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Abstract

This study proposes a framework of a Multi-Constrained Nonlinear
Programming Problem (MCNLPP) for optimum sample allocation in multivariate
stratified sampling with simultaneous nonlinear time constraint and cost constraint.
The proposed model uses the Karush—Kuhn—Tucker conditions and the Lagrange
multiplier technique to minimize the weighted sum of variances with operational
resource constraints. Logarithmic, piecewise, and quadratic time functions are
included as well as the nonlinear cost functions, and the resulting models are used to
implement optimum stratum allocations under different operational scenarios using
LINGO. The proposed framework, compared with representative deterministic
allocation methods under the same resource conditions, demonstrates a balanced
approach to survey precision, cost of operations, and time to collect the data. Finally,
sensitivity analyses show that allocations are robust to changes in resource constraints.
Overall, the framework generalizes the current compromise allocation methods by
explicitly including nonlinear operational time and cost in a single deterministic
optimization model.

Keywords: multivariate stratified sampling, optimum allocation, nonlinear constraints,
Survey optimization, Lagrange multipliers, (SDG 12 responsible consumption and
production).

I. Introduction

Due to its high efficiency and representativeness, stratified sampling design is
one of the most popular sampling techniques. The literature on sampling, beginning
with (Tschuprow) and (Neyman, 1934), has long addressed the problem of finding an
ideal distribution of sample sizes among various strata, producing a minimum variance
of an estimator at some given cost of a survey, or producing a minimum cost at a given
level of precision.
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In multivariate studies, when an allocation that is optimal in one variable may not
always be optimal in the optimality conditions of other variables, a single optimal
allocation is typically a challenging task. Yates established the idea of compromise
allocation, which maximizes a combined objective function that represents several
variables to achieve a balanced allocation. As noted by (Aoyama), (Folks), (Kokan),
(Chatterjee, 1968), (Ahsan, 1977), (Ahsan and Khan), (Melaku), (Jahan) and (Ansari)
among others, other researchers extended or modified this criterion to create more
successful compromise allocation techniques.

Despite these developments, researchers are still working on ways of improving the
technique of optimal sample allocation in multivariate stratified sampling. Indicatively,
(Haq et al.) designed a model that directly incorporates non-response as a part of the
optimisation model by using response-rate parameters, where Flexible Fuzzy Goal
Programming (FFGP) and Binary Goal Programming methods were used. The
allocation problem developed by (Ali H. Ahmadini et al.) is a nonlinear programming
model that was converted into a multi-objective problem to obtain a practical
allocation, including the nonlinear cost function that models labour costs, as gamma
distribution. In the same vein, (Jackson et al.) used stratified sampling, a linear cost
function, and an advanced optimisation method to generate a robust framework of
small-area mean estimation and applied the Lagrange multiplier method to calculate
the optimal sample sizes and reduce the cost of the survey to the target precision. The
two-stage multivariate sampling by (Ahmad, Ansari, et al.) suggested a trade-off of
allocation based on dynamic programming to ensure that the weighted sum of variances
is minimised under a quadratic travel cost constraint.

In a similar study, (Ahmad, Rabbani, et al.) also included quadratic travel costs in the
multivariate stratified sampling model and demonstrated that the suggested research
methods are better than the classical ones. A conceptual framework of the multivariate
stratified sampling within a stochastic environment was introduced by (Alshqaq et al.)
by considering the framework as a nonlinear stochastic multi-objective optimisation
problem. Equally, (Mahfouz et al.) introduced a stochastic multi-objective model in
which cost and variance parameters are randomly distributed and hence resulted in
more effective and accurate sample assignments compared with the deterministic
approaches. The optimal sample size and variance of multivariate stratified sampling
with nonlinear time functions were also established by (AHMAD et al.) as the Lagrange
multiplier technique. More recently, (Singh et al.) used the Lagrange multiplier method
to optimize population mean estimation with generalised exponential estimators and
compared their findings with classical models with a linear cost structure.

Table 1: Research review summary.
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Table 1 demonstrates that the recent research work has been mainly on individual issues
of the allocation problem, which has led to the development of an integrated
optimization framework that is capable of simultaneously addressing nonlinear
operational constraints.

