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Abstract 

Today's smart engineering systems are often faced with situations that are 

structurally uncertain, informationally incomplete, and non-probabilistically 

ambiguous, especially for electrical systems. ARDL models are limited in 

applications in complex computational environments where the uncertainty is due to 

vagueness, not randomness, and assume the exact parametric representation of the 

models and the structure of the stochastic uncertainty. This study proposes a new 

soft-computing paradigm using Fuzzy Autoregressive Distributed Lag (FARDL) 

models and compares the performance of the Linear Programming (LP) and 

Quadratic Programming (QP) estimation algorithms using large-scale parallel 

Monte Carlo simulations to overcome these drawbacks as well as fuzzy differential 

equations, especialy for electrical circuits and machines. In contrast to the previous 

works that mainly adopted the symmetric triangular fuzzy coefficients without any 

theoretical considerations, the proposed framework provides a mathematical 

foundation for fuzzy membership selection and examines the robustness of the 

estimators under symmetric triangular, asymmetric triangular, and trapezoidal fuzzy 

topologies.  To evaluate the performance of the system, a Monte Carlo simulation 

framework is implemented under six sample sizes (T = 10, 15, 20, 30, 50, 100) and 

under different levels of structural complexity. The simulation results show that the 

QP method is always superior to the LP paradigm in terms of the estimation error of 
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the center trajectory and the spread of uncertainty of the parameters in terms of 

Fuzzy Degree (FD). This is especially true in small sample situations, where the 

operational advantage is more pronounced, making it particularly useful for systemic 

modeling in data-sparse situations. Moreover, the proposed framework-based fuzzy 

differential equation offers a mathematically efficient tool to model mysterious 

engineering systems like network-based smart grids, control models, communication 

systems, and cyber-based frameworks. The combination of fuzzy dynamic approaches 

allows a reliable scheme and uncertainty quantification-based system for complex 

engineering environmental conditions, whereas deterministic schemes are becoming 

inadequate. 

Keywords: Computational Intelligence, Fuzzy ARDL, Linear Programming, 

Quadratic Programming, Monte Carlo Simulation, Optimization Geometry, 

Uncertainty Modeling, Electrical Circuits Uncertainty , Electrical Machines 

Uncertainty, Fuzzy Differential Equations (FDEs). 

I.    Introduction 

The rapid advance of intelligent computational systems has created a growing 

demand for the development of strong modeling frameworks that can manage 

uncertainty, ambiguity, and incomplete information using optimization and 

mathematical tools, including fuzzy differential equations. Several modern 

engineering infrastructures, such as cyber-physical systems, intelligent sensor 

networks, adaptive control architectures, and data-driven decision-support platforms, 

regularly use information that cannot be well captured using only the traditional 

probabilistic methods. Stochastic uncertainty is due to randomness, but for many 

engineering applications, epistemic uncertainty is due to vagueness, linguistic 

uncertainty, measurement uncertainty, and uncertainty stemming from incomplete 

knowledge of the system. To represent non-probabilistic information structures [I-X] 

mathematically, this uncertainty must be addressed. 

The ARDL model has gained popularity as a flexible model to examine dynamic 

relationships, particularly dealing with variables of various integration orders and 

modeling both short-term and long-term relationships at the same time. However, the 

traditional ARDL models assume the parameters are deterministic, and the 

disturbance terms are stochastic. When the system parameters are uncertain due to a 

lack of information or fuzzy relations, these assumptions can also be limiting. The 

theory of fuzzy logic was created by Zadeh and is a robust mathematical framework 

for encoding such uncertainty in the form of membership functions and fuzzy sets. 

Fuzzy Autoregressive Distributed Lag (FARDL) combines fuzzy parameters into a 

dynamic time-series system, thus allowing uncertainty to be incorporated into the 

model's structure. Thus, fuzzy coefficients can reflect both the magnitude of the 

parameters and uncertainty dispersion, which is more comprehensive than in the case 

of a single parameter. Therefore, fuzzy coefficients in normal and differential 

equations can reflect the magnitude of the parameters and uncertainty dispersion, 

more comprehensive than a single parameter [XI-XV]. 

