)gpnsus Y (v, D)gpnsus =

{ x, max (T (3, ©)pnshs: Gp, D)QPNSHS)'M (€B, G)QPNSHSIC(JEND)QPNSHS)' }

min (U (e, ©)gpnsus, Uy, iD)QPNSHS)f min (F (3e, ©)gpnsus, F v, D)gpnsts )
Definition: 3.5
Let (3, ®)gpnsus and (3p, D) gpnsus be two QPNSHS over the universe U. Consider
51,92, 93 ... Oy for n= 1 be n-distinct attributes, whose corresponding attribute
values are respectively the set
b1, b2, b3 ... Bpith h; Nh; = @ fori#j and i, j € {1,2,3, ... ... ,n}
Let P(H,) ,P(b,), P(bH3), ......., P(h,) = A be the power set of the set hy, b2, b3 ..... by
respectively.
Then F(3;) N F(X,) is given as
(e, ®)gpnsus N G, D)gpnsus
_ { X, min (T o ©)gpnsus: T O, fD)QPNSHs). min (C(la’ ©)gpnsns, €y, :D)QPNSHS)')}

max ('u (3e ®©)gpnsus Uy, fD)QPNSHS). ‘max (F (e ©)gpnsus, F (3, fD)QPNSHs)

Definition: 3.6
Consider (3, €) be the QPNSHS over the universe U. Let 91, 92, H3 -.... H, for n=>
1 be n-distinct attributes, whose corresponding attributive values are respectively the
set
b1,b2,b3 ..... by Withh; Nh; = @ fori#j and i, j € {1,2,3, ... ... ,n}
Let P(H,),P(H,), P(H3),......,P(h,) =3 be the power sets of the set
b1,b2, b3 ..... by, respectively. Then (A, ®)ppysus is empty QPNSHS if T
(Ja' G)QPNSHS =0,C (la' (S)QPNSHS = O'U(Ja' @)QPNSHS =1,F(Q,, cg)QPNSHS =
1vx € U, 3 € P(Hy),P(H2),P(H3), ... ..., P(hy). Itis denoted by Ogpysnss
Definition: 3.7
Consider (34, €)gpnsus be the QPNSHS over the universe U. Let $1, 92, 93 ... Hn
for n > 1 be n-distinct attributes, whose corresponding attributive values are
respectively the set
b1, b2, b3 ..... by withh; Nh; = @ fori#jand i, j € {1,2,3, ... ... ,n}
Let P(H,),P(H,),P(MH3),......, P(h,) =3 be the power sets of the set
b1,b2,b3 ... by respectively. Then (O, €)gpysus is the universe QPNSHS if T
(Ja' (g)QPNSHS =1C (Ja» G;)QPNSHS = 1ru(3a' (‘:)QPNSHS =0,F (Ja: G)QPNSHS =
Ovx € U' e P(bl) ) ]P(bZ)l P(b3) y e ey P(bn) 1QPNSHS
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Remark: OEPNSHSS = Lopnsus and 16p1vsHs = OgpnsHs

Definition: 3.8
Let (34, ©)gpnsus and Oy, D) gpysus be two QPNSHS over the universe U. Consider
51,92, 93 ... 9, for n=> 1 be n-distinct attributes, whose corresponding attribute
values are respectively the set
b1,b2,b3 ..... by withh; Nh; = @ fori#j and i, j € {1,2,3, ... ... ,n}
Let P(b,),P(H,),P(MH3),......, P(h,) =3 be the power sets of the set
b1,02,b3 ... by, respectively. Then (3, €)gpnsus\ (s, D) gpnsus may be defined as,
(e Q:)QPNSHS\Ob' CD)QPNSHS =

X, min (T (e, ©)gpnsus, F (3, iD)QPNSHS)f min (C (3o, ®©)gpnsus, U, :D)QPNSHS)'

max (‘U (3 ®)gpnshs) C(F (JZ)QPNSHS))’ max (F (e ©)gpnsus: T G, :D)QPNSHS)

Definition: 3.9

Let (3, ) gpnsus and (3p, D) gpnsus be two QPNSHS over the universe U. Consider
51,92, 93 ... Oy for n= 1 be n-distinct attributes, whose corresponding attribute
values are respectively the set

b1,b2,b3 ..... by Withh; Nh; = @ fori#jand i, j € {1,2,3, ... ... ,n}

Let P(H,),P(H,), P(H3),......, P(h,) =3 be the power sets of the set
b1,b2,b3 ... by, respectively. Then (34, €)gpysus AND (p, D)gpnsnus is denoted by
(e, ®)gpnsus A (3, D) gpnsus and is defined by

(e ©)gpnsus A 3y, D)opnsus = O, € X D)gpnsus

Where 3.(¢, D) gpnsus = 3a(Dopnsus N I (D) opnsus V¢ € Cand d € D

Definition: 3.10

Let (34, ©)gpnsus and Oy, D) gpnsus be two QPNSHS over the universe U. Consider
51,92, 93 ... 9y for n= 1 be n-distinct attributes, whose corresponding attribute
values are respectively the set.

b1,b2,b3 ..... by withh; Nh; = @ fori#jand i, j € {1,2,3, ... ... ,n}

Let P(bh,),P(bH,),P(H3),......., P(h,) =3 be the power sets of the set
b1,02, b3 ..... by, respectively. Then (34, €)ppnsus OR (3p, D)gpnsus is denoted by
(e ®)gpnsus V (3, D) gpnsus and is defined by

Qa ©gpnsus V Gv, D)gpnsus = Gy € X D) gpnsus
Where,

Oy € X D)gpnsus = (o Dgpnsus U (as D) gpnsus V¢ € Cand d € D
Theorem: 3.11

Let (34, ©)gpnsus and Oy, €)gpysus be two QPNSHS over the universe U.
Then the following are true,

i Qo ®©gpnsus € Op O gpnsus U f Qo O gpnsus N O, O gpnsus =
(o ©opnsus
ii. Qw ©gpnsus € O Ogpnsus U f Oa ©)gpnsus U Gv, ©)gpnsus =

(o ©opnsus
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Proof:

i Suppose that (3, €)gpnsus E (v, ©)gpnsus. then (3,(e)) € (3 (e)) for
alle € €. Let (3, ©)gpnsus N Op, Ogpnsus = (o ©)opnsus
Since (3c(e))QPNSHS = (3(e) N (%)) = (3, (e) for all e€ €, by definition

(Jc: G)QPNSHS = (Ja» (S)QPNSHS-

Suppose that (3, €) gpnsus N Ov, O gpnsus = (o ©opnsus

Let (3, ©)gpnsus N O, O gpnsus = G ©)opnsus

Since (3.(e)) = (A.(e)) N (lb(e)) = (3.(e)) foralle € €, weknow that (3,(e)) S
(Op(e)) foralle € €. Hence (A, ©)gpnsus € 3 O gpnsns-

ii. The proof is similar to i.

