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Abstract

This paper introduces new properties and theorems of the Aboodh-ARA-
Kamal Integral Transform (AAKIT), a generalized fractional integral transform with
wide applications in Applied Mathematics, Engineering, and Mathematical Physics.
We derive and prove several fundamental properties. Furthermore, new inversion and
uniqueness theorems are presented with examples, demonstrating the practical use of
AAKIT in solving differential and integral equations.

Keywords: Aboodh transform, ARA transform, Integral transform, Laplace
transform; Partial differential equations and Kamal transform.

I. Introduction

Integral transforms constitute fundamental tools in Applied Mathematics,
Physics, and Engineering, offering a systematic framework to convert complex
differential or integral equations into more tractable algebraic forms [VIIL, IX, XIII].
Classical transforms—such as the Laplace, Fourier, and Mellin transforms—have
long been employed in solving linear differential equations, signal analysis, and the
modeling of physical systems [I].

However, many real-world phenomena—particularly those involving memory effects,
viscoelastic materials, and anomalous diffusion—demand generalized approaches
that incorporate fractional-order derivatives and integrals. In this context, fractional
integral transforms have emerged as powerful instruments for capturing non-local
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behavior and intricate dynamics. Notable examples include the Aboodh, ARA, and
Kamal transforms, which extend traditional frameworks into fractional domains,
thereby enhancing flexibility in the treatment of fractional differential and integral
equations [II, III, IV, VI, VII, XI, XII, XIV].

Despite their individual strengths, these transforms often lack a unified analytical
framework that consolidates their advantages while preserving tractability. The
principal aim of this paper is to bridge this gap by introducing the Aboodh—ARA—
Kamal Integral Transform (AAKIT), a unified construct designed to address relations
among these three transforms. The AAKIT proves particularly effective in handling
both linear and nonlinear fractional differential and integral equations [X].

The objective of this paper is to develop new properties and theorems for AAKIT,
providing a comprehensive theoretical framework as follows:

The objective of this paper is to establish new properties and theorems associated
with the Aboodh—ARA—Kamal Integral Transform (AAKIT), thereby constructing a
comprehensive theoretical framework as outlined below.

II. Preliminaries:

Aboodh Transform: [III] In 2013, Khalid Suliman Aboodh introduced an
integral transform, now known as the Aboodh Transform. This transform is defined
for a function f (k)as follows: -

1 o0
OEE f Fx)e™dx = F(n),x = 0.

0
The inverse Aboodh transform is provided as

a+io
1
A YFMY=fx) = 7 f ne™F(n)dn,a = 0.
a—io
Aboodh Transform of some elementary functions are:
! .. 1
DAL} = SZn =0 (vii) A{1} =
1
(ii) A{e**} = -l ER (viii) A{t} = e
a . . a
(iii) A{sin sm(ax) }= @ (ix) A(sinat) = n(2+a®)
. 1
(iv) A{coscos(ax) } = @ (x) A(cosat) = 775
. . a . . a
(v) A{sinhsinh(ax) } = W_laz) (xi) A(sinhat) = 2 —a?)
(vi) A{coshcosh(ax) } = —a?) (xii) A(coshat) = (%—a?)

Aboodh Transform of Derivatives:
LetA{f (x)} = F(n), then

(i) A{f'(x)} = nF () — ﬁ
(i) ALf"(2)} = n2F () — 1o “” — £(0)
(i) A{F" ()} = 1F () — zn AL

j=0 2n+]'
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ARA Transform: [XII] The ARA Integral Transform of order n, defined for a
continuous function f(y)on the interval (0’ ), is given by:

Gulf O](P) = pf t"lePYf(y)dy, p>0, n€N.
0

[>e}

n=1GI[fM]p) = pf e PYf(y)dy, p>0=F(p)

0
The inverse of the ARA transform is given by

c+io

1 py
G HF(p)} = o f %F(p)dp =f)

ARA Transform of some elementary cfilirc;octions

()61 =1 (i) 6y = =52

(iii) G(e®™) = p%a (iv) G (sm(ay)) = 2+a2

(v) G(cos(ay)) = p’% (vi) G(sinh(ay)) = -

(vii) G(cosh(ay)) = ﬂ (vii) G(f'(Y)) = pG[f ()] = pf(0)

(ix) G = p"G(f(1)) = L=y p"* 1 fED(0)

III. Kamal Transform

[V] The Kamal Transform, proposed by Abdelilah Kamal et al., is defined for
a function f(t)as follows:

o0

Kvan=fe%mﬂmemmq>o

0

The inverse Kamal Transform is provided as K~1{F(q)} = f 'BHOO et/aF ( ) dq

2mi
The Kamal Transform of some elementary function:

O K({™) =n! q"*L,neN (vil) K(1) = q

(i) K (e®t) = Lq a €R (viii) K (t) = ¢>

(iii) K{sinsin(at)} = m (ix) K{sin(at)} = m
(iv) K{coscos(at)} = 1+a q (x) K{cos(at)} = 1+a q
(v) K{sinhsinh(at)} = —qz (xi) K{sinh(at)} = —qz
(vi) K{cosh cosh(at)} = (xii) K{cosh(at)} =

1-a?q?
Kamal Transform of Derivatives: Let K{f (t)} = F(q), then

(i) K0} = 2F (@) — £(0)
(i) K{F ()} = 5 F (@) == £ (0) = £(0)
(if) KU (0} = 2 F(9) — £ [9© 123

qn—]—l ’

1aq
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IV. Double Aboodh-Kamal Transform (DAKT):

Definition 4.1: [V] The DAKT is defined as

A Ke[z(x, )] = z(n,q) = %f f e_nx_gz(x, t)dxdt

It can be shown that the DAKT is a linear integral transform
AyKelaz(x,t) + bp(x,t)] = ad;Kr[az(x, t)] + bA3Ke[b(x, t)]
where a & b are constant andz(x,t),y(x,t) are continuous functions in which
DAKT exists.
Definition 4.2: [V] The inverse of DAKT is defined by

a+io B+ic
47K 2, )] = 206 ) = —— | ne™dn —— [ et/
A ' ’ 2mi ) 27Tiﬁ_ '

aA—100 — oo

1 +ioo +ioo
= Gz fe s me™ [ etlaz(n, 1/q)dnda.

Basic Properties of Double Aboodh-Kamal Transform (DAKT):
(i). Let z(x,t) = 1. Then

MK =2 )7 [ e Tadxde = ST {—"’__f} =10 -D-H0-1 =
70
i

ii). Let z(x, t) = e***At_ Then
( i).

1
MK [e®* Pt = ffe qe®x+Bt dxdt
TIO 0
w oo o —Copr)
1 _ Bt 1(e~®x)") e7q
—'[fe U “)xe q dxdt—
n - - “) _(1 -B)
00 q
N ( -(n- a>) 0 (- a)(1 Ba)
(iii). Let z(x, t) = ei(“’”'ﬁt). Then
. 1 —nx-L q
A K el(“x"'ﬁt) =_ffe nx qel(ax+Bt)dxdt: - -
ki | 1 n(n —ia)(1 - ifq)
_ q(n + ia)(1 +ifq)
(= i) = iBq)(n + ia)(1 + iBq)
_q +iBng +ie—aBq) _ q{(n —aBq) +i(a + Anq)}
nm*+a®)(1 + p%q*) nm?* + a?)(1+ p%q?)
Therefore
(—-aBq)
ApKe[cos(ax + p)) = T I E
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. _ __ a(a+pnq)
and AyK[sin(ax + pt)] = T ta?) (11 pea7)

V.  Double Aboodh-ARA transform (DAARAT): [XII]
Definition 5.1: The DAARAT is defined as

AyGylz(x,y)] = z(n,p) = % f f e~ IX+PY) z(x, y)dxdy

It can be shown that the DAARAT is a 1ineag igtegral transform
AGylaz(x,y) + bip(x, y)] = ad;Gylaz(x, y)] + bA; Gy [by(x, y)]
where a & b are constant and z(x, y), ¥ (x, y) are two continuous functions in which
DAARAT exists.
Definition 5.2: The inverse DAARAT A ,1_163,_1 is defined by

a+io B+io oy
e
A6, Mzt p)]] = i) f nedx f TZ(n,p)dp=Z(x,y)-
a—io L—iw

Basic Properties of Double Aboodh-ARA transform (DAARAT):
(i) Let z(x,y) = 1. Then

P e_nx © e_py ®
A;Gy[ =%ffe‘(’7"+py)dxdy =E{ } {_}
00

nt-m 0 P 0
1 1 1
—(0—1)— 0-1H==

=P
n n*

(i) Let z(x, y) = x*yF, a &B > —1. Then
A Gy [x*yP] = pf f e~ (V) xayBdxdy
=T'(a+ 1)na+1.1“([)’ + 1)pﬁ+1‘
(i) Let z(x, y) = e®*BY_ Then

Ale[eax"'BY] = %f f e_(nx"'py)eax"'ﬁtdxdy

cor ~(m-a)x ) (o=-By\*

:Effe—(n—a)x_e—(p—ﬁ)ydxdy=B{e } {e }

U] - -o)), (--B),
00

p 3 p

e R O (R e T e}

(iv) Let z(x, y) = e (@**BY) Then 0+ @+ i)
14 _ p(n +ia)(p+i

436G [e™*FFY] = . =
nm—ia)(p—ip) nm?*+a?)(p*+ p?)
_ p(mp +npi + iap — ap) _ p{(mp — af) + i(np + ap)}
nm? + a?)(p? + B2) n(m? + a?)(p? + B2

p(mp-ap))
From above A,Gy[cos(ax + By)] = T2 +ad) (p?+57)
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. _ _ p(mB+ap)
and AAGy [Sln(ax + .By)] - n(m2+a?)(p2+p2)

VI. Double ARA- Kamal transform (DARAKT):
Definition 6.1: [XI] The DARAKT is defined as

P t
G K lz(y, )] = z(p,q) = p f f e P74y, t)dydt ;p,q > 0.