Although fuzzy dynamic modelling has experienced a growing interest, a 

considerable methodological gap still exists in the subject of FARDL parameters 

estimation. Most of the existing studies use either Linear Programming (LP) or 
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Quadratic Programming (QP) optimization procedures without giving a 

formal/rigorous theoretical background to the relative performance of these 

procedures. Furthermore, most studies use fuzzy coefficients represented in a 

symmetric triangular shape as an initial approach and do not study the effects of 

different membership functions, such as asymmetric triangular or trapezoidal fuzzy 

numbers. This restriction brings up significant methodological issues. The selected 

membership function significantly affects the optimizable space, containment 

requirements, and uncertainty propagation modes. Thus, the conclusions of 

superiority of estimators can be very much affected by the choice of fuzzy 

representation adopted instead of being based on the intrinsic properties of the 

employed estimation algorithm, including fuzzy differential equations  [XV-XX]. 

Differential equations are an indispensable tool in the study of dynamic systems in 

modern engineering, computational physics, and macroeconomics. But, conventional 

systems demand the precise definition of the parameters, which may not be 

achievable because of structural uncertainty, the ambiguity of observations, and 

measurement limits. In order to overcome these difficulties, the Fuzzy Differential 

Equations (FDEs) have become an important mathematical development that 

combines fuzzy set logic into the dynamic calculus structures [XX-XXVIII]. 

Differential equations establish the mathematical initiation of several engineering 

disciplines, consisting of electrical engineering, control frameworks, thermal analysis 

systems, approaches-based fluid dynamics, models-based signal processing, and 

structural mechanics [XXIX]. Nevertheless, empirical engineering frameworks often 

reveal uncertain parameters because of inaccuracies in sensors, environmental 

variation, and deficient information. Thus, Fuzzy Differential Equations (FDEs) 

expand conventional differential approaches through embedding uncertainty in 

system dynamics, by that way allowing further realistic characterization of 

engineering applications. Recently, the systems of FDEs have been extended to 

systems-based smart energy, vehicle-based autonomous, network-based wireless 

communication schemes, and manufacturing-based intelligent processes, whereas 

strength uncertainty addressing is crucial for reliable approaches [XXX-XXXII]. 

This is overcome in the present research by developing a large-scale Monte Carlo 

experiment, coupled with theoretical optimization analysis and a computational 

framework. The key contribution of this study is the development of the interpretation 

of the superior stability properties of QP estimators from the optimization-geometry 

perspective, the incorporation of membership-function sensitivity analysis using 

asymmetric triangular and trapezoidal fuzzy structure, advanced statistical inference 

with Monte Carlo standard errors, confidence intervals and non-parametric 

significance testing, definition of a parallel simulation environment, with 1000 

independent replications being performed for different sample size levels, and placing 

FARDL estimation into a computational-intelligence and engineering-systems 

context. 

II.    Theoretical Optimization Architecture 

II.i Fuzzy Dynamic System Representation 

Consider a FARDL(p,q) dynamic system represented as [XXII]: 
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𝑦(𝑡) =  ∑ 𝛼𝑖 ∗  𝑦(𝑡 − 𝑖) + ∑ 𝛽𝑗 ∗  𝑥(𝑡 − 𝑗) +  𝜀(𝑡) 

where 𝛼𝑖  and 𝛽𝑗  are fuzzy coefficients represented by membership functions 

describing uncertainty distributions around central parameter values. Each fuzzy 

coefficient is expressed as: 

𝐴 =  (𝑎𝑐 , 𝑎𝑠) 

where ac denotes the center value and as represents the uncertainty spread. The 

corresponding triangular membership function is defined by: 

𝜇𝐴(𝑥) = max (0, 1 −
|𝑥 −  𝑎𝑐|

𝑎𝑠 ) 

This representation provides computational efficiency while preserving the essential 

characteristics of fuzzy uncertainty propagation. 

II.ii Optimization Geometry of LP Estimation 

Linear Programming estimation seeks to minimize total parameter uncertainty 

through the objective function [XXII]: 

min ∑ 𝑎𝑠 

subject to containment constraints ensuring that observed outputs remain within fuzzy 

prediction intervals. Geometrically, the LP solution space forms a convex polytope 

consisting of intersecting hyperplanes. Optimal solutions frequently occur at vertices 

of the feasible region. While computationally efficient, vertex-based solutions are 

highly sensitive to small perturbations in data, producing abrupt changes in estimated 

spreads. Consequently, LP estimators often exhibit high variance under noisy 

conditions and limited sample sizes. 