Theorem: 3.12

Let (3,, @QPNSHS: Qo O gpnsus: (o ©)gpnsus, and 3y, €)gpysus be two QPNSHS
over the universe U. Then the following are true,

i Qo O gpnsus N Gp, O gpnsus = de. then (3g, ©) gpnsus € Co, O)opnsns

ii. if (g, Q:)QPNSHS < Oy, Q:)QPNSHS and (3p, Q:)QPNSHS FQ. Q:)QPNSHS then
Qo ©gpnsus € G ©gpnsus

iii. if O cg)QPNSHS (o, G)QPNSHS and (3, (S)QPN.S‘HS = (lb'@)QPNSHs then
Qa O gpnsus N G, ©gpnsus € Ov O gpnsus N Ov, ©)gpnsns

iv. if (3, cg)QPNSHS (o, G)QPNSHS iff (p, G)QPNSHS S O @)QPNSHS

proof:

i. suppose that (3, €) gpnsus N (v, €)gpnsus = D¢

then (3,(e)) N (Jb(e)) =0
50 (g, ®)gpnsus € U\ (3p(e)) = (3(e)) Ve €€
Therefore, we have (3, ®)gpnsus E (3o, O)opnsus
Proof of (ii) and (iii) is obvious
iv. o, ©)gpnsus € Cv ©)gpnshs

& ((e) € () Vee€

& () c((e) Veet

(Jg(e)) c (3C(e))v e€C

& (s, ©)5 QPNSHS = S O (S)QPNSHS
Definition: 3.13
Let I be an arbitrary index {(Jai, G)}iel be a subfamily of QPNSH sets over the universe

U
1. The union of these QPNSHS sets is the QPNSHS set (3, €) gpnsus Where

3 (e) = UiE,(Jai(e))for eache € € we write UiEI(Jai'G)QPNSHS =

Qo ©opnsus
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ii. The intersection of these QPNSHS sets is the QPNSHS set(d, €)opnsus

where A(e) = ﬂiel(lai(e)) for each e€ € we write
niel(lai; Q:)QPNSHS = (ln. G)QPNSHS

Theorem: 3.14

Let I be an arbitrary index set and {(lai, (i) be a subfamily of QPNSHS over

QPNSHS}iE 1
the universe U. Then

C C
L (Uia(;ai’ (S)QPNSHS) - (nie’ (Jai’ cg)QPNSHS)
c C
1. (niE’ (Jai' Q:)QPNSHS) - (UiEI (Jai'G)QPNSHs)
Proof:
c
i. (Uie[ (lai’ G)QPNSHS) = (JC' G)EPNSHS’ By the deﬁnition

(3¢(e)) = U\ (3c(e)) = Up\Uig; (a(€)) = Nies (Up\Bu(e))) Ve €C

Cc
On the other hand, (ﬂiel (Jai, Q?)QPNSHS) = (3, Q:)QPNSHS

C
by the definition, (3;(e)) = (nie,(zgi,o:)QPNSHs) =N (V- (zai,@)QPNSHS) v
eel

il. Proof is similar to (i).
Note: We denote @ by @ and Uy by U.
Theorem 3.15
Let (34, €)gpnsus be QPNSHS over the universe U. Then the following are true.
i (0, G)BPNSHS = (U, (S)QPNSHS
ii. U, ©)gpnsus = (D, ) gpnsus
Proof:
1. Let (@, ®)gpnsus = Cw ©gpnsns

Then (3,(€)) = { < X, T3, e) (¥, 3,0 (), Uga, () (0, Figaye9 () >+ x €U, }
={(x,0,0,1,1):x € U}Ve €l

Thus (@, @(CQPNSHS = (3, G)E)PNSHS

Thenve €€

(32())" = { < 2T, (6) @), Coy3,09) ) U1y (69) @), Figangen) () >2 x €U, }C
= {(x,1,1,0,0):x € U} = U
Thu.s. (@, ©)gpnsus = (U, ©)gpnshs

11. Proof is similar to (i)

Theorem 3.16

Let (3, ) gpnsus be QPNSHS over the universe U. Then the following are true.
i (o O gpnsus U (D, €) gpnsus = G ©)gpnsus
ii. (o O gpnsus U (U, ) gpnsus = (o ©gpnsus

Francina Shalini A. et al.

93



J. Mech. Cont. & Math. Sci., Vol.-21, No.-08, August (2026) pp 87-99

Proof:
I (o ) gpnsns = { &<

X, T30 ), C3a(e) (), U g () (X, Fisay(e) (%) >: x EU IV e €C
(Q), G)QPNSHS = {(.x, 0,0,1,1):x € U} V e e (g

Qo ©gpnsus U (B, ) gpnsus =
{er (3 T8 (T, ) (00) TG (0 (0) iy (U e0) 0D 1) i (s o (1) ) i €
U} Vee(@®

= { & <% T50,(0)) () C03(0 () U9 (0, Fen (¥) > x €U, } = F00, ©)
il. Proof is similar to (i).

Theorem: 3.17
Let (3, ) gpnsus be QPNSHS over the universe U. Then the following are true.

i Qo G)QPNSHS N (@, G)QPNSHS = Qu G)QPNSHS
11. Qo G)QPNSHS n (U, G)QPNSHS = (3 (S)QPNSHS
Proof: The proof is similar to the above theorem
Theorem 3.18

Let (O, ®)gpnsus and (3p, €) gpysus be two PNSHSS over the universe U. Then the
following are true.

1. G ©opnsus U (@, D)gpnsus = Go Ogpnsus iff DE €

ii. Qo ©gpnsus U (U, D)gpnsus = (U, O)gpnsus if fEE D
Proof:

1. We have for (JCU (S)QPNSHS’

3@ ={(x7,C, U, F )r€U}Ve e
Also let (@, D) gpnsus = (3, D)gpnsus then
() ={(x00,11):x€eU}Vvee D
Let (34, ©)gpnsus U (D, D) gpnsus = Ca ©gpnsus U (Go D) gpnsus = o ) gpnsus

where

g=CuUDforalle e &
3.(e) may be defined as

{(% Toute) Cruter Uny(ey Fr(e) 1 X € UJif e € € =D
{(x,001,1):x €eU}ifeeD—-C
{2 MR (T, (0, 0), MR (Cs, ey 0) Min(Us, ey, 1) min (Fy ey, 1))} if € € €N'D
{(x Buey Crter Uay(er Frytey) 1 x € Uif e €C =D
= {(x,1,1,0,0):x €U} if e€eD—-C
{0 Buer Crster Uyt Fryo)): x € Uif e € €N'D

LetDcC
X, 75 (), C ,U ,F :x€eUtifeeC—D
Then 3. (¢) = {{( 3aey Crg(edr Uny(ey Fig(e)) Wi
{(% Tu0y Crter Uagten Fryte)): x € Uif e € €ND
=)(e)Veel
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Conversely Let (3, €)gpnsus U (D, D) gpnsus = (R ©opnsus
ThenC=CUD= Dc ¢
1i. Proof is similar to (i)

Theorem:3.19
Let (O, ) gpnsus and (3p, D) gpnsus be two QPNSHS over the universe U. Then the

following are true.

I. Qw ©gpnsus N (@, D)gpnsus = (D, €N D)gpnsus
ii. Qw ©gpnsus N (U, D)gpnsus = Ca € N D)gpnsus
Proof:
i. We have for (la, G)QPNSHS

3@ ={(x7,C, U, F )xr€U}Ve el
Also let (@, D) gpnsus = (3, D)gpnsus then
() ={(x,0011):x€eU}vee D
Let O ®)gpnsus N (D, D)gpnsus = R ©opnsus N v Dgpnsus = Co B opnsus

where

L=CNnDforalle e

A (e)
= {(x, min(J; ey, T3, e)) MUN(Cs (e) » Cay ) Max(Us ey, Usy o)), max (F (e), Fye)))
1 X E U}

= {(x, min(7J; ey, 0), min(C, ey, 0), max(Uy ey, 1), max (Fy ), 1)) : x € U}
= {(x,0,0,1,1):x € U}
= (35, D)gpnsus = (D, D)gpnsus

Thus (A, ©)gpnsus N (D, D)gpnsus = (B, D)gpnsus = (8, € N D)gpnsus
il. Proof is similar to (i).

Theorem:3.20
Let (34, ©)gpnsus and Oy, D) gpnsus be two PNSHSS over the universe U. Then the
following are true.