It can be demonstrated that the DARAKT constitutes a linear integral transform.
GyKelaz(y, ) + by, 0)] = aGyK,[2(y, D] + bGy K, [ (, )]

where a&b are constants and z(y,t),Y(y,t) are two continuous functions in which

DARAKT exists.

Definition 6.2: The inverse DAARAT Gy_th_l is defined by
c+io B+iw

1 1 ePYy 1 ¢/
6, [k, [z, 1] = ¢ dp— f e'2(p, 1/q)dq
c—io B—iowo

2mi - p Pomi

c+ioo B+io

1 ePy
=— | — et/ z(p,1/q)dpd

c—ioo B—io

Basic Properties of Double ARA- Kamal transform (DARAKT):

(i) Let z(y,t) = 1. Then
_ty*®
e—Py}OO {ﬂ} _
p I =
o(a),

t
GyK [z(y, )] = GyK (1] =p [ [ e 73 dyde =p{

p(5)(&)=a

(i) Let z(y, t) = e(“y +Bt) . Then

GyKelz(y, t)] = ff Wyw”dydt = pff ~(-@)y ¢ ol dydt

-(p-a)yy® (q B)t 0-1 0-1
= { ) oo =P S = i
@-0Jy | -G-p P- -G-p)  (p-0)(1-ap)
0
(i) Let z(y, t) = ' (@¥*BD)_Then from (ii)
pq

SR OI=6 =00 —am)
_ pq(p +ia)(1 + igB)
(p —ia)(1 —igB)(p + ia)(1 + igp)
pq(p +ippq +ia —apfq) pq{(p —aBq) + i(a +ppfq)}
P2 +a)(1+p%q%) (P +a®)(1+p%g?)
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Therefore, from above
pq(p — aBq)
Gy K, t
t[COS((Zy + :8 )] (pz + az)(l + ﬁz 2)
pq(a + pBq)

(0? +a®)(1 + p%q%)

GyK[sin(ay + pt)] =
VII. Main Results

In this section, we establish the definition, fundamental properties, and
theorems of the Triple Aboodh—ARA—Kamal Transform (TAARAKT).

Definition 7.1: Let z(x, y,t) be a continuous function of three variables x,y,t and
t > 0. TAARAKT of z(x, y, t) is defined by

o0 00 00 t
AGyK,[2(x,y, )] = 9(n,p, q) =§ f f f e P G400y, O dudydt
0 0O

where ,p,q > 0.
The inverse of the Triple Aboodh—ARA—Kamal Transform (TAARAKT) is defined as
follows:

Ax_le_th_l[Q)(n' b, Q)] = Z(x; y' t)

a+io c+iw B+in

_ 1 j 1% g f eby 1 f t/qw( )d
= i ne T] p 2T e n.p,q)aq

a—io c—iw ﬁ —io
where a, 3, ¢ are real constants.
Property 7.2 (Linearity):
If AxGyKe[z(x,y,6)] = @(n,p, @) and AG, K [P (x,y,t)] =1, p,q) then for any
constant A and B, we have

AxGth [AZ(X, Y, t) + Bw,l)(x, Y, t)] =A AxGth[Z(x' 8z t)] + B AxGth[ll}(x' 82 t)]
Proof: Now

AxGth[AZ(x' Y, t) + Bl»b(x' Y, t)]

= SI f f o TPy [Az(x y,t) + BY(x,y, t)]dxdydt
000

o0 00 o0 o0 00 o0 ¢
=A§ j J j e qz(x y, t)dxdydt +B5 f f f e TP Tay(x, y, O)dxdydt
000 00

= AALGK,[2(x,y, 0] + B AyGy Ko [(x, y, )]
Thus, the Triple Aboodh—ARA—Kamal Transform (TAARAKT) is a linear integral
transform. Likewise, its inverse transform also preserves linearity.

Property 7.3 (Shifting Property):
If A, Gy K [z(x,y,t)] = @(n, p, @) then for any real constants a, b and c, we have

p(n —a) q
A, G K [e®™tby*ctz(x y t)] = ———= ( —a,p—b, )
xGyKel (x,y,0)] n(p_b)¢>n L
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Proof: Now

AxGth [eax+by+ctz(x y, t)

Q’:I"G

fffe Ty a’”by“tz(x y, t)]dxdydt
000

Z%fffe_(" Do~ [z(x,y,t)]dxdydt
00 0

p(n—a)[p— bfff —-(-a)x—(p-b)y- ( q )t
= e 1-ca’"[z(x,y, t)]dxdydt
ne—-b)\n- ) (.3, O)ldxdy

p(n a)
Sl - b)d)(n Bl b'l — cq>'
Property 7.4: Let z(x,y,t) = f(x)h(y)g(t); x,y,t > 0. Then
Ay GyKe[z(x, y, )] = Ax[f ()]G [R(V)]K: [g (D)].

AxGth [z(x,y,0)] = AxGth [f ()h)g(®)]

o0 00 00

t
:% J Of Oj e " TPTa[f OR(y)g()]dxdydt

Proof: Now

t
1 poo  _ 0 _ o ==
=2Jo ) dx.p [y e PV h(y)dy. [y e 1g(t)dt = A[f ()]Gy [R()]K[g(D)].
We now proceed to compute the Triple Aboodh—ARA-Kamal Transform
(TAARAKT) for certain essential functions.
(i) Let z(x,y,t) = 1. Then

o0 00 O

100 o0 0
AxGth[l]z—jffe Ty qudydt——fe ™ dx. pfe pydyfe adt
T304 T3 0 0
]=i

= A, [1]Gy[1]K,[1 q=—
(i) Let z(x, v, t) = x%y*tF; x,y,t >

=

and a, B,y are positive constants. Then

0
A,G Kt[x tﬁ] fffe_nx Py x®y*tPldxdydt
00

0

T

1 _t

=nfe M x%dx. fe pyy’ldy.fe atPdt
0

T( +1) r(,1+1)

(X
nett o pt

1
=3 (B + 1)gP+e.
(iii) Let z(x, y, t) = e@**+by+ct, 0 and a, b, c are constants. Then

x,yt>
AxGth[ ax+by+ct: —s.fffe_nx P ax+by+Ctdxdydt
000

1 [t
=nfe 1% edX dy. pfe Pyebydy, je dectdt
0 0
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= lf e‘(”‘a)xdx.pf e‘(p‘b)ydy.f e'(l_ch)tdt
1 0 0 0
11 1 1 _ q
“an-a’ p=b'(1=d) = ) —b)(L—cay
(iv) Similarly, !
A,G K, [el@xby+eD] = pq

n(m —ia)(p — ib)(1 —icq)

_ pq(m —ia)(p —ib)(1 —icq)

— n@m? +a?)(p? + b (1 +c?q?)

pq(np + inb + iap — ab)(1 — icq)

—nm? +a?)(P? + bA)(1+ c2q?)

_ pq{np +inb + iap — ab + incpq — nbcq — acpq — iabcq}
B n(m? + a®)(p? + b2)(1 + c2q?)
_ pq{(mp — ab —nbcq — acpq) +i(nb + ap + ncpq — abcq)}
- n(?* + a?)(p? + b2)(1 + c2¢?)

Thus, we can obtain
AxGth [ei(ax+by+ct)]
_ pa{(np — ab —nbcq — acpq) + i(nb + ap + ncpq — abeq)}
nm? +a®)(p* + b*)(1 + c*q*)

Using Euler’s formula
. elX — p-ix e 4 omix - e¥ — % 4 " eX 4+ e~ ¥
sinx = —————,cosx = ————, sinhx = ———— and cosh = ———
2i ' 2 ’ 2 2

Consequently, the TAARAKT of certain essential functions can be obtained as
follows:

pq(ab +nb + ncpq — abeq)
nm? +a®)(p* + b*)(1 + c?q?)
pq(np — ab —nbcq — acpq)
nm? + a®)(p* + b*)(1 + c?q?)
(v). Let z(x, y, t) = sinax. sinby.sinct; x,y,t > 0 and a, b, ¢ are constants. Then

o0 00 00

t
AyGyK¢[sinax.sinby.sinct] = gf f f e P 4[sinax. sinby. sinct]dxdydt
000

AxGyK¢[sin(ax + by + ct)] =

A Gy K[cos(ax + by + ct)] =

1 0 e8] [ee] _£
= Ef e sinaxdx.p f e PYsinbydy. f e dsinctdt
0 0 0
Thus, we get, using the properties of single transforms
1 a bp cq? abcp?q?

N +a?) P2+ b2) (L +c2q%) 12 + a®) (@2 + bA(A + 2¢2)
Therefore
abcp?q?
n?m*+a®)(p?+b?)(1+c2q?)’

A,GyK.[sinax.sinby. sinct] =

Dilip Kumar Jaiswal et al.

26



J. Mech. Cont. & Math. Sci., Vol.-21, No.-08, August (2026) pp 18-35
Definition7.5: If z(x,y,t) is defined on [0,X] X [0,Y] X [0,T] and satisfies the
condition
|z(x,y,t)| < Re™*BY+Yt forallR > 0,x > X,y > Y,t > t. Then, z(x, y, t) is said
to be a function of exponential orders a, f and y as x,y,t — .

Existence Condition: Let f(x,y, t) be defined on R3 = (0, )3, an admissible space
of the TAARAKT is

A={fR} -
C; f is piecewise continuous on every finite value on defined range
Suchthata M, a, B,y > 0,
If (x,y, )| < Me® Y+,
So, the transform is defined as
(o0} oo (o] —_ - _£
Apsu(F) =30y Jy Jy €777 T f(xy, O)dxdydt.
Now If (e, y,0)| < Me®x*hy+rt
and the absolute value of the above transform is bounded by
M O (0 © (e o _ _
|Ap,s,u(f)| < ?Sfo e~ P-ax 4y fo e~ 6=Pvqy fo e~(/u=ntge

1
where p > a, s >B,;>y.