II.iii   Optimization Geometry of QP Estimation 

Quadratic Programming estimation modifies the objective function by incorporating a 

quadratic penalty term: 

min ∑(𝑦 −  ŷ)2 +  𝛾 ∗  ∑(𝑎𝑠)2 

where γ is the regularization coefficient. The quadratic term makes the optimization 

problem a strictly convex hypersurface. In contrast to LP estimation, optimal 

solutions are not only possible on extreme boundary vertices. Quadratic penalty, on 

the other hand, will favor trajectories with smoother parameter paths and less 

sensitivity to local perturbations. This behavior is mathematically similar to Tikhonov 

regularization, with parameter variance controlled by allowing for a controlled 

shrinkage. Therefore, under the bounded perturbation condition, it is theoretically 

shown that Var(θ_QP) < Var(θ_LP) under the bounded perturbation condition, which 

also matches the empirical results seen in simulation experiments. 

The second step is called Membership Function Engineering and Robustness 

Analysis. The second step is called the Membership Function Engineering and 
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Robustness Analysis. In this case, we must justify why these are symmetric triangular 

membership functions. In this case, we need to explain why these are symmetric 

triangular membership functions. 

II. iv Engineering Applications of Fuzzy Differential Equations 

For describing the electrical RC circuit with fuzzy resistance, the following 

formulation is defined: 

𝐶
𝑑𝑉(𝑡)

𝑑𝑡
+  

1

𝑅̃
 𝑉(𝑡) = 𝐼(𝑡) 

Such that, 𝑅̃ represents the parameter of fuzzy resistance. 

Such a differential model of fuzzy defines uncertain electrical circuits, whereas 

resistance changes due to changes in temperature or manufacturing-based tolerances. 

Fuzzy parameters enhance the circuit analysis reliability over uncertain operating 

environments [XIII-XV]. 

In a thermal engineering system, the processes of heat dissipation in thermal 

engineering applications model is represented as follows: 

𝑑𝑇(𝑡)

𝑑𝑡
=  −𝑘̃ (𝑇 − 𝑇𝛼) 

Such that 𝑘̃  denotes a coefficient of heat transfer. The Fuzzy coefficients are 

capturing the uncertainty of material properties and environmental influences. 

The following differential equation describes the mechanical vibrating system [XIII-

XV, XXXIII]: 

𝑚
𝑑2𝑥(𝑡)

𝑑𝑡2
+  𝑐̃  

𝑑𝑦

𝑑𝑥
+ 𝑘𝑥(𝑡) = 𝐹(𝑡) 

Such a formulation is used to model mechanical vibrations along uncertain damping 

impacts. Fuzzy damping enhances the dynamic analysis of the flexible frameworks 

rather than machines. 

In fluid flow dynamics, the following differential equation is modeled: 

𝑑ℎ(𝑡)

𝑑𝑡
=  𝑞̃𝑖𝑛 − 𝑞̃𝑜𝑢𝑡 

Such a formulation demonstrates process engineering-based tank-level dynamics. The 

rates of the fuzzy inflow and fuzzy outflow describe uncertain evaluations and 

process variability. 

III.     Membership Function Engineering and Robustness Analysis 

III.i Justification of Symmetrical Triangular Membership Functions 

One of the main issues mentioned in the review process is that only 

symmetric triangular fuzzy coefficients have been used. Triangular membership 

functions have often been used in fuzzy optimization literature out of convenience, 

but should be used for a theoretical reason, not because it is assumed they represent 

the modeling of the problem, including fuzzy differential equations. Triangular 
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membership functions are a useful way of approximating uncertain linguistic 

variables, as they only need three parameters, the center value and two boundary 

points. In addition, they have closed-form arithmetic operations that greatly facilitate 

their optimization while minimizing the complexity of their computation. 

Computational efficiency is especially critical for dynamic estimation problems 

where multiple Monte Carlo replications are performed and can be adopted in many 

engineering systems   [XV-XXXIII]. 

Triangular fuzzy numbers are also balanced in terms of entropy. Triangular functions 

retain the uncertainty information but do not over-parameterize as do Gaussian or 

bell-shaped functions. They can thus be used as an appropriate baseline to investigate 

optimization behavior in FARDL systems. However, uncertainty is not always even. 

Economic indicators, sensor readings, and intelligent-control signals are frequently 

non-symmetric uncertain signals. Thus, conclusions about the performance of the 

estimators based on symmetric memberships may be restricted to the generalizability. 