. C

L ((%» ®)gpnsus U (o, b)QPNSHS) < QO Q:)QPNSHSC U Qp, :D)QPNSHSC

.. (o4

11. Qo G)QPNSHSC N (g, fD)QPNSHSC c ((qu ®)gpnsus N Gy, :D)QPNSHS)
Proof:

L. Let (O, ©)gpnsus YU (3p, D)gpnsus = (o L gpnsys where L=CEND

foralle € 8

). (e) may defined as
( {(% Toy(e) Cater Uny(ep Fa(e)) 1 X € ULif e €€ =D

{0 Toer Crpter Uyt Frye) : x € UYif e €D = C

{(x' max (73, ey Ty (), MAx(Ci(e) » Cay(e)) MIN(Us ey » Usy(e)) Min (Fy (o)) Faye))) 1 X €U }
ife€eEND
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c
Thus ((Ja, G)QPNSHS U (Jb, D)QPNSHS) = (JC"B)EPNSHS where 2=CND for all
e€EL
(3.(e) ife€C—D
Cc
(@) = (3p(e))ife€D-C
C.
((Ja» ®)opnsus U (Jb'b)QPNSHs) ifeeCnd
{(% Tu0y Crer Unyten Fryter) 1 X € Uif e €C =D
{0 ooy Crpter Unytey Fre)) : x € ULif e €D—C
{(x' max(7, ey, Ty, Max(Cy,(e) s Cye)) MIN(Us, (o) » Usy(e)) UM (Fy (o), Fry(e))) * X € U}
ifee€®Cnd
Again (3, ©)gpnsus U O, D)opnsus = (R, S)sayS§ = CuDandVe€S
(3.(e))ife€C—D

Ry(e) = (J\b(e))cif eeD—-C
(G0 ®) UO,D))ife€eCnDd
( {(% Ty Cruter Uny(ey Fr(e) 1 X EUJif e € € =D

{(% Toycer Couter Uny(er Fr(e) 1 x € U}if e €D = C
{(x, min(7; ey, By (e)) MIN(Cs, (e » Cay (o)), Max(Us ey, Usy(e)), Max (Fy ey, Fag(e))) * X € U}

ifee®€nN®D
So,ESVeEeSsS
Cc
(3c(e))” € Ry(e)
c
Thus ((la» G’)QPNSHS U (lb' b)QPNSHS) c (3(1' Q:)EPNSHS u (Jb' fD)(chNSHS
ii. Let (0, €)gpnsus N (3p, D)gpnsus = (3o L) gpnsys where L=CEND
foralle € 8
) (e) may defined as
{(x, min(J,(e)» Tay(e))s MIN(Cy () » Caye))s Max(Us, ey, Usy(e)), MaR (F3 (o), Fay(e)))
:x € U}

Thus ((la, G)QPNSHS n (lb' b)QPNSHS)C = (30 'Q')EPNSHS where 8 = €N D for all
eeER

c
(3(e)
= {x, min(7;,(e) Ty (e)) MIN(Cs, (o) » Caye))» Max (U (o), Usy(e)), Max (Fy (o), Fiy(e)))
c
X E U}

= {x, Max (T3 (e), Ty e)), MAR(Cs (o) » Cay(e)) MIN(Us_ (o) » Usy () MIn(F3 (o), Fay(e)))

: x € U}

Again (3, ©)pysus N G, DGpnsus = (R, S)QPNSHS sayS= CNDandVe€S
Rq(e) = (3,(e)) N (3p(e))”

= {x' min(J3, ey Ty (e))s MIN(Cyy ) » Cay ), MaX(Us (o) » Usy () MAX (F3 (o), Faye)))

1 X E U}
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Weseethat =S andVe €S
Ry(e) € (3c(e))°
Thus (3, ©)gpnsus N Co, D)Gpnsus S (Ow ®gpnsus N Go, 33)(2101v5115)c

Theorem: 3.21
Let (O, ) gpnsus and (3p, D) gpnsus be two PNSHSS over the universe U. Then the
following are true.

. c
L ((Ja' ®) opnsus YU (g, Q:)QPNSHS) € (3 ®)gpnsus N
(o O pnsns
ii. o Opnsas N G Ofpnsus € ((or ©)gpnsus U
c
(6 © gpnsts)
Proof:
L Let (30, ©)gpnsus U Gv, O gpnsas = (o ©)gpnsus » foralle € €

Ac(e) = 3(e) U dp(e)
= {(x, max (T (e), T3y (e)) MAxX(Cy (e) » Cay(e)), MIn(Uy ey » Usy (o)) Min (F (o), Fiye)))
1 X E U}
c
Thus ((lcu ©)opnsus Y (G, Q:)QPNSHS) = (o O)gpnsus , foralle € €
c (o4
(3(e))" = (3ale) Ux(e))
= {(x, max (T (e), B3y (e)) MAxX(Cy (o) » Cay(e)), MIN(Uy ey » Usy (o)) Min (F (o), Fiye)))
C
1 X E U}
= {(x' min(7;,(e) Ty (e)) MIN(Cs, (o) » Caye))» Max (U (o) » Usy(e)), Max (Fy (o), Fiy(e)))
1 X E U}
Again (3, ®)gpnsus N G O gpnsus = (R, G)QPNSHS where Ve € €
Rq(e) = (Aa(e)) N Op(e))°
= {(x' Min(F; (o), Fi,e)) Min(Us ey » Uy, e)), Max(Cs ey » Cay(e)), max (T3 (e), Ty (e)))
X € U}
c
Thus ((la» ®)gpnsus U (o, G)QPNSHS) € 0w Oopnsus N Go, O)gpnsns
ii. Qw O gpnsus N Go, O gpnsus = Oa ©gpnsus
= {(x, min(Fy (e Fy,e)), Min(Us ey » Us,(e)), Max(Cy (ey » Cxye)), Max (73 e)r By (e)))
X E U}
thus (O, € gpnsus N Gv, (‘:)QPNSHS)C = (30 ©)gpnsus
Ac(e) = (e) N p(e)
= {(X' min(Fy (e Fi, ), Min(Us ey » Us,(e)), Max(Cy cey» Cx,e)), Max (I3 ey, T, (e)))
C
1 X E U}
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= {(x. Max(Fy ey, Fay(e)), Max (U, (e s Usy(e)) MIN(Cy () » Cry () M (T3 () Ty (e)))
tX E U}
Again (g, ©)gpnsus U (3o, O gpnsus = (RQ’G)QPNSHS where Ve € €

Ry(e) = (a(e)) U (3(e))°
= {(x' Max(Fs, (e) Fay(e)), Max(Us, (e s Usg(e))» MIN(Cy () » Cay () N (T3 (e)s Tige)))
tX E U}

((Ja: ®) opnsus N Gy, (S)QPNSHS)C = (3o @(CQPNSHS U O, (S)EPNSHS

IV. Conclusion

In this paper, we have studied the QPNSHS. Based on their definition and
properties, we have newly introduced the quadri-partitioned neutrosophic Super
Hypersoft set and some basic definitions on this topic; also, we have discussed some
of its properties and theorems.
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    𝔥 1 ,   𝔥 2 ,   𝔥 3 … . .   𝔥  n