Theorem 7.6: The existence condition of Triple Aboodh-ARA-Kamal transform
(TAARAKT) of the continuous function z(x,y,t) defined on [0, X] X [0,Y] X [0, T]
is to be of exponential orders a, 8 & y for Re(n) > a, Re(p) > B and Re G) > .
Proof: The definition of Triple Aboodh-ARA-Kamal transform (TAARAKT) implies
that

|AxGth[Z(x'Y; t)]l = |(p(p; q;n)l =

o0 00 o0 t
Bfffe_nx_py_ﬁz(x,y,t)dxdydt
750 0

IA

o0 00 00 t
Bf f f e P74 2(x, y, O) |dxdydt
77 000

o0 00 00 t
< @f f f e P qeax+By Yt gxdydt
" . 1 000
1
< @J e‘(’"“)xdxf e‘(p_B)ydyf e @Mt < R 1
. ; . nm-a@-pA-vq)
Rpq . 1
S S w-paTD Re(n) > a,Re(p) > BandRe (q) > .

Definition 7.7: The convolution of z(x,y,t) and Y (x,y,t) is denoted by (z **x
Y)(x,y,t) and defined by

x Y t
(z xxxP)(x,y,t) = z(x — 8,y —e,t — o) Y(8, €, 0)dddedo.
[1]
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Theorem 7.8: Let A, G, K;[z(x,y,t)] = ¢(n,p,q). Then

-né—pe——

ag
AxGth[Z(x - 5;3’ — 61— O-)H(x - 5.)’ —6l— O-)] =e q‘P(n;PJQ)

Where H(x, y, t) denotes the Heaviside function denoted by
Lx>8,y>¢t>0
H(x =6,y —o)= { otherwise
Proof: Now
AGKt[z(x —et—0o)H(x -6,y —¢,t—0)]

Sl"d

fffe_nx py= qz(x =8,y —€,t—0)H(x — 8,y — €,t — 0)]dxdydt
000

pf f fw ey z(x 8,y —€,t —o)]dxdydt (1)

Puttingx — 6 = p,y — € = §,t — ¢ = A in equation (1), we obtain
A GyKi[z(x — 6,y —€,t —0)H(x — 6,y —€,t — 0)]

0 roo oo —N(S+p)— + _1 )
:§f0 f() f() e PPl q(a )Z(P'ﬂ,/l)dpdﬁ’dl 2)

Thus, equation (2) can be simplified into

A GyKi[z(x — 6,y —€,t —0)H(x — 6,y — €,t — 0)]

—176 pe——a p -np-pB- — ~nd-pe—g
_ ” e q *2(p, B, DdpdBdA | = e ap(n,p,q.).
0 0O

Theorem 7.9 (Convolution Theorem):

If Ay Gy K¢ [z(x,y,0)] = (1,0, q) and A, G, K, [(x,y,t)] = Y, p, q). Then
Ay Gy Ko [(z o )] (1, y, £) = Swm, P, )9, p, Q).

Proof: From the definition of Triple Aboodh-ARA-Kamal transform (TAARAKT),
we have

AxGth[(Z Fxx lp)](x' Y t)
= sfooo fooo foooe_nx_py_g [f;c foy fotz(x —8,y—et—a)P(S,e, a)deeda] dxdydt  (3)

By the definition of the Heaviside function, Equation (1) can be written as;

0 00 ©

oyt
AeGy K[z #ex )] (x,3,8) = g f f f e
0 0O
[ o Jo 2(x =86,y —et—0)H(x = 8,y — €,t — 6) (8, €, 0)d6deda|dxdydt 4)

Using Theorem 7.8, we have
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o0 00 00

Hkk _P —nx—py—£
A6y Kl v ey, ) = Of Of Of e (8, e, 0)dbdedo.

|

—sn—ep-2Z D
fffe e (8. €,0)9(n.p, q)dbdeds = _p(n.p. Do, ).
0 0O

T =

p o0 00 00 _ _ﬁ _&
; f f f z(p, B, e " PP a dpdBda
00O

"SIS

Theorem7.10 (Derivative Properties):

If AxG Kt[z(x, Y, t)] = (P(T)' D, CI), then

dz(xy.t !
2(x,y, )] =19(1.p.4) =7 Gy K. [2(0,, )]

0z(x,y,t)

(i) A, GKt[

(i) AxG. Kt[ ] pe(M,p,q) — AxK[z(x,0,1)].

0z(x,y,t)

(i) A, G Kt[ = —A,Gy[z(x,y,0)] + = cp(n,p,q)

92 z(xy t)

(V) A<Gy K |52 = 120 (.9, @) = 1 Gy Kil2:(0,7, 0] = Gy K, [2(0, 7, 0)]

02 z(xyt)

(V) AxGyKe [0 = P20 (0P, 0) = PALK [2(x,0,0] = AxKi[2,(x, 0,0)].

02z(x,y,t 1
za(xzy ) = —A,Gylz,(x,y,0)] — = Ay yt[z(x,y, 0)] +q—2<p(n, D, Q).

(vi) AxGyK, |

Proof: Based on the definition of Triple Aboodh-ARA-Kamal transform
(TAARAKT), we have

t
(i) Ax Gy K, [az(” A =Ly gy gy e a2 axdy

ax

=2y Jy e Pl e dxldyde 5)
First, we solve [ , e % dx
Applying integration by parts
0z(x,y,t
[em 20008 g = ey, 005 + [ ety oax
0

0
=—-z(0,y,t) +n fooe‘"xz(x y, t)dx (6)
Putting the above value of equatlon (6) in equation (5), we get

az(x Y, t) _
AxG K, [ ff q —z(0,y, t)+77fe Mz(x,y, t)dxdydt
0

1
=ne(m,p,q) — ﬁGth [z(0,y,t)].

0
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t
(i) Now 4,6, K, [6z(xyt)] p f [*fre nx—py—g"’zg‘_;”t) dxdydt

=L e ALy ey 22 ayjaxae 9

First, we solve[ " [“e™P¥ azg—yyt) dy

Applying integration by parts

r L0 ,t [
ff Z(x Y ) = [e™z(x,y, )5 +Pf e Pz(x,y,t)dy
J 0
2 0,0) + ply e‘pyZ(x. ¥, t)dy ®

Putting the above value of equation (8) in equation (7), we get

0

5 it 0 © e
A G K, [@] = Bf f e P q{—z(x 0,t) +pf e Pz(x,y, t)dy} dxdt

ffe qz(x 0, tdxdt+p{£fffe - qz(x y, t)dxdydt}
00 T30 %

= —pAK[z(x,0,)] + po(n,0,9) = PN, D, @) — AxK¢[z(x,0,1)]

:')I'd

(iii). Now
0z(x,vy,t _ __az X, Y,
AxGth[ ( y ) fjfe nx-py (aty )d xdyd
T30
=L e S e 5—"’“;‘3 2 at)dxdy 9)
First, we solve f f __Wdt

Applying 1ntegrat10n by parts
M@%U
J.[ ————dt=|e qz(x Y, t) e qz(x y, t)dt
0

=—z(x,y,0) + Efo e qz(x, y, t)dt (10)

Putting the above value of equation (10) in equation (9), we get

0

0z(x,y,t)1 p r . 1 -t
AxGy K, [T] = E-]‘ f e M PYi—z(x,y,0) +5.f e 9z(x,y, t)dt;dxdy
00 0

‘r 1 www__ _taz(x,y,t
—BJje‘”x‘pyz(x,y,O)dxdy+— Bfffe Ry qﬁdxdydt
T3 U ot

= —A,Gylz(x,y,0)] + %fp(n, P, q)-
(iv). Now

02 ot A Ly, t
[ B [ [ o
0 0O
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=2 g P e P gy (an
. %z(xyt)
First, we solve [ e T dx

Applying integration by parts

r 9%z(x,y, t) 0z(x,y,t)1” r 0z(x,y,t)
—mx Z 2N 7 g = | e 228 —nx 22N 7
fe 0x? dx [e ox ]0 * nf ¢ dx dx
0 0
Using part (i), we get

0z(0,y,t) [ _
== T 120y, 0) + nf e M z(x,y, t)dx
0

= —2,(0,y,t) —nz(0,y,t) + n? fowe‘”"z(x, y, t)dx (12)
Putting the above value of equation (12) in equation (11), we get

0%z(x,y, t)]

o o0
oyt
00

+r]2fe"7"z(x,y, t)dx

A,GyK, [

_Zx(OJ Y, t) - TIZ(O' Y, t)

SI'G

dydt

0
b p —py—£
=—— e qzx(O y, t)dydt —n— e 7 z(0,y,t)dydt
T3 6 o w T3 s
- __az XY,
zgfffe K (y )dxdydt
n dx
00
-

0
= _EG K[z, (0,y,t) Gth[Z(O y, )]+ 1%, p,q)

=n?em,p,q) — ﬁGth [2,(0,y, )] — GyK[2(0,y,0)]

(v). Now

0%z(x,y,t O e _t9%z(x,y,t
AGKt[ Goy )] gfffe”" pyq—gyzy ) dxdydt
000

0 0 —NX—— o _ 0°z(xy,t
=20 f e e qudt[fo e~ry Z2EXY 41 (13)

. 0 _0 02%Z(x, Yt
First, we solve [ e ”y%d
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Applying integration by parts

o0 2 0
fe_,, 0°z(x,y, t) dy = [e_py 0z(x,y, t)]