III.ii Asymmetric Triangular Function 

The following section will examine another shape for the membership functions: the 

asymmetric triangular function. Asymmetric triangular fuzzy coefficients were used 

to explore the robustness of the estimator in the presence of non-ideal uncertainty 

structures. Let: 

𝐴 =  (𝑎𝑐 , 𝑎𝐿 , 𝑎𝑅) 

where aL and aR represent independent left and right spreads. The membership 

function becomes: 

𝜇𝐴(𝑥) =  1 −
(𝑎𝑐 −  𝑥)

𝑎𝐿
, 𝑓𝑜𝑟 𝑥 ≤  𝑎𝑐 

𝜇𝐴(𝑥) =  1 −
(𝑥 − 𝑎𝑐)

𝑎𝑅 ,  for x > ac 

This representation allows unequal uncertainty propagation across the parameter 

space and better reflects practical engineering environments characterized by skewed 

uncertainty distributions. An asymmetry coefficient is defined as: 

𝛿 =
𝑎𝑅

𝑎𝐿
 

where δ = 1 indicates symmetry, δ > 1 indicates right-skewed uncertainty, and δ < 1 

indicates left-skewed uncertainty. Three levels of asymmetry were investigated: 

Symmetric (δ = 1.0), Moderate asymmetry (δ = 1.5), and Severe asymmetry (δ = 2.5). 

III.iii Trapezoidal Membership Structures 

In addition to asymmetric triangular forms, trapezoidal fuzzy numbers were 

evaluated. A trapezoidal fuzzy coefficient is defined as: 

𝐴 =  (𝑎1, 𝑎2, 𝑎3, 𝑎4) 

where a2, a3 are regions of complete membership.  
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The trapezoidal functions offer added flexibility with uncertainty plateaus. These 

structures often occur in engineering systems with parameter estimates that do not 

vary significantly in limited operating regions. Trapezoidal topologies enable the 

evaluation of the robustness of the estimator in more general uncertainty 

representations. The structure of a parallel Monte Carlo simulation is presented. The 

structure of the parallel Monte Carlo simulation is introduced. 

III.iv Engineering Uncertainty Modeling Using Fuzzy Membership Functions 

The fuzzy control system is defined by: 

𝑑𝑥(𝑡)

𝑑𝑡
=  𝐴̃𝑥(𝑡) + 𝐵̃𝑢(𝑡) 

Such a model describes the control systems -based state-space and the matrices of the 

uncertain system. It is widely utilized in system-based robotics and autonomous 

applications [XIII-XV, XXXIII]. 

The wireless communication signal propagation system can be modeled as: 

𝑑𝑆(𝑡)

𝑑𝑡
=  −𝛼̃𝑆(𝑡) 

Such an equation is used to model signal attenuation for wireless communication 

signal propagation and uncertain environmental conditions. The coefficients of the 

fuzzy attenuation are used to account for both the interference rather than fading. 

In smart grid load dynamics, the FDE is modeled as: 

𝑑𝑃(𝑡)

𝑑𝑡
=  𝛽̃(𝐷(𝑡) − 𝑃(𝑡)) 

Such an equation is used to model dynamic power needs in smart grids. The 

parameters of fuzzy are used to be accommodated unpredictable behavior of the user 

and the fluctuations of renewable energy. 

IV.    Parallel Monte Carlo Simulation Framework 

IV.i Computational Architecture 

A parallelized Monte Carlo environment was created to assess statistical performance 

of LP and QP estimators for each of multiple uncertainty scenarios. The simulation 

engine can be divided into 4 computational layers: (1) Dynamic signal generation, (2) 

Fuzzy parameter construction, (3) Estimator optimization and (4) Statistical 

performance evaluation. All simulations were run separately on parallel computers to 

guarantee reproducibility and computational efficiency. 

IV.ii Data Generating Process 

In a standard dynamic system, the first-order FARDL(1,1) structure is the following: 

𝑦𝑡 =  𝛼1 ∗  𝑦𝑡−1 +  𝛽0 ∗ 𝑥𝑡 + 𝛽1 ∗  𝑥𝑡−1 +  𝜀𝑡 

The explanatory signal evolves according to: 

𝑥𝑡 =  0.7 ∗  𝑥𝑡−1 +  𝜈𝑡 
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where 𝜈𝑡~ 𝑁(0, 0.52) and 𝜀𝑡~ 𝑁(0, 1). The true parameter vector was selected to 

generate stable dynamic behavior while maintaining realistic uncertainty conditions. 

IV.iii Simulation Design 

The experimental design considered six sample sizes: T ∈ {10, 15, 20, 30, 50, 100}. 

1000 independent replications were done for each sample size. Two types of 

estimation (LP, QP) were applied, and three types of metrics (RMSE, FD, and 

statistical inference) were calculated. This generated a total of 6 × 1000 × 2 = 12,000 

optimization runs. This setup is done for all typical and FDE equations. 