    𝔥  i ∩   𝔥  j = ∅


  ≠


  ∈  { 1 , 2 , 3 , … … , n }


  ℙ  (   𝔥 1 )   ,   ℙ  (   𝔥 2 ) , ℙ  (   𝔥 3 )   , … … . , ℙ  (   𝔥  n ) = ℷ


    𝔥 1 ,   𝔥 2 ,   𝔥 3 … . .   𝔥  n


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S = 0 ,   𝒞    (  ℷ  𝔞 ,   ℭ )  Q P N S H S = 0 ,   𝒰    (  ℷ  𝔞 ,   ℭ )  Q P N S H S = 1 ,   F    (  ℷ  𝔞 ,   ℭ )  Q P N S H S = 1   ∀ x ∈ U ,     ℷ ∈ ℙ  (   𝔥 1 )   ,   ℙ  (   𝔥 2 ) , ℙ  (   𝔥 3 )   , … … . , ℙ  (   𝔥  n )


   0  Q P N S H S S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     


   ℌ 1 ,  ℌ 2 ,  ℌ 3 … . .  ℌ  n


  ≥ 1


    𝔥 1 ,   𝔥 2 ,   𝔥 3 … . .   𝔥  n


    𝔥  i ∩   𝔥  j = ∅


  ≠


  ∈  { 1 , 2 , 3 , … … , n }


  ℙ  (   𝔥 1 )   ,   ℙ  (   𝔥 2 ) , ℙ  (   𝔥 3 )   , … … . , ℙ  (   𝔥  n ) = ℷ


    𝔥 1 ,   𝔥 2 ,   𝔥 3 … . .   𝔥  n


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


  𝒯


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S = 1 ,     𝒞  (  ℷ  𝔞 ,   ℭ )  Q P N S H S = 1 ,   𝒰    (  ℷ  𝔞 ,   ℭ )  Q P N S H S = 0 ,   F    (  ℷ  𝔞 ,   ℭ )  Q P N S H S = 0   ∀ x ∈ U ,     ℷ ∈ ℙ  (   𝔥 1 )   ,   ℙ  (   𝔥 2 ) , ℙ  (   𝔥 3 )   , … … . , ℙ  (   𝔥  n )


   1  Q P N S H S


   0  Q P N S H S S  c =  1  Q P N S H S   a n d    1  Q P N S H S  c   =  0  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔟 , 𝔇 )  Q P N S H S


     


   ℌ 1 ,  ℌ 2 ,  ℌ 3 … . .  ℌ  n


  ≥ 1


    𝔥 1 ,   𝔥 2 ,   𝔥 3 … . .   𝔥  n


    𝔥  i ∩   𝔥  j = ∅


  ≠


  ∈  { 1 , 2 , 3 , … … , n }


  ℙ  (   𝔥 1 )   ,   ℙ  (   𝔥 2 ) , ℙ  (   𝔥 3 )   , … … . , ℙ  (   𝔥  n ) = ℷ


    𝔥 1 ,   𝔥 2 ,   𝔥 3 … . .   𝔥  n


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S \    (  ℷ  𝔟 , 𝔇 )  Q P N S H S  


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S \    (  ℷ  𝔟 , 𝔇 )  Q P N S H S =  {  〈    x ,     m i n ⏟  ( 𝒯    (  ℷ  𝔞 ,   ℭ )  Q P N S H S , F    (  ℷ  𝔟 , 𝔇 )  Q P N S H S ) ,       m i n ⏟  ( 𝒞    (  ℷ  𝔞 ,   ℭ )  Q P N S H S , 𝒰    (  ℷ  𝔟 , 𝔇 )  Q P N S H S ) ,         m a x ⏞  ( 𝒰    (  ℷ  𝔞 ,   ℭ )  Q P N S H S , 𝒞  ( F    (  ℷ 2 )  Q P N S H S ) ) ,     m a x ⏞  ( F    (  ℷ  𝔞 ,   ℭ )  Q P N S H S , 𝒯    (  ℷ  𝔟 , 𝔇 )  Q P N S H S ) 〉 }


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔟 , 𝔇 )  Q P N S H S


     


   ℌ 1 ,  ℌ 2 ,  ℌ 3 … . .  ℌ  n


  ≥ 1


    𝔥 1 ,   𝔥 2 ,   𝔥 3 … . .   𝔥  n


    𝔥  i ∩   𝔥  j = ∅


  ≠


  ∈  { 1 , 2 , 3 , … … , n }


  ℙ  (   𝔥 1 )   ,   ℙ  (   𝔥 2 ) , ℙ  (   𝔥 3 )   , … … . , ℙ  (   𝔥  n ) = ℷ


    𝔥 1 ,   𝔥 2 ,   𝔥 3 … . .   𝔥  n


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔟 , 𝔇 )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S   ⋀


     (  ℷ  𝔟 , 𝔇 )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S   ⋀


     (  ℷ  𝔟 , 𝔇 )  Q P N S H S =    (  ℷ  𝔠 , ℭ × 𝔇 )  Q P N S H S


   ℷ  𝔠 ( 𝔠 , 𝔡  )  Q P N S H S =    ℷ  𝔞    ( 𝔠 )  Q P N S H S ∩  ℷ  𝔟    ( 𝔡 )  Q P N S H S   ∀   𝔠 ∈   ℭ   a n d   𝔡 ∈   𝔇


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔟 , 𝔇 )  Q P N S H S


     


   ℌ 1 ,  ℌ 2 ,  ℌ 3 … . .  ℌ  n


  ≥ 1


    𝔥 1 ,   𝔥 2 ,   𝔥 3 … . .   𝔥  n


    𝔥  i ∩   𝔥  j = ∅


  ≠


  ∈  { 1 , 2 , 3 , … … , n }


  ℙ  (   𝔥 1 )   ,   ℙ  (   𝔥 2 ) , ℙ  (   𝔥 3 )   , … … . , ℙ  (   𝔥  n ) = ℷ


    𝔥 1 ,   𝔥 2 ,   𝔥 3 … . .   𝔥  n


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔟 , 𝔇 )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S   ⋁


     (  ℷ  𝔟 , 𝔇 )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S   ⋁


     (  ℷ  𝔟 , 𝔇 )  Q P N S H S =    (  ℷ ℵ , ℭ × 𝔇 )  Q P N S H S


     (    )  , 𝔠 × 𝔡


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔟 , ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ⊆    (  ℷ  𝔟 , ℭ )  Q P N S H S   i f f      (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    (  ℷ  𝔟 , ℭ )  Q P N S H S =      (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ⊆    (  ℷ  𝔟 , ℭ )  Q P N S H S   i f f      (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    (  ℷ  𝔟 , ℭ )  Q P N S H S =      (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ⊆    (  ℷ  𝔟 , ℭ )  Q P N S H S   i f f      (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    (  ℷ  𝔟 , ℭ )  Q P N S H S =      (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ⊆    (  ℷ  𝔟 , ℭ )  Q P N S H S


   (  ℷ  𝔞 ( e ) ) ⊆  (  ℷ  𝔟 ( e ) )


  e ∈     ℭ


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    (  ℷ  𝔟 , ℭ )  Q P N S H S =      (  ℷ  𝔠 ,   ℭ )  Q P N S H S


     (  ℷ  𝔠  ( e ) )  Q P N S H S =    (  ℷ  𝔞 ( e ) ) ∩  (  ℷ  𝔟  ( e ) ) =  (  ℷ  𝔞 ( e ) )


  e ∈     ℭ


     (  ℷ  𝔠 ,   ℭ )  Q P N S H S =      (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    (  ℷ  𝔟 , ℭ )  Q P N S H S =      (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    (  ℷ  𝔟 , ℭ )  Q P N S H S =      (  ℷ  𝔞 ,   ℭ )  Q P N S H S


   (  ℷ  𝔠 ( e ) ) =    (  ℷ  𝔞 ( e ) ) ∩  (  ℷ  𝔟  ( e ) ) =  (  ℷ  𝔞 ( e ) )


  e ∈     ℭ


   (  ℷ  𝔞 ( e ) ) ⊆  (  ℷ  𝔟 ( e ) )


  e ∈     ℭ


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ⊆    (  ℷ  𝔟 , ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔟 , ℭ )  Q P N S H S ,        (  ℷ  𝔠 , ℭ )  Q P N S H S ,   and      (  ℷ  𝔡 , ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩


     (  ℷ  𝔟 , ℭ )  Q P N S H S =   𝜙 ℭ


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ⊆    (  ℷ  𝔟 , ℭ )  Q P N S H S  c


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ⊆    (  ℷ  𝔟 , ℭ )  Q P N S H S


     (  ℷ  𝔟 , ℭ )  Q P N S H S ⊆


  𝔉    (  ℷ  𝔠 ,   ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ⊆      (  ℷ  𝔠 ,   ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ⊆    (  ℷ  𝔟 , ℭ )  Q P N S H S


       (  ℷ  𝔠 ,   ℭ )  Q P N S H S ⊆      (  ℷ  𝔡 , ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩      (  ℷ  𝔠 ,   ℭ )  Q P N S H S ⊆


     (  ℷ  𝔟 , ℭ )  Q P N S H S ∩      (  ℷ  𝔡 , ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ⊆    (  ℷ  𝔟 , ℭ )  Q P N S H S


     (  ℷ  𝔟 , ℭ )  Q P N S H S  c ⊆      (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩


     (  ℷ  𝔟 , ℭ )  Q P N S H S =  ∅ ℭ


   (  ℷ  𝔞 ( e ) ) ∩  (  ℷ  𝔟  ( e ) ) = ∅


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ⊆ U \


   (  ℷ  𝔟  ( e ) ) =    (  ℷ  𝔟  c  ( e ) )   ∀   e ∈ ℭ


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ⊆    (  ℷ  𝔟 , ℭ )  Q P N S H S  c


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ⊆    (  ℷ  𝔟 , ℭ )  Q P N S H S


  ⇔    (  ℷ  𝔞 ( e ) )   ⊆  (  ℷ  𝔟  ( e ) )   ∀   e ∈ ℭ


  ⇔      (  ℷ  𝔟  ( e ) )  c ⊆


     (  ℷ  𝔞  ( e ) )  c


  ∀   e ∈ ℭ


  ⇔    (  ℷ  𝔟  c  ( e ) ) ⊆    (  ℷ  𝔞  c ( e ) ) ∀   e ∈ ℭ


  ⇔


     (  ℷ  𝔟 , ℭ )  Q P N S H S  c ⊆      (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c


     {  (  ℷ    𝔞  i ,   ℭ ) }  i ∈ I


  Q P N S H S


  Q P N S H S


     (  ℷ  𝔠 , ℭ )  Q P N S H S


   ℷ  𝔠  ( e ) =


   ⋃  i ∈ I  (  ℷ    𝔞  i ( e ) ) f o r   e a c h   e ∈ ℭ


   ⋃  i ∈ I    (  ℷ    𝔞  i ,   ℭ )  Q P N S H S =    (  ℷ  𝔠 ,   ℭ )  Q P N S H S


  Q P N S H S


  Q P N S H S


     (  ℷ  𝔠 , ℭ )  Q P N S H S


   ℷ  𝔠  ( e ) =


   ⋂  i ∈ I  (  ℷ    𝔞  i ( e ) )


    e ∈ ℭ


   ⋂  i ∈ I    (  ℷ    𝔞  i ,   ℭ )  Q P N S H S =    (  ℷ  𝔳 ,   ℭ )  Q P N S H S


     {    (  ℷ    𝔞  i ,   ℭ )  Q P N S H S }  i ∈ I


     (  ⋃  i ∈ I    (  ℷ    𝔞  i ,   ℭ )  Q P N S H S )  c =    (  ⋂  i ∈ I    (  ℷ    𝔞  i ,   ℭ )  Q P N S H S )  c


     (  ⋂  i ∈ I    (  ℷ    𝔞  i ,   ℭ )  Q P N S H S )  c =    (  ⋃  i ∈ I    (  ℷ    𝔞  i ,   ℭ )  Q P N S H S )  c


     (  ⋂  i ∈ I    (  ℷ    𝔞  i ,   ℭ )  Q P N S H S )  c =    (  ⋃  i ∈ I    (  ℷ    𝔞  i ,   ℭ )  Q P N S H S )  c


     (  ⋃  i ∈ I    (  ℷ    𝔞  i ,   ℭ )  Q P N S H S )  c =


     (  ℷ  𝔠 ,   ℭ )  Q P N S H S  c ,


   (  ℷ  𝔠  c ( e ) ) =   U  E \    (  ℷ  𝔠 ( e ) ) =   U  E \  ⋃  i ∈ I


   (  ℷ  𝔞 ( e ) ) =  ⋂  i ∈ I


   (   U  E \  (  ℷ  𝔞 ( e ) ) )   ∀   e ∈ ℭ


     (  ⋂  i ∈ I    (  ℷ    𝔞  i ,   ℭ )  Q P N S H S )  c =    (  ℷ  𝔡 , ℭ )  Q P N S H S


   (  ℷ  𝔡 ( e ) ) =    (  ⋂  i ∈ I    (  ℷ    𝔞  i  c ,   ℭ )  Q P N S H S )  c =  ⋂  i ∈ I  ( U −    (  ℷ    𝔞  i ,   ℭ )  Q P N S H S )   ∀


  e ∈ ℭ


   ∅  E


  ∅


    U  E


  U


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


  U


     ( ∅ ,   ℭ )  Q P N S H S  c =    ( U , ℭ )  Q P N S H S


     ( U , ℭ )  Q P N S H S  c =    ( ∅ , ℭ )  Q P N S H S


     ( U , ℭ )  Q P N S H S  c =    ( ∅ , ℭ )  Q P N S H S


     ( ∅ , ℭ )  Q P N S H S =      (  ℷ  𝔞 ,   ℭ )  Q P N S H S


   (  ℷ  𝔞 ( e ) ) =  {   < x ,     𝒯  𝔉  (  ℷ  𝔞 ( e ) )  ( x ) ,     𝒞  𝔉  (  ℷ  𝔞 ( e ) )  ( x ) ,   𝒰  𝔉  (  ℷ  𝔞 ( e ) ) ( x ) ,     F  𝔉  (  ℷ  𝔞 ( e ) ) ( x ) >   :   x ∈ U ,   }


  =  {  ( x ,   0 , 0 , 1 , 1 ) : x ∈ U } ∀


  e ∈ ℭ


     ( ∅ ,   ℭ )  Q P N S H S  c =      (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c


  ∀


  e ∈ ℭ


     (  ℷ  𝔞  ( e ) )  c =    {   < x ,     𝒯  𝔉  (  ℷ  𝔞  ( e ) )  ( x ) ,     𝒞  𝔉  (  ℷ  𝔞  ( e ) )  ( x ) ,   𝒰  𝔉  (  ℷ  𝔞  ( e ) )  ( x ) ,     F  𝔉  (  ℷ  𝔞  ( e ) )  ( x ) >   :   x ∈ U ,   }  c


  =  {  ( x ,   1 , 1 , 0 , 0 ) : x ∈ U } = U


  =  {  ( x ,   1 , 1 , 0 , 0 ) : x ∈ U } = U


     ( ∅ ,   ℭ )  Q P N S H S  c =    ( U , ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


  U


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    ( ∅ , ℭ )  Q P N S H S =      (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    ( U , ℭ )  Q P N S H S =      (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    ( U , ℭ )  Q P N S H S =      (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S =  {   e , < x ,     𝒯  𝔉  (  ℷ  𝔞 ( e ) )  ( x ) ,     𝒞  𝔉  (  ℷ  𝔞 ( e ) )  ( x ) ,   𝒰  𝔉  (  ℷ  𝔞 ( e ) ) ( x ) ,     F  𝔉  (  ℷ  𝔞 ( e ) ) ( x ) >   :   x ∈ U   } ∀   e ∈ ℭ