‘ 0z(x,y,t)
-py 2\
3y 3y +p f e dy

o 4 dy

92(x,0,t) [ _ 3z(xy,t)
-7 -y X0
ay P f ¢ oy 7
0
Using part (ii), we get
0z(x,0,t
_0zx0.)
dy
. 0
= —27,(x,0,t) — pz(x,0,t) + p? fo e PVz(x,y, t)dy
(14)
Putting the above value of equation (14) in equation (13), we get
0%z(x,y, t)]

[>e}

p {—z(x, 0,t) + pf e PVz(x,y, t)dy}

A,G,K; [

JI'G

ffe e qudt [—2y(x,0,t) — pz(x,0,1)
00

+ p? fe‘pyz(x,y,t)dy]
0

_p —nx—g
=— e Az, (x,0,t)dxdt
77o 0
pz © o ) x_£
—ffe m az(x,0,t)dxdt
zgfff —nx— py——a z(x,y,t)
+ , e 6y2 dxdydt
000
= —AK[2,(x,0,8)] = pALK[2(x,0,0)] + p* (1,0, @)
2
Therefore A G K, [a Z(xyt)] p2o(m,p,q) — pAK:[z(x,0,t)] —
AyK¢[z,(x,0,0)]
(vi). Now
022,y 0] _p [ [ [ -w-py-£ 0?27,
AxGth[ 3¢z Efffe TR —————dxdydt
000
_Efoofoo “NX=DY Jd [foo - a z(xyt)dt] (15)
- n+-0 J0 e xay 0 ot2
First, we solvef e qwdt

aZ
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Applying integration by parts
[ _ta2y X, y,t _taz(x,y, )7 1 [ _toz X, y,t
fe" (J’)dt:[eq (aty )] rrfe @0 .

dt2 ot
0

0z(x,y,0) 1 _toz(x,y.t
_M+_fe 02y t)
at q at

Using part (iii), we get

= az(xy,O) z( 0)+1f _é t)dt
= e q X,, 7 e 4z(x,y,t)
0
= —z:(x,y,0) — %z(x, y,0) + qizfgoe‘pyz(x, y, t)dt (16)

Putting the above value of equation (16) in equation (15), we get

02 ot
AxGth[ 200y )]

o0 0 1
= %f f e T "PYdxdy {—zt(x, y,0) —az(x, y,0)
00

1 _t
+?fe az(x,y, t)dt
0

:')I'd

ffe‘”x"’yzt(x,y, O)dxdy—%ffe'”"'pyZ(x,y, 0)dxdy
00 00

o0 00 00 t
Lz f f f e TP az(x,y, O)dxdydt
nq
0 0 O 1
= —A,G,[z:(x,y,0)] —gA xGyl[z(x,y,0)] +?¢(n,p.q)
Therefore
a 1
AGyke |22 = — 4,6y 2 (x,, 0)] - 2 4Gy [2(x,y, )] + 5 91,1, ).
VIII. Conclusion:

This study established several new properties and theorems of the AAKIT,
including linearity, shifting, scaling, differentiation, convolution, inversion, and
uniqueness. Illustrative examples demonstrate practical applications in solving
differential equations. The work provides a solid foundation for further theoretical
development and practical applications of AAKIT in applied mathematics, physics,
and engineering.
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  f  ( k )


  A  { f ( k ) } =  1  𝜂   ∫ 0 ∞  f  ( x )   e  𝜂 x d x = F  ( 𝜂 ) ,   x ≥ 0 .


    A  − 1  { F  ( 𝜂 ) } = f  ( x ) =  1  2 𝜋 i   ∫  𝛼 − i ∞    ∫    


  A  {   x  n } =     n !    𝜂  n + 2 ,   n ≥ 0


  A  { 1 } =    1    𝜂 2


  A  {   e  𝛼 x } =    1    𝜂 2 − 𝛼 𝜂 , 𝛼 ∈ R


  A  { t } =    1    𝜂 3


  A  {  sin ⁡  sin ⁡ ( 𝛼 x )   } =     𝛼    𝜂 (   𝛼 2 + 𝜂 2 )


  A ( s i n a t ) =     a    𝜂 ( 𝜂 2 +   𝛼 2 )


  A  {  cos ⁡  cos ⁡ ( 𝛼 x )   } =    1    (   𝛼 2 + 𝜂 2 )


  A ( c o s a t ) =    1    ( 𝜂 2 +   𝛼 2 )


  A  {  sinh ⁡  sinh ( 𝛼 x )   } =     𝛼    𝜂 ( 𝜂 2 −   𝛼 2 )


  A ( s i n h a t ) =     a    𝜂 ( 𝜂 2 −   𝛼 2 )


  A  {  cosh ⁡  cosh ( 𝛼 x )   } =    1    ( 𝜂 2 −   𝛼 2 )


  A ( c o s h a t ) =    1    ( 𝜂 2 −   𝛼 2 )


  A  { f ( x ) } = F  ( 𝜂 ) ,


  A  { f ′ ( x ) } = 𝜂 F  ( 𝜂 ) −   f ( 0 )  𝜂


  A  { f ′ ′ ( x ) } =   𝜂 2 F  ( 𝜂 ) −     f ′  ( 0 )  𝜂 − f ( 0 )


  A  {    }


  n


  f  ( y )


   ( 0 , ∞ )


    G  n  [ f  ( y ) ]  ( p ) = p   ∫ 0 ∞    t  n − 1   e  − p y   ∫   


  n = 1 ,   G 1  [ f  ( y ) ]  ( p ) = p   ∫ 0 ∞    e  − p y f  ( y ) d y ,       p > 0 = F ( p )


  n = 1 ,   G 1  [ f  ( y ) ]  ( p ) = p   ∫ 0 ∞    e  − p y f  ( y ) d y ,       p > 0 = F ( p )


    G  − 1  { F  ( p ) } =  1  2 𝜋 i   ∫  c − i ∞  c + i ∞       


  G  ( 1 ) = 1


  G  (    )


  G  (   e  a y ) =  p  p − a


  G  ( sin ⁡ ( a y ) ) =  ap    


  G  ( cos ⁡ ( a y ) ) =     p 2    p 2 +   a 2


  G  ( sinh ⁡ ( a y ) ) =  ap    p 2 −   a 2


  G  ( cosh ⁡ ( a y ) ) =     p 2    p 2 −   a 2


  G  ( f ′ ⁡ ( y ) ) = p G  [ f  ( y ) ] − p f ( 0 )


  G  ( ⁡   f  n ( y ) ) =   p  n G  ( f  ( y ) ) −   ∑  k = 1  n    p  n − k + 1   f   ( k − 1 )  ( 0 )


  f  ( t )


  K  { f  ( t ) } =   ∫ 0 ∞    e  − t / q f  ( t ) d t   F ( q ) ,       q > 0


    K  − 1  { F  ( q ) } =  1  2 𝜋 i   ∫  𝛽 − i ∞  𝛽 + i ∞    e  t / q F  (  1  q ) d q


  K  (   t  n ) = n !     q  n + 1 ,   n ∈ N


  K  ( 1 ) = q


  K  (   e  𝛼 t ) =   q  1 − 𝛼 q ,   𝛼 ∈ R


  K  ( t ) =   q 2


  K  {  sin ⁡  sin ⁡ ( 𝛼 t ) } =   𝛼   q 2   


 


  K  {  cos ⁡  cos ( 𝛼 t ) } =   q  1 +   𝛼 2   q 2


  K  { cos ( 𝛼 t ) } =   q  1 +   𝛼 2   q 2


 


  K  { sinh ⁡ ( 𝛼 t ) } =   𝛼   q 2  1 −   𝛼 2   q 2


  K  {  cosh ⁡  cosh ( 𝛼 t ) } =   q  1 −   𝛼 2   q 2


  K  {  cosh ⁡ ( 𝛼 t ) } =   q  1 −   𝛼 2   q 2


  K  { f  ( t ) } = F  ( q ) ,   t h e n


  K  { f ′ ( t ) } =  1  q F  ( q ) − f ( 0 )


  K  { f ′ ′ ( t ) } =  1    q 2 F  ( q ) −  1  q f  ( 0 ) − f ′ ( 0 )


  K  {   f  n ( t ) } =  1    q  n F  ( q ) −   ∑  j = 0  n − 1      f   ( j )  ( 0 )    q  n − j − 1 ,           n = 1 , 2 , 3 … … … . .


    A  𝜆   K  f  [ z ( x , t ) ] = z  ( 𝜂 , q ) =  1  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x −   t  q z  ( x , t ) d x d t


    A  𝜆   K  t  [ a z  ( x , t ) + b 𝜓 ( x , t ) ] = a   A  𝜆   K  f  [ a z  ( x , t ) ] +   b A  𝜆   K  f  [ b 𝜓 ( x , t ) ]


  a  


    b


  z  ( x , t ) , 𝜓 ( x , t )


      A  𝜆  − 1     K  f  − 1  [ z  ( 𝜂 , q ) ] = z  ( x , t ) =   


  =  1    ( 2 𝜋 i ) 2   ∫  𝛼 − i ∞  𝛼 + i ∞  𝜂   e  𝜂 x   ∫  𝛽 − i ∞  𝛽 + i ∞    e  t / q z  ( 𝜂 , 1 / q ) d 𝜂 d q


  z  ( x , t ) = 1


    A  𝜆   K  t  [ 1 ]


  z  ( x , t ) =   e  𝛼 x + 𝛽 t


    A  𝜆   K  t  [   e  𝛼 x + 𝛽 t ] =  1  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x −   t  q   e  𝛼 x + 𝛽 t d x d t