While significant work has been done in the field of multivariate stratified allocation
using nonlinear, stochastic, and fuzzy optimization models, the work has typically
concentrated on individual operational aspects without considering the overall
problem. The prevailing studies generally examine either nonlinear cost, nonlinear
time, or stochastic uncertainty, or fuzzy decision environments individually. In this
context, however, little attention has been paid to a single deterministic optimization
framework, which also integrates the nonlinear operational time and nonlinear cost in
the classical compromise allocation paradigm without losing the analytical tractability
of the Karush—Kuhn—Tucker optimality conditions.

The present study proposes a Multi-Constrained Nonlinear Programming Problem
(MCNLPP) to solve this problem by optimum sample allocation in multivariate
stratified sampling. The proposed framework is also nonlinear in both the operational
time as well as the nonlinear cost constraints, and the minimisation of the weighted sum
of variances is carried out using the Karush-Kuhn-Tucker optimisation framework.
These operational constraints are incorporated into a deterministic compromise
allocation model so that the proposed approach can be used to balance the different
aspects of survey precision, cost, and time under the same resource conditions. The
framework is further evaluated alongside representative deterministic allocation
methods to show its practical performance under similar optimization settings.

II. Problem formulation

Let a multivariate stratified population have L number of strata and p characteristics
on each population unit. Let N;, denote the sizes of the ht"* stratum and n;, units to be
drawn without replacement.

then;
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N, : population size in h®stratum

ny, : sample size to be determined in h™stratum

S2 : population variance of variable i®’characteristics in h'stratum
Wy, ¢ stratum weight

a; : variance weight of it characteristics

var (?i): variance of the estimate

Objective function:

Our objective is to minimize the total weighted variance of the i** characteristics

z =min(X}_, ai var (¥;)) = min (X}_, ai (Zﬁﬂwﬁs‘?h/nh)) (1)

2¢c2 2¢c2
Ideally, var (V;) = Zézlwhsih/nh —yk_ WhSih N, forlarge Ny, the second

term will be negligible, or it could be ignored as it is independent of n,.

p
— . 2¢C2
Let kh = Zal thih >0
i=1
=k
Now,z = —h
n
h=1 "

The optimization criterion employed is the weighted sum of variances, which aligns
with the traditional compromise allocation framework. While this formulation does
not overtly include inter-characteristic covariance components, its prevalence can
be attributed to its analytical manageability and practical applicability. The
integration of the complete variance-covariance framework in the context of
nonlinear time and cost constraints would significantly escalate computational
complexity and would transcend the boundaries of the current investigation. This
constraint is duly recognized and presents a prospective avenue for subsequent
scholarly inquiry. In practice, survey variables are often weakly correlated or
analysed separately, making the adopted criterion suitable for many applied settings.
Subject to Constraints:

> Nonlinear Time: T (n) = Yk_; tn(mp) < Tonax
ty,: sampling time per unit in stratum h
T: total available time.

> Cost: C(n) =Yk_ cpny, < Crrax
. monetary cost per unit sample in stratum h.
C: Total available cost budget

» 2<ny<N,, forallh,areadded totake care of oversampling and to
provide an estimate of strata variances S,
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Lagrangian function:

To jointly handle these constraints, the Lagrange multiplier technique provides an
elegant analytical framework for deriving optimum stratum allocations under complex
nonlinear dependencies.

Introducing the Lagrangian multipliers.

» A= 0 for time.
» y = 0 for cost. This is the dual feasibility condition of the KKT.

K
L(np, Ay) = ﬁ:ln—: + A (Zhe1th(p) = T) +y (Bk=1 cann — €)
Karush-Kuhn-tucker conditions
Under appropriate regularity assumptions, the optimum allocation satisfies the
following conditions:

e  Stationarity condition
For each stratum h: LR
th
e Primal feasibility

The optimum allocation must satisfy:
L

Z th(np) <T

h=1

L
Z cpnp < C

h=1
and 2<n, <Ny

e Dual feasibility

The Lagrange multipliers satisfy: 4 = 0,y = 0.
e Complementary slackness

The complementary slackness conditions are:

L
A talm) =T) =0
h=1

L
y(Z Cpp — C) =0
h=1
Under the differentiability of the objective and constraint functions together with
the satisfaction of a suitable constraint qualification (e.g., the Linear Independence
Constraint Qualification), the KKT conditions constitute necessary conditions for
optimality. These conditions are used to derive the optimum stratum allocations
presented below.

Let’s start with the stationary condition. Take the partial derivative of L w.r.t n;, and
set to zero.

and
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L

B S35 1) oS ameeio
= — ny) — cpnp — Cl =
énp  Sny =My her Y pey T 1

8L —kpy 1 . . ..