 

IV.iv Performance Measures 

Root Mean Squared Error (RMSE): Indicates how accurate the estimates are: 

𝑅𝑀𝑆𝐸 =  √[(
1

𝑛
) ∗ ∑(𝜃𝑒𝑠𝑡 − 𝜃𝑡𝑟𝑢𝑒)2] 

The smaller values signify the higher accuracy. 

The Fuzzy Distance (FD) is used to measure the level of uncertainty spread by:  

𝐹𝐷 =  ∑ 𝑠𝑖, 

where si represents parameter spreads. Smaller FD values mean less propagation of 

uncertainty. 

Monte Carlo Standard Error (MCSE): Provides a measure of the simulation variation:  

𝑀𝐶𝑆𝐸 =  
𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛

√𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑒𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑠, 𝑅
 

Confidence intervals were calculated as 95% confidence intervals (CI95): Mean ± 1.96 

× MCSE. 

RMSE distributions may not meet the normality assumption, and therefore, the 

comparisons of the estimators were compared using the Wilcoxon signed rank test to 

determine whether the null hypothesis, H0 : LP = QP, could be rejected in favor of 

H1 : LP ≠ QP at α = 0.05. 

IV.v Fuzzy Differential Equation Specifications 

Suppose that we have a dynamic first-order fuzzy differential system with fuzzy 

boundaries for the system coefficients. The trajectory mapping can be incorporated in 

a linear one assessed within the crisp historical input boundaries, Zt: 

𝑑𝑋𝑡

𝑑𝑡 
=  𝛼0 +  𝜓 𝑡 + 𝛴{𝑗=1}

𝑝
𝛷𝑗𝑋{𝑡−𝑗} + 𝛴{𝑖=0}

𝑞
𝜃𝑖𝑌{𝑡−𝑖} =  𝐴 𝑍𝑡 

Zt is the crisp system vector comprised of constant elements, time trends, lagged state 

tracking fields, and exogenous driving inputs. The parameter vector to be evaluated is 
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denoted as A.Fuzzy Degree (FD) measures the absolute geometric uncertainty spread 

preserved within the system parameters: 

𝐹𝐷 =  𝐹(𝑀ℎ) =  √( (𝐶𝛼0
ℎ )

2
+  (𝐶𝜓

ℎ)
2

+  (𝐶𝛷𝑗
ℎ )

2
+  (𝐶𝜃𝑖

ℎ )
2

) 

IV.vi Engineering Dynamic Systems for Simulation Validation 

For fuzzy motor dynamics, the FDE is modeled as: 

𝐽
𝑑𝜔(𝑡)

𝑑𝑡
=  𝑇̃𝑚 −  𝑇̃𝐿 

Such an equation is used to be modeled an electric motor dynamics over torque-based 

uncertain load environments. It is significant in system-based intelligent motor 

control applications. 

In the battery charging system, the following FDE is modeled: 

𝑑𝑆𝑂𝐶(𝑡)

𝑑𝑡
=  𝜂̃𝐼(𝑡) 

Such an FDE is used to model battery state-of-charge advancements with uncertain 

efficiency factors for electric vehicles. 

To model structural health monitoring, the following DE is defined: 

𝑑𝑥(𝑡)

𝑑𝑡
=  𝐾̃𝑥(𝑡) 

Such a model is used to capture structural decay with uncertain material features. 

Fuzzy parameters enhance the damaged detection reliability. 

Finally, the following DE is modeled for applications-based network traffic 

engineering: 

𝑑𝑦

𝑑𝑥
=  𝜆̃ − 𝜇̃𝑁(𝑡) 

Such a formulation is used to model communication networks’ packet traffic across 

uncertain arrival rather than service rates. 

V.    Results and Discussion  

V.i  Performance Analysis of LP and QP Estimators 

The information in the tables listed below comes from the controlled 

computational experiments carried out in the framework of the Parallel Monte Carlo 

Simulation described in the manuscript based on typical and FDE equations. The 

tables do not rely on empirical data from the real world, but instead use 

mathematically synthesized results obtained from a specially designed simulation 

engine that allows one to assess and compare the statistical performance of the LP 

and QP estimators under various conditions of uncertainty. The baseline data-

generating process is based on a benchmark first-order Fuzzy Autoregressive 

Distributed Lag (FARDL(1,1)) dynamic system, with both the explanatory signals 
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and the error terms simulated from exact pre-established statistical distributions 

intended specifically for electrical systems. 

The simulator was designed to examine the following sample sizes: 10, 20, 30, 40, 

50, and 100, and the resulting data were grouped into the three tables listed above. 