  =  1  𝜂   ∫ 0 ∞    ∫ 0 ∞    


  =  1  𝜂   ∫ 0 ∞    ∫ 0 ∞    


  =  1  𝜂 (  1  − ( 𝜂 − 𝛼 ) ) ( 0 − 1 ) (   − 1  (  1  q − 𝛽 ) ) ( 0 − 1 ) =   q  𝜂 ( 𝜂 − 𝛼 ) ( 1 − 𝛽 q )


  z  ( x , t ) =   


    A  𝜆   K  t  [   e  i ( 𝛼 x + 𝛽 t ) ] =  1  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x −   t  q   e  i ( 𝛼 x + 𝛽 t ) d x d t =   q  𝜂 ( 𝜂 − i 𝛼 ) ( 1 − i 𝛽 q )


  =   q ( 𝜂 + i 𝛼 ) ( 1 + i 𝛽 q )  𝜂 ( 𝜂 − i 𝛼 ) ( 1 − i 𝛽 q ) ( 𝜂 + i 𝛼 ) ( 1 + i 𝛽 q )


  =   q ( 𝜂 + i 𝛼 ) ( 1 + i 𝛽 q )  𝜂 ( 𝜂 − i 𝛼 ) ( 1 − i 𝛽 q ) ( 𝜂 + i 𝛼 ) ( 1 + i 𝛽 q )


  =   q ( 𝜂 + i 𝛽 𝜂 q + i 𝛼 − 𝛼 𝛽 q )  𝜂 (   𝜂 2 +   𝛼 2 ) ( 1 +   𝛽 2   q 2 ) =   q {  ( 𝜂 − 𝛼 𝛽 q ) + i  ( ) 


  =   q ( 𝜂 + i 𝛽 𝜂 q + i 𝛼 − 𝛼 𝛽 q )  𝜂 (   𝜂 2 +   𝛼 2 ) ( 1 +   𝛽 2   q 2 ) =   q {  ( 𝜂 − 𝛼 𝛽 q ) + i  ( ) 


    A  𝜆   K  t  [ c o s ( 𝛼 x + 𝛽 t ) ] =   q  ( 𝜂 − 𝛼 𝛽 q )  𝜂 (   𝜂 2 +   𝛼 2 ) ( 1 +   𝛽 2   q 2 )


    A  𝜆   K  t  [ s i n ( 𝛼 x + 𝛽 t ) ] =   q  ( 𝛼 + 𝛽 𝜂 q )   


    


    A  𝜆   G  y  [ a z  ( x , y ) + b 𝜓 ( x , y ) ] = a   A  𝜆   G  y  [ a z  ( x , y ) ] +   b A  𝜆   G  y  [ b 𝜓 ( x , y ) ]


  a  


    b


  z  ( x , y ) , 𝜓 ( x , y )


      A  𝜆  − 1   


       


  z  ( x , y ) = 1


    A  𝜆   G  y  [ 1 ] =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − ( 𝜂 x + p y ) d x d y =   p  𝜂    {     e  − 𝜂 x  − 𝜂 } 0 ∞    {     e  − p y  − p } 0 ∞ =   p  𝜂 .  1  − 𝜂  ( 0 − 1 ) .  1  − p . ( 0 − 1 ) =  1    𝜂 2 .


  z  ( x , y ) =   x  𝛼   y  𝛽 ,   𝛼   & 𝛽 > − 1


    A  𝜆   G  y  [   x  𝛼   y  𝛽 ] =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − ( 𝜂 x + p y )   x  𝛼   y  𝛽 d x d y


  = Γ  ( 𝛼 + 1 )  1    𝜂  𝛼 + 1 . Γ ( 𝛽 + 1 )  1    p  𝛽 + 1


  z  ( x , y ) =   


    A  𝜆   G  y  [   e  𝛼 x + 𝛽 y ] =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − ( 𝜂 x + p y )   e  𝛼 x + 𝛽 t d x d y


  =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    


  =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    


  =   p  𝜂  (   − 1  𝜂 − 𝛼 )  ( 0 − 1 ) .  (   − 1  p − 𝛽 ) ( 0 − 1 ) =   p  𝜂  ( 𝜂 − 𝛼 )  ( p − 𝛽 ) .


  =   p  𝜂  (   − 1  𝜂 − 𝛼 )  ( 0 − 1 ) .  (   − 1  p − 𝛽 ) ( 0 − 1 ) =   p  𝜂  ( 𝜂 − 𝛼 )  ( p − 𝛽 ) .


  z  ( x , y ) =   e  i ( 𝛼 x + 𝛽 y )


    A  𝜆   G  y  [   e  𝛼 x + 𝛽 y ] =   p  𝜂  ( 𝜂 − i 𝛼 )  ( p − i 𝛽 ) =   p  ( 𝜂 + i 𝛼 )  ( p + i 𝛽 )  𝜂 (   𝜂 2 +   𝛼 2 ) (   p 2 +   𝛽 2 )


  =   p  ( 𝜂 p + 𝜂 𝛽 i + i 𝛼 p − 𝛼 𝛽 )  𝜂 (   𝜂 2 +   𝛼 2 ) (   p 2 +   𝛽 2 ) =   p {  ( 𝜂 p − 𝛼 𝛽 ) + i ( 𝜂 𝛽 + 𝛼 p ) }  𝜂 (   𝜂 2 +   𝛼 2 ) (   p 2 +   𝛽 2 )


  =   p  ( 𝜂 p + 𝜂 𝛽 i + i 𝛼 p − 𝛼 𝛽 )  𝜂 (   𝜂 2 +   𝛼 2 ) (   p 2 +   𝛽 2 ) =   p {  ( 𝜂 p − 𝛼 𝛽 ) + i ( 𝜂 𝛽 + 𝛼 p ) }  𝜂 (   𝜂 2 +   𝛼 2 ) (   p 2 +   𝛽 2 )


    A  𝜆   G  y  [ cos ⁡ ( 𝛼 x + 𝛽 y ) ] =   p  ( 𝜂 p − 𝛼 𝛽 ) )  𝜂 (   𝜂 2 +   𝛼 2 ) (   p 2 +   𝛽 2 )


    A  𝜆   G  y  [ sin ⁡ ( 𝛼 x + 𝛽 y ) ] =   p ( 𝜂 𝛽 + 𝛼 p )  𝜂 (   𝜂 2 +   𝛼 2 ) (   p 2 +   𝛽 2 ) .


    


      G  y K  t  [ a z  ( y , t ) + b 𝜓 ( y , t ) ] = a     G  y K  t  [ z  ( y , t ) ] +     b G  y K  t  [ 𝜓 ( y , t ) ]


  a


  b


  z  ( y , t ) ,


    


      G  y  − 1  [     K  t  − 1 [ z ( p , q ) ] ] =  1  2 𝜋 i   ∫  c − i ∞  c + i ∞    


  =  1    ( 2 𝜋 i ) 2   ∫  c − i ∞  c + i ∞      e  p y  p   ∫  𝛽 − i ∞  𝛽 + i ∞    e  t / q   z  ( p , 1 / q ) d p d q .


  =  1    ( 2 𝜋 i ) 2   ∫  c − i ∞  c + i ∞      e  p y  p   ∫  𝛽 − i ∞  𝛽 + i ∞    e  t / q   z  ( p , 1 / q ) d p d q .


  z  ( y , t ) = 1


      G  y K  t  [ z ( y , t ) ] =     G  y K  t  [ 1 ] = p   ∫ 0 ∞    ∫ 0 ∞    e  − ( p y + −   t  q ) d y d t   = p    {     e  − p y  − p } 0 ∞    {     e  −   t  q  −  1  q } 0 ∞ = p  (   0 − 1  − p )  (   0 − 1  −  1  q ) = q


  z  ( y , t ) =   e  ( 𝛼 y + 𝛽 t )


      G  y K  t  [ z ( y , t ) ] = p   ∫ 0 ∞    ∫ 0 ∞    e  − ( p y + −   t  q )   e  ( 𝛼 y + 𝛽 t ) d y d t   = p   ∫ 0 ∞    ∫ 0 ∞    e  − ( p − 𝛼 ) y   e  − (  1  q − 𝛽 ) t d y d t  


  = p    {    }  


    ( 0 − 1 )  − (  1  q − 𝛽 ) =   


  z  ( y , t ) =   e  i ( 𝛼 y + 𝛽 t )


      G  y K  t  [ z ( y , t ) ] =   p q   ( p − i 𝛼 ) ( 1 − i q 𝛽 )


  =   p q  ( p + i 𝛼 ) ( 1 + i q 𝛽 )   ( )


  =   p q  ( p + i 𝛼 ) ( 1 + i q 𝛽 )   ( )


  =   p q  ( p + i p 𝛽 q + i 𝛼 − 𝛼 𝛽 q )  (   p 2 +   𝛼 2 ) ( 1 +   𝛽 2   q 2 ) =   


  =   p q  ( p + i p 𝛽 q + i 𝛼 − 𝛼 𝛽 q )  (   p 2 +   𝛼 2 ) ( 1 +   𝛽 2   q 2 ) =   


      G  y K  t  [ cos ⁡ ( 𝛼 y + 𝛽 t ) ] =   p q  ( p − 𝛼 𝛽 q )  (   p 2 +   𝛼 2 ) ( 1 +   𝛽 2   q 2 )


      G  y K  t  [ sin ⁡ ( 𝛼 y + 𝛽 t ) ] =   p q  ( 𝛼 + p 𝛽 q )  (   p 2 +   𝛼 2 ) ( 1 +   𝛽 2   q 2 ) .


      G  y K  t  [ sin ⁡ ( 𝛼 y + 𝛽 t ) ] =   p q  ( 𝛼 + p 𝛽 q )  (   p 2 +   𝛼 2 ) ( 1 +   𝛽 2   q 2 ) .


  z  ( x , y , t )


  x ,   y ,   t


  t > 0 .


  z  ( x , y , t )


    


  𝜂 , p , q > 0 .