— = —+ Aty(ny) +ycp =0 Stationarity condition.

énp ny

ky, 1
— = Atp(ng) +yey
Ny
Solving for n; gives:
kn
Aty (nn) + yep
By taking the square roots of both sides, we have:
1
— kn 2
Mt = (Mi(nh)ﬂwh) @
Equation (2) provides a general analytical expression for the optimum stratum sample
sizes under arbitrary differentiable time functions. Specific nonlinear time functions
can therefore be incorporated through their first derivatives.

ng =

Determination of the Optimal Lagrange Multipliers

The optimum stratum sample sizes are implicit functions of the Lagrange multipliers A
and vy as given in equation (2). As these multipliers are not known a priori, they must
be solved simultaneously with the optimum allocations by enforcing the active resource
constraints. If both the cost and time constraints are binding at the optimum, the
complementary slackness conditions reduce to;

Yh=1tn(np) < T and Xfi_; cpnp < C.

Substituting the allocation expression in (2) into the above constraints yields the
coupled nonlinear system.

Fi(Ay) = Yheath(npy(Ly)) =T =0 3)
F,(4y) = Ifz=1 cpnp(4,y) —C =0 4
Now,

n , )/ = \—
" Atk () + yen

The above equations constitute a coupled nonlinear system determining the optimum
Lagrange multipliers. The sample allocations enter implicitly through the nonlinear
time functions, and thus closed-form solutions are generally not available. The
multipliers and the corresponding optimum allocations are thus obtained
simultaneously by a nonlinear programming solver.

Existence and Uniqueness of the Lagrange Multiplier solution

A feasible solution exists if the cost and time budgets set for the prescribed survey are
feasible, as well as the sampling bounds 2 < nj, < Nj,. If the feasible region is not
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empty, the objective and constraint functions are continuously differentiable and the
standard Karush—Kuhn-Tucker regularity conditions are satisfied, then the coupled
nonlinear system provides the basis for obtaining the Lagrange multipliers numerically.
There are typically no closed-form solutions, though, because the sample allocations
are implicit in the nonlinear time functions. The numerical optimization software is
used to calculate the value of the multipliers and the optimum sample size for each
stratum.

Incorporation of the time functions into the framework.

The following nonlinear time functions and their derivatives are considered.

> Logarithmic time: t, (n,) = pplog(1 + gpny)

Phdh
Then 1 ="
e th(np) = 75 P

Phdn
1+qupnp

Substituting t},(ny) = in equation (2) above, we have;

nn = () (5)
PG 4y,

1+qpnp
> Piecewise time: t, (n,) = apny + byvny,
1 - _bn_
Then th(nh) =ap + 2\/Tlh 5

o b . .
Substituting t}(ng) = ap, + ﬁ in equation (2) above, we have;
h

2
kn
n,=|——r (6)
h <7\(ah+232h )+ych>

The linear time function presupposes a constant duration allocated per observation,
thereby suggesting a uniform resource allocation. The quadratic time function
encompasses escalating marginal time, such as interviewer fatigue. The logarithmic
time function illustrates instances where the duration designated for each observation
increases at a declining pace due to the impact of learning and enhancements in
efficiency as the fieldwork advances. Finally, the piecewise time function incorporates
a stepwise change in the time rate, such as a zone-wise workload variation.

Extension to Quadratic cost and quadratic time.
Objective function:

Our objective is to minimize the sum of weighted variance of the i*" characteristics.

. p . S . , WZS2
z= mln( L, ai var (Yi)) =min (X_, ai (Xfhoy " ‘h/nh))
14
Let ky = Zai w2S3 >0
i=1
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L
kp

n
h=1 h

Now, z =

Using the same objective function, together with the cost and time constraints
introduced above, the quadratic cost model is formulated as follows.

k
L(ny, A,y) = ﬁ=1n—: + MZho1tn(p) = T) +y Chzrcn(p) —C) =0
5L —k,

_ 1 1 _
o, E + Ap(np) +yep(ny) =0
kn
Pl Aty (ng) + vep (ng)
h
Rearranging the stationarity condition yields:
2 kn
Np = =77 1
Aty (np) + v Ci(ng)
Solving for n,, gives:
1
— kn 2
= (At}l(nh)wcﬁ(nh)) ™

Equation (7) provides the general analytical framework.

Hence, we examine some specific nonlinear time and cost functions commonly
encountered in survey operations.