The framework performed 1,000 independent Monte Carlo replications per unique 

sample size for the two optimization frameworks (LP and QP). These were a total of 

12,000 separate optimization runs in this great experimental design. For each 

independent repetition, the system calculated and monitored multiple performance 

metrics, studying the accuracy of parameter estimation, tracking variability and 

propagation of uncertainty in fuzzy state, in the process. 

The accuracy of parameter estimation and variation of simulations are of particular 

interest and are discussed separately in this paper, using the compiled average Root 

Mean Squared Error (RMSE) and the Monte Carlo Standard Error (MCSE) of the 

average RMSE (Table I). In this table, the average RMSE values measure the 

mathematical precision of the parameter identification and a smaller value means the 

better the accuracy. The simulated standard deviations associated with each MCSE 

value are computed as a function of the number of replications that were performed, 

and provide an indication of the variability of the simulations and of the fact that the 

accuracy seen is statistically stable across the 1,000 replications. 

The accuracy metrics of the first table are used as a foundation for the 95% 

confidence intervals for the obtained RMSE values for the different sample sizes 

simulated in Table II. These intervals are mathematically computed based on the 

respective Monte Carlo Standard errors and simulation means. Table II illustrates the 

formal statistical evidence of the stability of the estimators, and the known 

performance differences between the LP and QP approaches are not attributable to 

random simulation noise.  

In Table III, the focus of analysis is not on the deviation of a set of basic parameters 

but on the effectiveness of an estimation method in controlling and reducing the fuzzy 

uncertainty. This table shows the average fuzzy distance (FD) results from the 

different sample sizes. The FD metric works by adding together the amount of 

uncertainty spread obtained by the fuzzy parameters that are obtained in the 

optimization process, and the lower the value is, the tighter are the bounds of the 

parameters. These compiled FD values can be evaluated in the table to check the 

theoretical uncertainty-shrinkage and regularization effects of the underlying 

optimization geometry.  

The mean values of the RMSE and the Monte Carlo Standard Errors are shown in 

Table I. The results show significant superiority of the QP estimator for all sample 

sizes. The improvement is especially strong for small sample sizes where the 

uncertainty of estimation is greatest. The QP method is highly robust in data scarce 

situations, with the average RMSE reduction greater than 65% for the smallest 

sample size of n < 30 observations. The intervals have little overlap, indicating that 

the differences observed are not due to Monte Carlo variability. 

Table III shows the depiction of Fuzzy-Distance Analysis.In every instance, QP is 

able to cut fuzzy uncertainty by around 45-60%. This behaviour is thus consistent 
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with the theoretical regularization behaviour predicted by the optimization-geometry 

analysis. 

Table I: RMSE and MCSE Results across Sample Sizes. 
T LP RMSE LP MCSE QP RMSE QP MCSE 

10 0.945 0.0215 0.237 0.0062 

15 0.781 0.0184 0.216 0.0051 

20 0.672 0.0142 0.198 0.0044 

30 0.559 0.0119 0.311 0.0039 

50 0.435 0.0093 0.134 0.0021 

100 0.315 0.0057 0.098 0.0011 

 

Table II: 95% Confidence Intervals for RMSE. 

T LP CI95 QP CI95 

10 [0.903, 0.987] [0.225, 0.249] 

20 [0.644, 0.700] [0.189, 0.207] 

50 [0.417, 0.453] [0.130, 0.138] 

100 [0.304, 0.326] [0.096, 0.100] 

 

Table III: FD Results across Sample Sizes. 

T LP FD QP FD 

10 2.652 1.187 

15 2.506 1.173 

20 2.336 1.146 

30 2.187 1.075 

50 1.896 0.958 

100 1.598 0.801 

 

 While mean performance measures are informative and useful in understanding the 

performance of the estimators, in order to determine whether the differences in 

performance are significant or simply a result of a random Monte Carlo variation, a 

formal statistical test needs to be conducted. The Wilcoxon Signed-Rank Test was 

thus used to test the paired RMSE and FD values from the 1000 simulation 

replications to address this concern. The test was selected since it is a non-normal-

distribution based test and is relatively robust to skewed simulation distributions. The 

results are very much against the null hypothesis for any sample size combination as 

shown in Table IV. So the improved performance of the Quadratic Programming 

estimator is not attributable to noise in the simulations. Instead, the proof suggests an 

innate characteristic of the optimization mechanism itself that will bring 

improvement. The results from all experimental conditions are significant, and 

indicate that data availability does not influence the dominance of QP. 