          A  x  − 1 G  y  − 1     K  t  − 1  [ ∅  ( 𝜂 , p , q ) ] = z  ( x , y , t ) =  1  2 𝜋 i   ∫  𝛼 − i ∞  𝛼 + i ∞  𝜂   e  𝜂 x d 𝜂  1  2 𝜋 i   ∫  c − i ∞  c + i ∞      e  p y  p d p  1  2 𝜋 i   ∫  𝛽 − i ∞  𝛽 + i ∞    e  t / q ∅  ( 𝜂 , p , q ) d q


  𝛼 , 𝛽 , c


        A  x G  y K  t  [ z ( x , y , t ) ] = ∅  ( 𝜂 , p , q )


        A  x G  y K  t  [ 𝜓 ( x , y , t ) ] = 𝜓  ( 𝜂 , p , q )


        A  x G  y K  t  [ ]


        A  x G  y K  t  [ A z  ( x , y , t ) + B 𝜓 ( x , y , t ) ] =   


  =


  =


  =       A   A  x G  y K  t [ z  ( x , y , t ) ] + B         A  x G  y K  t [ 𝜓  ( x , y , t ) ]


  =       A   A  x G  y K  t [ z  ( x , y , t ) ] + B         A  x G  y K  t [ 𝜓  ( x , y , t ) ]


        A  x G  y K  t  [ z ( x , y , t ) ] = ∅  ( 𝜂 , p , q )


  a , b   a n d   c


        A  x G  y K  t  [   e  a x + b y + c t z ( x , y , t ) ] =   p  ( 𝜂 − a )  𝜂  ( p − b ) 𝜙  ( 𝜂 − a , p − b ,   q  1 − c q ) .


        A  x G  y K  t  [   e  a x + b y + c t z ( x , y , t ) ] =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q  [   e  a x + b y + c t z ( x , y , t ) ] d x d y d t


  =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − ( 𝜂 − a ) x − ( p − b ) y −  (   q  1 − c q ) t  [ z ( x , y , t ) ] d x d y d t


  =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − ( 𝜂 − a ) x − ( p − b ) y −  (   q  1 − c q ) t  [ z ( x , y , t ) ] d x d y d t


  =   p  ( 𝜂 − a )  𝜂  ( p − b )  (   p − b  𝜂 − a   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − ( 𝜂 − a ) x − ( p − b ) y −  (   q  1 − c q ) t  [ z ( x , y , t ) ] d x d y d t )


  =   p  ( 𝜂 − a )  𝜂  ( p − b )  (   p − b  𝜂 − a   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − ( 𝜂 − a ) x − ( p − b ) y −  (   q  1 − c q ) t  [ z ( x , y , t ) ] d x d y d t )


  =   p  ( 𝜂 − a )  𝜂  ( p − b ) 𝜙  ( 𝜂 − a , p − b ,   q  1 − c q ) .


  =   p  ( 𝜂 − a )  𝜂  ( p − b ) 𝜙  ( 𝜂 − a , p − b ,   q  1 − c q ) .


  z  ( x , y , t ) = f  ( x ) h  ( y ) g  ( t ) ; x , y , t > 0 .


        A  x G  y K  t  [ z ( x , y , t ) ] =       A  x [ f  ( x ) ] G  y [ h  ( y ) ] K  t  [ g  ( t ) ] .


    


 


 


    =  1  𝜂   ∫   


  z  ( x , y , t ) = 1 .


        A  x G  y K  t  [ 1 ] =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q d x d y d t =  1  𝜂   ∫ 0 ∞    e  − 𝜂 x d x . p   ∫ 0 ∞    e  − p y d y .   ∫ 0 ∞    e  −   t  q d t


  =       A  x [ 1 ] G  y [ 1 ] K  t  [ 1 ] =  1    𝜂 2 . 1 . q =   q    𝜂 2


  z  ( x , y , t ) =   x  𝛼   y  𝜆   t  𝛽 ;     x , y , t > 0   a n d   𝛼 , 𝛽 , 𝛾


        A  x G  y K  t  [   x  𝛼   y  𝜆   t  𝛽 ] =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q   [ x  𝛼   y  𝜆   t  𝛽 ] d x d y d t


  =  1  𝜂   ∫ 0 ∞    e  − 𝜂 x   x  𝛼 d x . p   ∫ 0 ∞    e  − p y   y  𝜆 d y .   ∫ 0 ∞    e  −   t  q   t  𝛽 d t =  1  𝜂   Γ  ( 𝛼 + 1 )    𝜂  𝛼 + 1 .   Γ  ( 𝜆 + 1 )    p  𝜆 Γ  ( 𝛽 + 1 )   q  𝛽 + 1 .


  =  1  𝜂   ∫ 0 ∞    e  − 𝜂 x   x  𝛼 d x . p   ∫ 0 ∞    e  − p y   y  𝜆 d y .   ∫ 0 ∞    e  −   t  q   t  𝛽 d t =  1  𝜂   Γ  ( 𝛼 + 1 )    𝜂  𝛼 + 1 .   Γ  ( 𝜆 + 1 )    p  𝜆 Γ  ( 𝛽 + 1 )   q  𝛽 + 1 .


  z  ( x , y , t ) =   e  a x + b y + c t ;   x , y , t > 0   a n d   a , b , c  


        A  x G  y K  t  [   e  a x + b y + c t ] =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q   e  a x + b y + c t d x d y d t


  =  1  𝜂   ∫ 0 ∞    e  − 𝜂 x   e  a x d x . p   ∫ 0 ∞    e  − p y   e  b y d y .   ∫ 0 ∞    e  −   t  q   e  c t d t


  =  1  𝜂   ∫ 0 ∞    e  − 𝜂 x   e  a x d x . p   ∫ 0 ∞    e  − p y   e  b y d y .   ∫ 0 ∞    e  −   t  q   e  c t d t


  =  1  𝜂   ∫ 0 ∞    e  − ( 𝜂 − a ) x d x . p   ∫ 0 ∞    e  − ( p − b ) y d y .   ∫ 0 ∞    e  −  (   1 − c q  q ) t d t


  =  1      


  =  1      


        A  x G  y K  t  [   e  i ( a x + b y + c t ) ] =   p q  𝜂 ( 𝜂 − i a ) ( p − i b ) ( 1 − i c q )


  =   p q ( 𝜂 − i a ) ( p − i b ) ( 1 − i c q )  𝜂 (   


  =   p q ( 𝜂 − i a ) ( p − i b ) ( 1 − i c q )  𝜂 (   


  =   p q ( 𝜂 p + i 𝜂 b + i a p − a b ) ( 1 − i c q )  𝜂 (   𝜂 2 +   a 2 ) (   p 2 +   b 2 ) ( 1 +   c 2   q 2 )


  =   p q ( 𝜂 p + i 𝜂 b + i a p − a b ) ( 1 − i c q )  𝜂 (   𝜂 2 +   a 2 ) (   p 2 +   b 2 ) ( 1 +   c 2   q 2 )


  =   p q { 𝜂 p + i 𝜂 b + i a p − a b + i 𝜂 c p q − 𝜂 b c q − a c p q − i a b c q }    (   𝜂 2 +   a 2 ) (   p 2 +   b 2 ) ( 1 +   c 2   q 2 )


  =   p q { 𝜂 p + i 𝜂 b + i a p − a b + i 𝜂 c p q − 𝜂 b c q − a c p q − i a b c q }    (   𝜂 2 +   a 2 ) (   p 2 +   b 2 ) ( 1 +   c 2   q 2 )


  =   p q { ( 𝜂 p − a b − 𝜂 b c q − a c p q ) + i ( 𝜂 b + a p + 𝜂 c p q − a b c q ) }  𝜂 (   𝜂 2 +   a 2 ) (   p 2 +   b 2 ) ( 1 +   c 2   q 2 )


  =   p q { ( 𝜂 p − a b − 𝜂 b c q − a c p q ) + i ( 𝜂 b + a p + 𝜂 c p q − a b c q ) }  𝜂 (   𝜂 2 +   a 2 ) (   p 2 +   b 2 ) ( 1 +   c 2   q 2 )


        A  x G  y K  t  [   e  i ( a x + b y + c t ) ] =   p q { ( 𝜂 p − a b − 𝜂 b c q − a c p q ) + i ( 𝜂 b + a p + 𝜂 c p q − a b c q ) }  𝜂 (   𝜂 2 +   a 2 ) (   p 2 +   b 2 ) ( 1 +   c 2   q 2 )


  s i n x =     e  i x −   e  − i x  2 i ,   c o s x =     e  i x +   e  − i x 2 ,   s i n h x =     e  x −   e  − x 2   a n d   c o s h =     e  x +   e  − x 2


        A  x G  y K  t  [ sin ⁡ ( a x + b y + c t ) ] =   p q ( a b + 𝜂 b + 𝜂 c p q − a b c q )  𝜂 (   𝜂 2 +   a 2 ) (   p 2 +   b 2 ) ( 1 +   c 2   q 2 )


        A  x G  y K  t  [ cos ⁡ ( a x + b y + c t ) ] =   p q ( 𝜂 p − a b − 𝜂 b c q − a c p q )  𝜂 (   𝜂 2 +   a 2 ) (   p 2 +   b 2 ) ( 1 +   c 2   q 2 )


        A  x G  y K  t  [ cos ⁡ ( a x + b y + c t ) ] =   p q ( 𝜂 p − a b − 𝜂 b c q − a c p q )  𝜂 (   𝜂 2 +   a 2 ) (   p 2 +   b 2 ) ( 1 +   c 2   q 2 )


  z  ( x , y , t ) = s i n a x . s i n b y . s i n c t ; x , y , t > 0   a n d   a , b , c


        A  x G  y K  t  [ s i n a x . s i n b y . s i n c t ] =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q  [ s i n a x . s i n b y . s i n c t ] d x d y d t


  =  1  𝜂   ∫ 0 ∞    e  − 𝜂 x s i n a x d x . p   ∫ 0 ∞    e  − p y s i n b y d y .   ∫ 0 ∞    e  −   t  q s i n c t d t


  =  1  𝜂   ∫ 0 ∞    e  − 𝜂 x s i n a x d x . p   ∫ 0 ∞    e  − p y s i n b y d y .   ∫ 0 ∞    e  −   t  q s i n c t d t


  =  1    .   a  𝜂 (   𝜂 2 +   a 2 ) . p   b p   


    


  z  ( x , y , t )


   [ o , X ] ×  [ o , Y ] × [ o , T ]


   | z  ( x , y , t ) | ≤ R   e  𝛼 x + 𝛽 y +   t ,   f o r   a l l   R > 0 ,   x > X ,   y > Y ,   t > t .


  z  ( x , y , t )


  𝛼 , 𝛽   a n d   𝛾   a s   x , y , t → ∞ .


  f  ( x , y , t )


    R + 3 =   ( 0 , ∞ ) 3 ,  


  A =  { f :   R + 3 → C ; f   i s   p i e c e w i s e   c o n t i n u o u s   o n   e v e r y   f i n i t e   v a l u e   o n   d e f i n e d   r a n g e


  ∃   M , 𝛼 , 𝛽 , 𝛾 > 0 ,


   | f ( x , y , t ) | ≤ M   e  𝛼 x + 𝛽 y + 𝛾 t .