> Quadratic time: t,(ny,) = apn, + bynp
Then t}l(nh) =ap + thnh

> Quadratic cost: ¢, (ny,) = apny, + fpni
Then C%'(nh) =ap + Zﬂhnh

Substituting t}(ny) and ¢} (n,) in equation 5 above, we have;
1
Kn 2
Mh = (}\(ah+2bhnh)+y(ah+2Bhnh)) ®)
The suggested optimization framework has been implemented in LINGO by
formulating the entire nonlinear programming model including the objective function
and all operational constraints. The software simultaneously determines optimum
sample allocations and corresponding Lagrange multipliers for each of the nonlinear
time specifications.
Numerical Solution Procedure.
Although the optimum allocation is derived analytically using the Lagrange multiplier
technique, its implementation in real survey settings is straightforward. In practice,
stratum-level quantities such as Nj,, S3,, unit cost c, and unit time t;, are estimated
from pilot surveys or historical data. The appropriate nonlinear time or cost function is
then selected based on field conditions, such as learning effects, interviewer fatigue, or
zone-wise operational constraints. The resulting multi-constrained nonlinear
programming problem is solved using standard optimization software such as LINGO,
GAMS, or MATLAB. The computed stratum sample sizes n, are rounded to the
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nearest integers and adjusted, if necessary, to satisfy feasibility constraints. Finally,
sensitivity analysis with respect to budget and time limits can be performed to assess
the robustness of the allocation before field implementation.

The entire optimization model was directly programmed in LINGO. The objective
function, nonlinear cost and time constraints, and sampling bounds were written as
shown. LINGO simultaneously optimizes the allocation of samples and the Lagrange
multipliers for the resulting allocation. At the solution, the Lagrange multipliers satisfy
the Karush-Kuhn-Tucker conditions of optimality. All allocations were evaluated for
feasibility with a complete listing of operational constraints prior to reporting.

| )

II. Numerical illustrations:

(Raghav et al.) discussed the following example having a population (N = 2050)
splits into 5 strata with 3 characteristics. The proposed nonlinear programming model
was implemented and solved using LINGO developed by LINDO Systems Inc. 1t is
assumed that the total available survey cost budget (C,,4,) = 9500 units, Total Time
budget (Tnay) = 4500 units, and a target variance (Vy) = 0.5. The values
Ny, St S21, S2,, th, cn and wy, are shown in tablel. While Tables 2 to 5 present the
results from the findings.

Table 2: The Data

To assess the relative performance of the proposed nonlinear allocation framework, the
results are compared with classical multivariate allocation models that assume linear
cost structures and do not explicitly account for sampling time. Such classical
approaches include Proportional, Neyman (optimum), and Cochran allocations, which
remain standard benchmarks in the literature.

Table 3: Results when C,,,, =9500, T, = 4500 and V; = 0.5
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In contrast to Ahmad et al. (2023), where the nonlinear formulation considers only
nonlinear sampling time, the proposed framework allows for simultaneous nonlinear
time and nonlinear cost while preserving the classical weighted-variance objective.
Although Neyman and Cochran allocations yield lower weighted variances in Table 2,
this happens at the expense of high survey cost and time beyond the allocated budget,
which is not feasible within the operational limits of the study. The proposed models
achieve a competitive variance while simultaneously satisfying cost, time, and target
variance constraints, thereby offering a more practical allocation for real survey
operations. Sensitivity analysis illustrates how the proposed model with different time
functions gives distinct allocations.

Table 4: KKT verification.

e KKT verification mathematically.

5
min f(n) = Zfl—h
h=1

Subject to:
g1(n) = Ttime — 4500 <0
g>(n) = Tcost —9500 < 0
The KKT conditions require:
» Primal feasibility:
g1(n) =4371-4500<0
g>(m) =9500 —-9500 <0
g1(n) = =129 and g,(n) = 0, Satisfied.
» Dual feasibility: A4=0and1, =20
Satisfied because 1; = 0.00002068 > 0 and 1, = 0.
» Complementary slackness: 1;g;(n) =0

For cost: 0.00002068 * 0 = 0 satisfied.
For time: 0 * 4492.123 =0 satisfied.

The zero slack for the time constraint indicates that the available survey time is fully
used at the optimum, and the positive slack for the cost constraint indicates that the
optimal solution is still within the budget. The dual prices are KKT-optimal.
Sensitivity analysis.