     ( ∅ , ℭ )  Q P N S H S =  {  ( x ,   0 , 0 , 1 , 1 ) : x ∈ U }   ∀


  e ∈ ℭ


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    ( ∅ , ℭ )  Q P N S H S =  { e ,  ( x ,       m a x ⏞ ⁡   (   𝒯  𝔉  (  ℷ  𝔞  ( e ) ) ( x ) , 0 ) ,       m a x ⏞ ⁡   (   𝒞  𝔉  (  ℷ  𝔞  ( e ) ) ( x ) , 0 ) ,     m i n ⏟ ⁡   (   𝒰  𝔉  (  ℷ  𝔞  ( e ) ) ( x ) , 1 ) ,     m i n ⏟ ⁡   (   F  𝔉  (  ℷ  𝔞  ( e ) ) ( x ) , 1 ) ) : x ∈ U } ∀


  e ∈ ℭ


  =  {   e , < x ,     𝒯  𝔉  (  ℷ  𝔞 ( e ) )  ( x ) ,     𝒞  𝔉  (  ℷ  𝔞 ( e ) )  ( x ) ,   𝒰  𝔉  (  ℷ  𝔞 ( e ) ) ( x ) ,     F  𝔉  (  ℷ  𝔞 ( e ) ) ( x ) >   :   x ∈ U ,   } = 𝔉  (  ℷ  𝔞 ,   ℭ )


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


  U


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    ( ∅ , ℭ )  Q P N S H S =      (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    ( U , ℭ )  Q P N S H S =    (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    ( U , ℭ )  Q P N S H S =    (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔟 , ℭ )  Q P N S H S


  U


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    ( ∅ , 𝔇 )  Q P N S H S =      (  ℷ  𝔞 ,   ℭ )  Q P N S H S   i f f   𝔇 ⊆   ℭ


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    ( U , 𝔇 )  Q P N S H S =    ( U , ℭ )  Q P N S H S   i f f   ℭ ⊆   𝔇


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    ( U , 𝔇 )  Q P N S H S =    ( U , ℭ )  Q P N S H S   i f f   ℭ ⊆   𝔇


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ,


   ℷ  𝔞  ( e ) =  {  ( x ,     𝒯   ℷ  𝔞 ,     𝒞   ℷ  𝔞 ,     𝒰   ℷ  𝔞 ,     F   ℷ  𝔞 ) x ∈ U }   ∀ e ∈ ℭ


     ( ∅ , 𝔇 )  Q P N S H S =    (  ℷ  𝔟 , 𝔇 )  Q P N S H S


   ℷ  𝔟  ( e ) =  {  ( x ,   0 ,   0 ,   1 , 1 ) : x ∈ U } ∀   e ∈   𝔇


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    ( ∅ , 𝔇 )  Q P N S H S =      (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪      (  ℷ  𝔟 , 𝔇 )  Q P N S H S =    (  ℷ  𝔠 , 𝔏 )  Q P N S H S


  𝔏 = ℭ ∪ 𝔇


  e ∈ 𝔏


   ℷ  𝔠 ( e )


   {     {  ( x ,     𝒯   ℷ  𝔞  ( e ) ,     𝒞   ℷ  𝔞  ( e ) ,     𝒰   ℷ  𝔞  ( e ) ,     F   ℷ  𝔞  ( e ) )   : x ∈ U } i f   e ∈ ℭ − 𝔇    { ( x ,   0 , 0 , 1 , 1 ) : x ∈ U }   i f   e ∈ 𝔇 − ℭ    { ( x ,       m a x ⏞ ⁡  (   𝒯     }


  =  {     {  ( x ,     𝒯   ℷ  𝔞  ( e ) ,     𝒞   ℷ  𝔞  ( e ) ,     𝒰   ℷ  𝔞  ( e ) ,     F   ℷ  𝔞  ( e ) )   : x ∈ U } i f   e ∈ ℭ − 𝔇    { ( x ,   1 , 1 , 0 , 0 ) : x ∈ U }   i f   e ∈ 𝔇 − ℭ    {  ( x ,     𝒯   ℷ  𝔞  ( e ) ,     𝒞   ℷ  𝔞  ( e ) ,     𝒰   ℷ  𝔞  ( e ) ,     F   ℷ  𝔞  ( e ) ) : x ∈ U } i f   e ∈   ℭ ∩ 𝔇


  =  {     {  ( x ,     𝒯   ℷ  𝔞  ( e ) ,     𝒞   ℷ  𝔞  ( e ) ,     𝒰   ℷ  𝔞  ( e ) ,     F   ℷ  𝔞  ( e ) )   : x ∈ U } i f   e ∈ ℭ − 𝔇    { ( x ,   1 , 1 , 0 , 0 ) : x ∈ U }   i f   e ∈ 𝔇 − ℭ    {  ( x ,     𝒯   ℷ  𝔞  ( e ) ,     𝒞   ℷ  𝔞  ( e ) ,     𝒰   ℷ  𝔞  ( e ) ,     F   ℷ  𝔞  ( e ) ) : x ∈ U } i f   e ∈   ℭ ∩ 𝔇


  𝔇 ⊆ ℭ


   ℷ  𝔠  ( e ) =  {     {  ( x ,     𝒯   ℷ  𝔞  ( e ) ,     𝒞   ℷ  𝔞  ( e ) ,     𝒰   ℷ  𝔞  ( e ) ,     F   ℷ  𝔞  ( e ) )   : x ∈ U } i f   e ∈ ℭ − 𝔇    {  ( x ,     𝒯   ℷ  𝔞  ( e ) ,     𝒞   ℷ  𝔞  ( e ) ,     𝒰   ℷ  𝔞  ( e ) ,     F   ℷ  𝔞  ( e ) ) : x ∈ U } i f   e ∈   ℭ ∩ 𝔇


  =  ℷ  𝔞  ( e )   ∀   e ∈


  ℭ


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    ( ∅ , 𝔇 )  Q P N S H S =      (  ℷ  𝔞 ,   ℭ )  Q P N S H S


  ℭ = ℭ ∪ 𝔇 ⟹   𝔇 ⊆   ℭ


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔟 , 𝔇 )  Q P N S H S


  U


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    ( ∅ , 𝔇 )  Q P N S H S =    ( ∅ ,   ℭ ∩ 𝔇 )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    ( U , 𝔇 )  Q P N S H S =


     (  ℷ  𝔞 ,   ℭ ∩ 𝔇 )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


   ℷ  𝔞  ( e ) =  {  ( x ,     𝒯   ℷ  𝔞 ,     𝒞   ℷ  𝔞 ,     𝒰   ℷ  𝔞 ,     F   ℷ  𝔞 ) x ∈ U }   ∀ e ∈ ℭ


     ( ∅ , 𝔇 )  Q P N S H S =    (  ℷ  𝔟 , 𝔇 )  Q P N S H S


   ℷ  𝔟  ( e ) =  {  ( x ,   0 ,   0 ,   1 , 1 ) : x ∈ U } ∀   e ∈   𝔇


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    ( ∅ , 𝔇 )  Q P N S H S =      (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩      (  ℷ  𝔟 , 𝔇 )  Q P N S H S =    (  ℷ  𝔠 , 𝔏 )  Q P N S H S


  𝔏 = ℭ ∩ 𝔇


  e ∈ 𝔏


   ℷ  𝔠  ( e ) =  { ( x ,     m i n ⏟ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,       m a x ⏞ (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }


  =  { ( x ,     m i n ⏟ ⁡  (   𝒯   ℷ  𝔞  ( e ) , 0 ) ,     m i n ⏟ ⁡  (   𝒞   ℷ  𝔞  ( e ) , 0 ) ,       m a x ⏞ ⁡  (   𝒰   ℷ  𝔞  ( e ) , 1 ) ,       m a x ⏞ (   F   ℷ  𝔞  ( e ) , 1 ) )   : x ∈ U }


  =  { ( x ,     m i n ⏟ ⁡  (   𝒯   ℷ  𝔞  ( e ) , 0 ) ,     m i n ⏟ ⁡  (   𝒞   ℷ  𝔞  ( e ) , 0 ) ,       m a x ⏞ ⁡  (   𝒰   ℷ  𝔞  ( e ) , 1 ) ,       m a x ⏞ (   F   ℷ  𝔞  ( e ) , 1 ) )   : x ∈ U }


  =  { ( x ,   0 , 0 , 1 , 1 ) : x ∈ U }


  =  { ( x ,   0 , 0 , 1 , 1 ) : x ∈ U }


  =    (  ℷ  𝔟 , 𝔇 )  Q P N S H S =    ( ∅ , 𝔇 )  Q P N S H S


  =    (  ℷ  𝔟 , 𝔇 )  Q P N S H S =    ( ∅ , 𝔇 )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    ( ∅ , 𝔇 )  Q P N S H S =    ( ∅ , 𝔇 )  Q P N S H S =    ( ∅ ,   ℭ ∩ 𝔇 )  Q P N S H S


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔟 , 𝔇 )  Q P N S H S


  U


     (    (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    (  ℷ  𝔟 , 𝔇 )  Q P N S H S )  c ⊆      (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c ∪      (  ℷ  𝔟 , 𝔇 )  Q P N S H S  𝒄


       (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c ∩      (  ℷ  𝔟 , 𝔇 )  Q P N S H S  𝒄   ⊆  (    (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    (  ℷ  𝔟 , 𝔇 )  Q P N S H S )  c


       (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c ∩      (  ℷ  𝔟 , 𝔇 )  Q P N S H S  𝒄   ⊆  (    (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    (  ℷ  𝔟 , 𝔇 )  Q P N S H S )  c


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    (  ℷ  𝔟 , 𝔇 )  Q P N S H S =    (  ℷ  𝔠 , 𝔏 )  Q P N S H S


  𝔏 = ℭ ∩ 𝔇


  e ∈ 𝔏


   ℷ  𝔠  ( e )  


   


   {     {  ( x ,     𝒯   ℷ  𝔞  ( e ) ,     𝒞   ℷ  𝔞  ( e ) ,     𝒰   ℷ  𝔞  ( e ) ,     F   ℷ  𝔞  ( e ) )   : x ∈ U } i f   e ∈ ℭ − 𝔇    {  ( x ,     𝒯   ℷ  𝔟  ( e ) ,     𝒞   ℷ  𝔟  ( e ) ,     𝒰   ℷ  𝔟  ( e ) ,     F   ℷ  𝔟  ( e ) )   : x ∈ U } i f   e ∈ 𝔇 − ℭ    { ( x ,       m a x ⏞ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,     m i n ⏟ (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }     i f   e ∈ ℭ ∩ 𝔇


     (    (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    (  ℷ  𝔟 , 𝔇 )  Q P N S H S )  c =    (  ℷ  𝔠 , 𝔏 )  Q P N S H S  c


  𝔏 = ℭ ∩ 𝔇


  e ∈ 𝔏


     (  ℷ  𝔠  ( e ) )  c =  {       (  ℷ  𝔞  ( e ) )  c i f   e ∈ ℭ − 𝔇      (  ℷ  𝔟  ( e ) )  c i f   e ∈ 𝔇 − ℭ      (    (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    (  ℷ  𝔟 , 𝔇 )  Q P N S H S )  c i f   e ∈ ℭ ∩ 𝔇


  =  {     {  ( x ,     𝒯   ℷ  𝔞  ( e ) ,     𝒞   ℷ  𝔞  ( e ) ,     𝒰   ℷ  𝔞  ( e ) ,     F   ℷ  𝔞  ( e ) )   : x ∈ U } i f   e ∈ ℭ − 𝔇    {  ( x ,     𝒯   ℷ  𝔟  ( e ) ,     𝒞   ℷ  𝔟  ( e ) ,     𝒰   ℷ  𝔟  ( e ) ,     F   ℷ  𝔟  ( e ) )   : x ∈ U } i f   e ∈ 𝔇 − ℭ    { ( x ,       m a x ⏞ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,     m i n ⏟ (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }     i f   e ∈ ℭ ∩ 𝔇


  =  {     {  ( x ,     𝒯   ℷ  𝔞  ( e ) ,     𝒞   ℷ  𝔞  ( e ) ,     𝒰   ℷ  𝔞  ( e ) ,     F   ℷ  𝔞  ( e ) )   : x ∈ U } i f   e ∈ ℭ − 𝔇    {  ( x ,     𝒯   ℷ  𝔟  ( e ) ,     𝒞   ℷ  𝔟  ( e ) ,     𝒰   ℷ  𝔟  ( e ) ,     F   ℷ  𝔟  ( e ) )   : x ∈ U } i f   e ∈ 𝔇 − ℭ    { ( x ,       m a x ⏞ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,     m i n ⏟ (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }     i f   e ∈ ℭ ∩ 𝔇


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c ∪    (  ℷ  𝔟 , 𝔇 )  Q P N S H S  𝒄 =  (  ℛ  𝔤 , 𝒮 )


  𝒮 =   ℭ ∪ 𝔇   a n d   ∀   e ∈ 𝒮


   ℛ  𝔤  ( e ) =  {       (  ℷ  𝔞  ( e ) )  c i f   e ∈ ℭ − 𝔇      (  ℷ  𝔟  ( e ) )  c i f   e ∈ 𝔇 − ℭ      (  (  ℷ  𝔞 ,   ℭ ) ∪  (  ℷ  𝔟 , 𝔇 ) )  c i f   e ∈ ℭ ∩ 𝔇


   {     {  ( x ,     𝒯   ℷ  𝔞  ( e ) ,     𝒞   ℷ  𝔞  ( e ) ,     𝒰   ℷ  𝔞  ( e ) ,     F   ℷ  𝔞  ( e ) )   : x ∈ U } i f   e ∈ ℭ − 𝔇    {  ( x ,     𝒯   ℷ  𝔟  ( e ) ,     𝒞   ℷ  𝔟  ( e ) ,     𝒰   ℷ  𝔟  ( e ) ,     F   ℷ  𝔟  ( e ) )   : x ∈ U } i f   e ∈ 𝔇 − ℭ    { ( x ,     m i n ⏟ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,       m a x ⏞ (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }     i f   e ∈ ℭ ∩ 𝔇


   {     {  ( x ,     𝒯   ℷ  𝔞  ( e ) ,     𝒞   ℷ  𝔞  ( e ) ,     𝒰   ℷ  𝔞  ( e ) ,     F   ℷ  𝔞  ( e ) )   : x ∈ U } i f   e ∈ ℭ − 𝔇    {  ( x ,     𝒯   ℷ  𝔟  ( e ) ,     𝒞   ℷ  𝔟  ( e ) ,     𝒰   ℷ  𝔟  ( e ) ,     F   ℷ  𝔟  ( e ) )   : x ∈ U } i f   e ∈ 𝔇 − ℭ    { ( x ,     m i n ⏟ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,       m a x ⏞ (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }     i f   e ∈ ℭ ∩ 𝔇