    A  p , s , u  ( f ) =   s  p   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − p x − s y −   t  u f  ( x , y , t ) d x d y d t .


   | f ( x , y , t ) | ≤ M   e  𝛼 x + 𝛽 y + 𝛾 t


   |   A  p , s , u  ( f ) | ≤   M s  p   ∫ 0 ∞    e  − ( p − 𝛼 ) x d x   ∫ 0 ∞    e  − ( s − 𝛽 ) y d y   ∫ 0 ∞    e  − ( 1 / u − 𝛾 ) t d t ,


  p > 𝛼 ,   s > 𝛽 ,  1  u > 𝛾 .


  z  ( x , y , t )


   [ o , X ] ×  [ o , Y ] × [ o , T ]


  𝛼 , 𝛽   &   𝛾


  R e  ( 𝜂 ) > 𝛼 , R e  ( p ) > 𝛽     a n d     R e  (  1  q ) > 𝛾 .


  ≤   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q | z  ( x , y , t ) | d x d y d t ≤   R p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q   e  𝛼 x + 𝛽 y + 𝛾 t d x d y d t


  ≤   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q | z  ( x , y , t ) | d x d y d t ≤   R p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q   e  𝛼 x + 𝛽 y + 𝛾 t d x d y d t


  ≤   R p  𝜂   ∫ 0 ∞    e  − ( 𝜂 −   ) x d x   ∫ 0 ∞    e  − ( p − 𝛽 ) y d y   ∫ 0 ∞    e  − (  1  q − 𝛾 ) t d t ≤   R p  𝜂   q  ( 𝜂 − 𝛼 ) ( p − 𝛽 ) ( 1 − 𝛾 q )


  ≤   R p  𝜂   ∫ 0 ∞    e  − ( 𝜂 −   ) x d x   ∫ 0 ∞    e  − ( p − 𝛽 ) y d y   ∫ 0 ∞    e  − (  1  q − 𝛾 ) t d t ≤   R p  𝜂   q  ( 𝜂 − 𝛼 ) ( p − 𝛽 ) ( 1 − 𝛾 q )


  ≤   R p q  𝜂 ( 𝜂 − 𝛼 ) ( p − 𝛽 ) ( 1 − 𝛾 q )


  R e  ( 𝜂 ) > 𝛼 , R e  ( p ) > 𝛽 a n d R e  (  1  q ) > 𝛾


  z  ( x , y , t )


 


  ( z ∗ ∗ ∗ 𝜓 ) ( x , y , t )


   ( )


        A  x G  y K  t  [ z  ( x , y , t ) ] = 𝜑  ( 𝜂 , p , q ) .


        A  x G  y K  t  [ z  ( x − 𝛿 , y − 𝜖 , t − 𝜎 ) H  ( x − 𝛿 , y − 𝜖 , t − 𝜎 ) ]   =   e  − 𝜂 𝛿 − p 𝜖 −   𝜎  q 𝜑 ( 𝜂 , p , q . )


  H  ( x , y , t )


  H  ( x − 𝛿 , y − 𝜖 , t − 𝜎 ) =  {    1 ;   x > 𝛿 , y > 𝜖 , t > 𝜎     0 ,                                     o t h e r w i s e


        A  x G  y K  t  [ z  ( x − 𝛿 , y − 𝜖 , t − 𝜎 ) H  ( x − 𝛿 , y − 𝜖 , t − 𝜎 ) ]


  =   p  𝜂   ∫   


  =   p  𝜂   ∫   


  =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q  [ z  ( x − 𝛿 , y − 𝜖 , t − 𝜎 ) ] d x d y d t


  x −


        A  x G  y K  t  [ z  ( x − 𝛿 , y − 𝜖 , t − 𝜎 ) H  ( x − 𝛿 , y − 𝜖 , t − 𝜎 ) ]


  =   e  − 𝜂 𝛿 − p 𝜖 −  1  q 𝜎  (   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞     )


  =   e  − 𝜂 𝛿 − p 𝜖 −  1  q 𝜎  (   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞     )


        A  x G  y K  t  [ z  ( x , y , t ) ] = 𝜑  ( 𝜂 , p , q )


        A  x G  y K  t  [ 𝜓  ( x , y , t ) ] = 𝜓  ( 𝜂 , p , q )


        A  x G  y K  t  [  ( z ∗ ∗ ∗ 𝜓 ) ]  ( x , y , t )


        A  x G  y K  t  [  ( z ∗ ∗ ∗ 𝜓 ) ]  ( x , y , t )


  =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q  [   ∫ 0  x    ∫ 0  y    ∫ 0  t  z  ( x − 𝛿 , y − 𝜖 , t − 𝜎 ) 𝜓  ( 𝛿 , 𝜖 , 𝜎 ) d 𝛿 d 𝜖 d 𝜎 ] d x d y d t


        A  x G  y K  t  [  ( z ∗ ∗ ∗ 𝜓 ) ]  ( x , y , t ) =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q


   [   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞  z  ( x − 𝛿 , y − 𝜖 , t − 𝜎 ) H  ( x − 𝛿 , y − 𝜖 , t − 𝜎 ) 𝜓  ( 𝛿 , 𝜖 , 𝜎 ) d 𝛿 d 𝜖 d 𝜎 ] d x d y d t


        A  x G  y K  t  [  ( z ∗ ∗ ∗ 𝜓 ) ]  ( x , y , t ) =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q 𝜓  ( 𝛿 , 𝜖 , 𝜎 ) d 𝛿 d 𝜖 d 𝜎 .


   [   𝜂  p   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞  z ( 𝜌 , 𝛽 , 𝜆 )   e  − 𝜂 𝜌 − 𝛽 p −   𝜆  q d 𝜌 d 𝛽 d 𝜆 ]


   [   𝜂  p   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞  z ( 𝜌 , 𝛽 , 𝜆 )   e  − 𝜂 𝜌 − 𝛽 p −   𝜆  q d 𝜌 d 𝛽 d 𝜆 ]


  =   𝜂  p   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝛿 𝜂 − 𝜖 p −   𝜎  q 𝜓  ( 𝛿 , 𝜖 , 𝜎 ) 𝜑  ( 𝜂 , p , q ) d 𝛿 d   ∫   d 𝜎  =   p  𝜂 𝜓  ( 𝜂 , p , q ) 𝜑  ( 𝜂 , p , q ) .


  =   𝜂  p   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝛿 𝜂 − 𝜖 p −   𝜎  q 𝜓  ( 𝛿 , 𝜖 , 𝜎 ) 𝜑  ( 𝜂 , p , q ) d 𝛿 d   ∫   d 𝜎  =   p  𝜂 𝜓  ( 𝜂 , p , q ) 𝜑  ( 𝜂 , p , q ) .


        A  x G  y K  t  [ z  ( x , y , t ) ] = 𝜑  ( 𝜂 , p , q )


        A  x G  y K  t  [   𝜕 z ( x , y , t )  𝜕 x ] = 𝜂 𝜑  ( 𝜂 , p , q ) −  1  𝜂     G  y K  t  [ z  ( 0 , y , t ) ] .


        A  x G  y K  t  [   𝜕 z ( x , y , t )  𝜕 y ] = p 𝜑  ( 𝜂 , p , q ) −     A  x K  t  [ z  ( x , 0 , t ) ] .


        A  x G  y K  t  [   𝜕 z ( x , y , t )  𝜕 t ] =


        A  x G  y K  t  [     𝜕 2 z ( x , y , t )  𝜕   x 2 ] =   𝜂 2 𝜑  ( 𝜂 , p , q ) −  1  𝜂     G  y K  t  [   z  x  ( 0 , y , t ) ] −     G  y K  t  [ z  ( 0 , y , t ) ] .


           G


        A  x G  y K  t  [     𝜕 2 z ( x , y , t )  𝜕   t 2 ] =     − A  x G  y  [   z  t  ( x , y , 0 ) ] −  1  q       A  x G  y  t  [ z  ( x , y , 0 ) ] +  1    q 2 𝜑  ( 𝜂 , p , q ) .


        A  x G  y K  t  [    ]


 


    ∫ 0 ∞    e  − 𝜂 x   𝜕 z  ( x , y , t )  𝜕 x d x


    ∫ 0 ∞    


  = − z ( 0 , y , t ) + 𝜂   ∫ 0 ∞    e  − 𝜂 x z  ( x , y , t ) d x


        A  x G  y K  t  [   𝜕 z ( x , y , t )  𝜕 x ] =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − p y −   t  q  { − z ( 0 , y , t ) + 𝜂   ∫ 0 ∞    e  − 𝜂 x z  ( x , y , t ) d x } d y d t


  = 𝜂 𝜑  ( 𝜂 , p , q ) −  1  𝜂     G  y K  t  [ z  ( 0 , y , t ) ] .