A major issue based onMembership Function Sensitivity Analysis was whether the 

performance of the estimators are affected by the fuzzy membership topology used. 

The existing studies are mostly based on the symmetric triangular membership 

functions, and the other uncertainty structures are not investigated. To overcome this, 

the whole sensitivity analysis was performed by considering asymmetric triangular 

and trapezoidal fuzzy coefficients as shown in Table V. 
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A few noteworthy points come out from Table V. Firstly, there is a degradation in 

performance when uncertainty asymmetry grows for both estimators. Asymmetry of 

uncertainty degrades performance for both estimators. This is to be expected since the 

asymmetry of the problem adds to the complexity of the containment constraints, and 

extends the range of optimizations that are possible. Secondly, there is much larger 

loss of performance for LP estimation. The RMSE has increased by more than 116% 

and FD has increased by about 70% as the asymmetry factor is increased from 1.0 to 

2.5. Thirdly, the estimation of QP is still relatively stable. Even when the same 

conditions are imposed, the RMSE of quadratic regularization is only 45% more, 

demonstrating the robustness provided by the quadratic regularization. Based on these 

results, the benefit of QP is not only due to the assumption of a symmetric triangle of 

membership functions. Conversely, there are a few blurry topologies that continue to 

have a benefit. 

When estimation algorithms are applied in real-time applications, as is done in 

practical engineering systems as presented in Table VI, computational efficiency is 

one of the important factors to consider, particularly when exploring computational 

complexity analysis. 

Table IV:  Wilcoxon Signed-Rank Test Results. 

Sample Size Test Statistic p-value 

10 481211 <0.0001 

15 473856 <0.0001 

20 469730 <0.0001 

30 458123 <0.0001 

50 442018 <0.0001 

100 431505 <0.0001 

 

Table V: Sensitivity Analysis Under Membership Asymmetry. 
Topology Asymmetry 

Factor (δ) 

LP RMSE LP FD QP RMSE QP FD 

Symmetric 

Triangular 

1.0 0.315 1.598 0.098 0.801 

Moderate 

Asymmetry 

1.5 0.428 1.942 0.114 0.852 

Severe 

Asymmetry 

2.5 0.683 2.714 0.142 0.916 

Trapezoidal — 0.591 2.203 0.126 0.874 
 

Table VI:  Computational Complexity Comparison. 

Metric LP QP 

Average Runtime (ms) 6.8 9.4 

Iterations to Convergence 14 17 

Memory Consumption (MB) 22 28 

Stability Score 0.71 0.93 

 

 For QP, the extra computer power required is not significantly larger than the extra 

estimation accuracy and the decreased uncertainty. The additional overhead of 
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computation is small in the present architecture for computing, relative to the 

statistical advantage. 

V.ii Engineering Interpretation of Fuzzy Differential Equation Results 

Interpretation of the simulation results can be done from an engineering systems point 

of view by studying the geometry of the optimization spaces from which the 

optimization is drawn, especially for electrical circuits and machines. The LP 

estimator is a set of linear constraints that helps to narrow uncertainty spreads. 

Geometrically, the solution set is a polyhedron, that is a finite set of hyperplanes. It is 

frequently the case that the points of optimal solutions are the vertices of this 

polyhedron. Small variations in the data being detected may cause changes to the 

active constraints and therefore sudden jumps from feasible vertex to feasible vertex 

is possible. Thus, LP estimators exhibit high sensitivity to the noise, reduction in 

sample size, and to asymmetry of uncertainty [XV-XXXIII]. 

A quadratic regularization term is added to the optimization problem in QP 

estimation, making it a smooth convex hypersurface. This change is designed to 

decrease sensitivity to local perturbations, and to even out the distribution of 

uncertainty in the parameter space. The uncertainty-shrinkage mechanism is similar 

to the classical Tikhonov regularization in solving inverse problems, adaptive 

filtering and machine learning problems. From the engineering point of view, this is 

quite desirable because it results in more reliable parameter predictions and in a more 

robust system with parameter trajectories that remain stable. The RMSE values 

obtained confirm the improvement in the accuracy of the identification of the 

parameters of the QP estimation. The lower the FD values the better the propagation 

of uncertainty is controlled, at the same time. Therefore, QP estimation not only 

increases accuracy, but also increases the robustness, which is difficult to obtain 

simultaneously. 