  𝔏 ⊆ 𝒮   ∀   e ∈ 𝒮


     (  ℷ  𝔠  ( e ) )  c ⊆  ℛ  𝔤  ( e )


     (    (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    (  ℷ  𝔟 , 𝔇 )  Q P N S H S )  c ⊆    (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c ∪    (  ℷ  𝔟 , 𝔇 )  Q P N S H S  𝒄


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    (  ℷ  𝔟 , 𝔇 )  Q P N S H S =    (  ℷ  𝔠 , 𝔏 )  Q P N S H S


  𝔏 = ℭ ∩ 𝔇


  e ∈ 𝔏


   ℷ  𝔠  ( e )  


   


   { ( x ,     m i n ⏟ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,    max ⏞ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,     m a x ⏞ (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }


     (    (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    (  ℷ  𝔟 , 𝔇 )  Q P N S H S )  𝒄 =    (  ℷ  𝔠 , 𝔏 )  Q P N S H S  c


  𝔏 = ℭ ∩ 𝔇


  e ∈ 𝔏


     (  ℷ  𝔠  ( e ) )  c =    { x ,     m i n ⏟ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,       m a x ⏞ (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }  c


  =  { x ,       m a x ⏞ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,  min ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,   m i n (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }


  =  { x ,       m a x ⏞ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,  min ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,   m i n (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c ∩    (  ℷ  𝔟 , 𝔇 )  Q P N S H S  𝒄 =    (  ℛ  𝔤 , 𝒮 )  Q P N S H S


  𝒮 =   ℭ ∩ 𝔇   a n d   ∀   e ∈ 𝒮


   ℛ  𝔤  ( e ) = (  ℷ  𝔞  ( e )  )  c ∩   ( ℷ  𝔟  ( e )  )  c


  =  { x ,     m i n ⏟ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,     m a x ⏞ (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }


  =  { x ,     m i n ⏟ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,     m a x ⏞ (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }


  𝔏 = 𝒮   a n d   ∀   e ∈ 𝒮


   ℛ  𝔤  ( e ) ⊆    (  ℷ  𝔠  ( e ) )  c


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c ∩    (  ℷ  𝔟 , 𝔇 )  Q P N S H S  𝒄   ⊆  (    (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    (  ℷ  𝔟 , 𝔇 )  Q P N S H S )  c


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S


     (  ℷ  𝔟 , 𝔇 )  Q P N S H S


  U


     (    (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    (  ℷ  𝔟 , ℭ )  Q P N S H S )  c ⊆    (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c ∩    (  ℷ  𝔟 , ℭ )  Q P N S H S  𝒄


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c ∩    (  ℷ  𝔟 , ℭ )  Q P N S H S  𝒄   ⊆  (    (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    (  ℷ  𝔟 , ℭ )  Q P N S H S )  c


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c ∩    (  ℷ  𝔟 , ℭ )  Q P N S H S  𝒄   ⊆  (    (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    (  ℷ  𝔟 , ℭ )  Q P N S H S )  c


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    (  ℷ  𝔟 , ℭ )  Q P N S H S =    (  ℷ  𝔠 , ℭ )  Q P N S H S


  ,  


  e ∈ ℭ


   ℷ  𝔠  ( e ) =  ℷ  𝔞  ( e ) ∪  ℷ  𝔟 ( e )


  =  { ( x ,       m a x ⏞ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,     m i n ⏟ (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }


  =  { ( x ,       m a x ⏞ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,     m i n ⏟ (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }


     (    (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    (  ℷ  𝔟 , ℭ )  Q P N S H S )  𝒄 =    (  ℷ  𝔠 , ℭ )  Q P N S H S  c


  ,  


  e ∈ ℭ


     (  ℷ  𝔠  ( e ) )  c =    (  ℷ  𝔞  ( e ) ∪  ℷ  𝔟  ( e ) )  c


  =    { ( x ,       m a x ⏞ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,     m i n ⏟ (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }  c


  =    { ( x ,       m a x ⏞ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,     m i n ⏟ (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }  c


  =  { ( x ,     m i n ⏟ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,       m a x ⏞ (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }


  =  { ( x ,     m i n ⏟ ⁡  (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,       m a x ⏞ (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) )   : x ∈ U }


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    (  ℷ  𝔟 , ℭ )  Q P N S H S =    (  ℛ  𝔤 , ℭ )  Q P N S H S


  ∀   e ∈ ℭ


   ℛ  𝔤  ( e ) = (  ℷ  𝔞  ( e )  )  c ∩   ( ℷ  𝔟  ( e )  )  c


  =  { ( x ,     m i n ⏟ ⁡  (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,       m a x ⏞ (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) )   : x ∈ U }


  =  { ( x ,     m i n ⏟ ⁡  (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,       m a x ⏞ (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) )   : x ∈ U }


     (    (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∪    (  ℷ  𝔟 , ℭ )  Q P N S H S )  c ⊆    (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c ∩    (  ℷ  𝔟 , ℭ )  Q P N S H S  𝒄


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    (  ℷ  𝔟 , ℭ )  Q P N S H S =    (  ℷ  𝔞 ,   ℭ )  Q P N S H S


  =  { ( x ,     m i n ⏟ ⁡  (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,       m a x ⏞ (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) )   : x ∈ U }


  =  { ( x ,     m i n ⏟ ⁡  (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,       m a x ⏞ (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) )   : x ∈ U }


     (    (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    (  ℷ  𝔟 , ℭ )  Q P N S H S )  𝒄 =    (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c


   ℷ  𝔠  ( e ) =  ℷ  𝔞  ( e ) ∩  ℷ  𝔟 ( e )


  =    { ( x ,     m i n ⏟ ⁡  (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,       m a x ⏞ (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) )   : x ∈ U }  c


  =    { ( x ,     m i n ⏟ ⁡  (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,       m a x ⏞ (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) )   : x ∈ U }  c


  =  { ( x ,       m a x ⏞ ⁡  (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,     m i n ⏟ (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) )   : x ∈ U }


     (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c ∪    (  ℷ  𝔟 ,   ℭ )  Q P N S H S  𝒄 =    (  ℛ  𝔤 ,   ℭ )  Q P N S H S


  ∀   e ∈ ℭ


   ℛ  𝔤  ( e ) =   ( ℷ  𝔞  ( e )  )  c ∪ (  ℷ  𝔟  ( e )  )  c


  =  { ( x ,       m a x ⏞ ⁡  (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,     m i n ⏟ (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) )   : x ∈ U }


  =  { ( x ,       m a x ⏞ ⁡  (   F   ℷ  𝔞  ( e ) ,   F   ℷ  𝔟  ( e ) ) ,       m a x ⏞ ⁡  (   𝒰   ℷ  𝔞  ( e ) ,   𝒰   ℷ  𝔟  ( e ) ) ,     m i n ⏟ ⁡  (   𝒞   ℷ  𝔞  ( e ) ,   𝒞   ℷ  𝔟  ( e ) ) ,     m i n ⏟ (   𝒯   ℷ  𝔞  ( e ) ,   𝒯   ℷ  𝔟  ( e ) ) )   : x ∈ U }


     (    (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    (  ℷ  𝔟 ,   ℭ )  Q P N S H S )  𝒄 =    (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c ∪    (  ℷ  𝔟 ,   ℭ )  Q P N S H S  𝒄


     (    (  ℷ  𝔞 ,   ℭ )  Q P N S H S ∩    (  ℷ  𝔟 ,   ℭ )  Q P N S H S )  𝒄 =    (  ℷ  𝔞 ,   ℭ )  Q P N S H S  c ∪    (  ℷ  𝔟 ,   ℭ )  Q P N S H S  𝒄