Table 5: Results when C,,,, =10000 and T,,,, = 5000
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Table 6: Results when C,,,, = 10500 and T,,,, = 5500.

IV. Discussion

The data used in this study are summarized in Table 2, and the overall optimum
allocation results for the proportional, Neyman, and Cochran allocation frameworks as
well as the proposed logarithmic, piecewise, and quadratic cost/time allocations are
reported in Table 3. The same fiscal and temporal parameters (Cp,qx = 9500, Trax =
4500 and V, = 0.5) respectively are used to evaluate all the allocations. While the
Neyman and Cochran allocations result in smaller weighted variances in Table 3, the
cost and time of the surveys are in excess of the allocated budget, so they are not
feasible in the operational constraints of the study. The models proposed here would
result in competitive variance and fulfil the cost, time, and target-variance constraints
and would provide a more practical allocation for actual survey operations. The
sensitivity analysis also demonstrates the different allocation patterns that can be
obtained by the proposed model for different time-function specifications.

The KKT verification is included in Table 4, and the sensitivity analysis is included in
Tables 5, 6, and 7. Table 5 is the one that is obtained when the cost and time budgets
are relaxed to Cpqy = 10000, Tppgy = 5000 and V, = 0.5 was used throughout the
sensitivity analysis. Given these loose constraints, the time functions with the largest
allocations are the logarithmic time function; the piecewise time function and the
quadratic time/cost function have the smallest allocation. All of the weighted variances
in Table 4 are less than those in Table 3, which indicates the increased precision
possible when using the extra resources available.

The results are reported in Table 6 when the budgets are further raised to Cp, 4, = 10500,
Tinax = 5500. The nearly equal weighted variances and total sample allocations, total
time, and total costs of the piecewise and logarithmic time functions at this level
demonstrate that the piecewise function is approximately as effective as the logarithmic
function. Total cost for both functions is just over the budget, suggesting a slight
overspend on the resource constraint. The quadratic time/cost function, on the other
hand, results in a smaller total sample size, total time, and total cost, but has a higher
weighted variance.

As the budget grows to Cp,q, = 11000, Ty q = 6000, allocations get higher as well (see
Table 7), so budget expansion is also a positive factor for the precision attainable. The
logarithmic time function again yields a larger overall sample size than the piecewise
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function, but the weighted variances of the two are very close while the logarithmic
function uses more resources. As noted in the previous tables, the quadratic time/cost
function gives a slightly higher weighted variance, which translates to a smaller sample
size and lower overall use of resources.

The combined results show that the choice of the trade-off between cost, time, and
precision is an intrinsic characteristic of the allocation problem. The various time-
function specifications lead to different allocations of resources and allocation patterns,
which consequently influence the efficiency and precision of the survey; especially the
precision of the estimated parameters and the allocation of resources by strata.

V. Conclusion

This paper presents a mathematical model of optimum sample allocation in a
multivariate stratified sampling problem that is prepared with simultaneous
consideration of time and cost constraints through the Lagrange multiplier technique.
The allocation problem is stated as a multi-constrained nonlinear programming
problem (MCNLPP) to provide a unified optimization framework to reconcile survey
precision and constraints on operational resources. The allocation patterns obtained
from the three time/cost functions — logarithmic, piecewise, and quadratic — are
compared and show differences in allocation patterns, and they represent the inherent
trade-offs between precision and survey cost and between the time spent in sampling
versus the number of samples allocated. This proposed framework is unlike many of
the papers that have been published, which assume that survey time is proportional to
the cost or assume a secondary consequence of the cost constraint by making the
distinction of survey time as an independent operational constraint. This finding is
another testament to the validity of the joint modelling of time and cost, to the detriment
of its derivative, which cannot be replicated using existing deterministic methods.

The paper has a drawback in that the nonlinear time functions were not determined
from historical survey or pilot-study data, so no consideration was given to parameter
uncertainty or possible alternative time functions. The solutions to these problems are
helpful in the practical implementation of the proposed framework and will be a future
research direction.

This study is an addition to the literature, including consideration of non-linear time
constraints in addition to non-linear cost structures, in a multi-constrained compromise
allocation. When the time effect is not accounted for in a nonlinear fashion and/or
resource requirements are not accurately estimated, budget is not effectively utilized,
and precision is low. This framework therefore emphasizes the need to consider time
and cost together when designing surveys using sampling methods, and offers a solid
basis for developing more comprehensive optimum allocation models that include
more realistic operational restrictions.
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