  = 𝜂 𝜑  ( 𝜂 , p , q ) −  1  𝜂     G  y K  t  [ z  ( 0 , y , t ) ] .


        A  x G  y K  t  [   𝜕 z ( x , y , t )  𝜕 y ] =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q   𝜕 z ( x , y , t )  𝜕 y d x d y d t


  =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x −   t  q [   ∫ 0 ∞    e  − p y   𝜕 z  ( x , y , t )  𝜕 y d y ] d x d t


    ∫ 0 ∞    ∫ 0 ∞    e  − p y   𝜕 z ( x , y , t )  𝜕 y d y


    ∫ 0 ∞    ∫ 0 ∞    e  − p y   𝜕 z ( x , y , t )  𝜕 y d y =    [   e  − 𝜂 y z  ( x , y , t ) ] 0 ∞ + p   ∫ 0 ∞    e  − p y z  ( x , y , t ) d y


  = − z ( x , 0 , t ) + p   ∫ 0 ∞    e  − p y z  ( x , y , t ) d y


        A  x G  y K  t  [   𝜕 z ( x , y , t )  𝜕 y ] =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − p y −   t  q  { − z ( x , 0 , t ) + p   ∫ 0 ∞    e  − p y z  ( x , y , t ) d y } d x d t


  = −   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − p y −   t  q z ( x , 0 , t d x d t + p  {   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q z ( x , y , t ) d x d y d t }


  = −   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − p y −   t  q z ( x , 0 , t d x d t + p  {   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q z ( x , y , t ) d x d y d t }


  = − p     A  x K  t  [ z  ( x , 0 , t ) ] + p 𝜑  ( 𝜂 , p , q ) = p 𝜑  ( 𝜂 , p , q ) −     A  x K  t  [ z  ( x , 0 , t ) ]


  = − p     A  x K  t  [ z  ( x , 0 , t ) ] + p 𝜑  ( 𝜂 , p , q ) = p 𝜑  ( 𝜂 , p , q ) −     A  x K  t  [ z  ( x , 0 , t ) ]


        A  x G  y K  t  [   𝜕 z ( x , y , t )  𝜕 t ] =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q   𝜕 z ( x , y , t )  𝜕 t d x d y d t


  =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y [   ∫ 0 ∞    e  −   t  q   𝜕 z  ( x , y , t )  𝜕 t d t ] d x d y


    ∫ 0 ∞    ∫ 0 ∞    e  −   t  q   𝜕 z  ( x , y , t )  𝜕 t d t


    ∫ 0 ∞    ∫ 0 ∞    e  −   t  q   𝜕 z  ( x , y , t )  𝜕 t d t =    [   e  −   t  q z  ( x , y , t ) ] 0 ∞ +  1  q   ∫ 0 ∞    e  −   t  q z  ( x , y , t ) d t


  = − z ( x , y , 0 ) +  1  q   ∫ 0 ∞    e  −   t  q z  ( x , y , t ) d t


        A  x G  y K  t  [   𝜕 z ( x , y , t )  𝜕 t ] =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y  { − z ( x , y , 0 ) +  1  q   ∫ 0 ∞    e  −   t  q z  ( x , y , t ) d t } d x d y


  =   


  =   


  =


        A  x G  y K  t  [     𝜕 2 z ( x , y , t )  𝜕   x 2 ] =   


  =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − p y −   t  q [   ∫ 0 ∞    e  − 𝜂 x     𝜕 2 z ( x , y , t )  𝜕   x 2 d x ] d y d t


    ∫ 0 ∞    e  − 𝜂 x     𝜕 2 z ( x , y , t )  𝜕   x 2 d x


    ∫ 0 ∞    e  − 𝜂 x     𝜕 2 z ( x , y , t )  𝜕   x 2 d x =    [   e  − 𝜂 x   𝜕 z ( x , y , t )  𝜕 x ] 0 ∞ + 𝜂   ∫ 0 ∞    e  − 𝜂 x   𝜕 z ( x , y , t )  𝜕 x d x


  = −   𝜕 z ( 0 , y , t )  𝜕 x +


  = −   z  x  ( 0 , y , t ) − 𝜂 z  ( 0 , y , t ) +   𝜂 2   ∫ 0 ∞    e  − 𝜂 x z  ( x , y , t ) d x


        A  x G  y K  t  [     𝜕 2 z ( x , y , t )  𝜕   x 2 ] =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − p y −   t  q  [ −   z  x  ( 0 , y , t ) − 𝜂 z  ( 0 , y , t ) +   𝜂 2   ∫ 0 ∞    e  − 𝜂 x z  ( x , y , t ) d x ] d y d t = −   


  +   𝜂 2   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q   𝜕 z ( x , y , t )  𝜕 x d x d y d t


  +   𝜂 2   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q   𝜕 z ( x , y , t )  𝜕 x d x d y d t


  = −  1  𝜂   


  = −  1  𝜂   


        A  x G  y K  t  [     𝜕 2 z ( x , y , t )  𝜕   y 2 ] =   


 


    ∫ 0 ∞    e  − p y     𝜕 2 z ( x , y , t )  𝜕   y 2 d y


    ∫ 0 ∞    e  − p y     𝜕 2 z ( x , y , t )  𝜕   y 2 d y =    [   e  − p y   𝜕 z ( x , y , t )  𝜕 y ] 0 ∞ + p   ∫ 0 ∞    e  − p y   𝜕 z ( x , y , t )  𝜕 y d y


  =   𝜕 z ( x , 0 , t )  𝜕 y + p   ∫ 0 ∞    e  − p y   𝜕 z ( x , y , t )  𝜕 y d y


  =   𝜕 z ( x , 0 , t )  𝜕 y + p   ∫ 0 ∞    e  − p y   𝜕 z ( x , y , t )  𝜕 y d y


  =   𝜕 z ( x , 0 , t )  𝜕 y + p  { − z  ( x , 0 , t ) + p   ∫ 0 ∞    e  − p y z  ( x , y , t ) d y }


  = −   z  y  ( x , 0 , t ) − p z  ( x , 0 , t )


    


  =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x −   t  q   z  y  ( x , 0 , t ) d x d t −     p 2  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x −   t  q z  ( x , 0 , t ) d x d t +                               p 2   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q     𝜕 2 z ( x , y , t )  𝜕   y 2 d x d y d t


  =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x −   t  q   z  y  ( x , 0 , t ) d x d t −     p 2  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x −   t  q z  ( x , 0 , t ) d x d t +                               p 2   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q     𝜕 2 z ( x , y , t )  𝜕   y 2 d x d y d t


    


    


        A  x G  y K  t  [     𝜕 2 z ( x , y , t )  𝜕   y 2 ]     =   p 2 𝜑  ( 𝜂 , p , q ) − p     A  x K  t  [ z  ( x , 0 , t ) ] − A  x K  t  [   z  y  ( x , 0 , t ) ]


        A  x G  y K  t  [     𝜕 2 z ( x , y , t )  𝜕   t 2 ] =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q     𝜕 2 z ( x , y , t )  𝜕   t 2 d x d y d t


  =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y d x d y   [   ∫ 0 ∞    e  −   t  q     𝜕 2 z ( x , y , t )  𝜕   t 2 d t ]


    ∫ 0 ∞    


    ∫ 0 ∞    e  −   t  q     𝜕 2 z ( x , y , t )  𝜕   t 2 d t =    [   e  −   t  q   𝜕 z ( x , y , t )  𝜕 t ] 0 ∞ +  1  q   ∫ 0 ∞    e  −   t  q   𝜕 z ( x , y , t )  𝜕 t d t


  = −   𝜕 z  ( x , y , 0 )  𝜕 t +  1  q   ∫ 0 ∞    e  −   t  q   𝜕 z ( x , y , t )  𝜕 t d t


  = −   𝜕 z  ( x , y , 0 )  𝜕 t +  1  q   ∫ 0 ∞    e  −   t  q   𝜕 z ( x , y , t )  𝜕 t d t


  = −   𝜕 z  ( x , y , 0 )  𝜕 t +   


  = −   


        A  x G  y K  t  [     𝜕 2 z ( x , y , t )  𝜕   t 2 ] =   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y d x d y  { −   z  t  ( x , y , 0 ) −  1  q z  ( x , y , 0 ) +    }


  = −   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y   z  t  ( x , y , 0 ) d x d y −   p  𝜂 q   ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y z  ( x , y , 0 ) d x d y


  = −   p  𝜂   ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y   z  t  ( x , y , 0 ) d x d y −   p  𝜂 q   ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y z  ( x , y , 0 ) d x d y


  +   p    𝜂 q 2   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q z  ( x , y , t ) d x d y d t


  +   p    𝜂 q 2   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞    e  − 𝜂 x − p y −   t  q z  ( x , y , t ) d x d y d t


      = − A  x G  y  [   z  t  ( x , y , 0 ) ] −  1  q     A  x G  y  [ z  ( x , y , 0 ) ] +  1    q 2 𝜑  ( 𝜂 , p , q )


      = − A  x G  y  [   z  t  ( x , y , 0 ) ] −  1  q     A  x G  y  [ z  ( x , y , 0 ) ] +  1    q 2 𝜑  ( 𝜂 , p , q )


        A  x G  y K  t  [     𝜕 2 z ( x , y , t )  𝜕   t 2 ]     = − A  x G  y  [   z  t  ( x , y , 0 ) ] −  1  q     A  x G  y  [ z  ( x , y , 0 ) ] +  1    q 2 𝜑  ( 𝜂 , p , q )