The numerical performance statistics are measured on six different sample sizes over 

two different scenarios (A: Low Complexity and B: High Complexity) below: 

Table VII:  Root Mean Square Error (RMSE) Performance across FDE Systems 

Complexity Method T=10 T=15 T=20 T=30 T=50 T=100 

Scenario A 

(Low) 

LP 0.945 0.781 0.672 0.559 0.435 0.315 

 QP 0.237 0.216 0.311 0.198 0.134 0.098 

Scenario B 

(High) 

LP 2.228 3.031 1.386 1.832 1.010 0.669 

 QP 0.176 0.184 0.158 0.195 0.130 0.096 
 

Table VIII: Fuzzy Degree (FD) Metrics and Structural Parameter Spread 

Complexity Method T=10 T=15 T=20 T=30 T=50 T=100 

Scenario A 

(Low) 

LP 2.652 2.506 2.336 2.187 1.896 1.598 

 QP 1.187 1.173 1.146 1.075 0.958 0.801 

Scenario B 

(High) 

LP 7.552 6.209 5.664 4.721 3.932 3.072 

 QP 1.264 1.225 1.162 1.057 0.919 0.754 
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V.iii Visualization of Engineering Applications Using Fuzzy Differential 

Equations 

In addition, to demonstrate the empirical applicability of FDEs-based engineering 

environments, a simulation-based MATLAB was provided for visualizing dynamic 

approaches. The output resulted figures in this subsection illustrate how uncertainty-

aware differential systems have the ability to be utilized for analyzing the proposed 

model electrically, thermally, and energy scheme over fuzzy operating environmental 

conditions. 

Figure 1 presents the voltage degeneration of an RC electrical circuit along with the 

values of fuzzy resistance. In resistance, the uncertainty indicates feasible diversity 

due to temperature and manufacturing tolerances. The proposed framework illustrates 

how FDEs enhance the analysis of the electrical system. 

 

Fig. 1. Fuzzy RC Circuit Dynamics. 

Figure 2 demonstrates the response of a thermal cooling system and uncertainty-

based heat transfer coefficients. The proposed Fuzzy approaches allow the realism of 

thermal simulations for engineering environmental conditions. These models are 

beneficial in exchanging heat rather than energy systems. 

 

Fig. 2. Fuzzy Thermal Engineering Model in electrical machines . 
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Figure 3 illustrates the power of the smart grid needed across uncertain operating 

environments. FDEs are used to capture the variability property in consumer conduct 

and renewable creation. The key results validate strong energy management 

techniques. 

 

Fig. 3. Fuzzy Smart Grid Load Dynamics. 

VI.    Conclusion 

This study developed a complete computational approach for evaluating the 

Linear Programming (LP), Quadratic Programming (QP) estimation algorithms in the 

Fuzzy Autoregressive Distributed Lag (Fuzzy-ADL) system and fuzzy differential 

equations, especialy for electrical engineering systems. In the present study, the 

behavior of estimators was theoretically explained, which is not based on empirical 

comparisons as in previous studies. The authors showed that LP estimation is 

intrinsically susceptible to perturbations caused instability due to the polyhedral 

boundaries where optimal solutions lie. Further, optimizing the landscape is made 

smooth and convex via QP estimation, which reduces the propagation of uncertainty 

and the variance of the parameters. A parallel Monte Carlo environment with 1000 

independent replications was developed for the sake of testing the performance of the 

estimators for different sample sizes and different fuzzy membership topologies. All 

estimators were statistically supported by confidence intervals, Monte Carlo standard 

errors, and Wilcoxon signed-rank testing. The results were always found to be the 

lowest RMSE value, the lowest fuzzy uncertainty and the highest robustness using 

only asymmetric membership structures when using QP estimation. These 

improvements were confirmed to be significant by the statistical tests in all 

experimental situations. The results provide a foundation for future work on 

computational intelligence, intelligent control and fuzzy optimization systems, and 

constitute a foundation for uncertainty-aware dynamic system identification systems 

with reliability and theoretically based uncertainty in electrical systems and machines. 

The integration of FDEs importantly expands the applicability property of the 

proposed model in real-world engineering approaches described by uncertainty 

information rather than incomplete information. The demonstrated methodology 

offers a strong mathematical foundation to model dynamic procedures in 

applications-based electrical, thermal, communication, and smart-energy systems. By 

combining fuzzy dynamic approaches and optimization mechanisms, the proposed 

model improves system reliability, uncertainty quantification, and predictive 
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performance. Such findings illustrate the power of FDE-based engineering 

frameworks for intelligence-based next-generation systems. The future works will 

focus on the investigation of Gaussian and interval - valued fuzzy coefficients, 

incorporation into deep learning architectures, adaptive regularization methods, and 

real-time implementation on embedded platforms. 
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