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Abstract

This work uses the eight-noded quadrilateral finite element method to study the
eigen analysis for several energy issues in the multiply-connected domain. The
computing of eigenvalues across circular and multiply-connected curved domains is
one of its applications, this method makes advantage of an excellent, eight-noded,
quadrilateral automatic mesh generator created with MAPLE-18 software, this method
makes use of a superb FEM process as seen by the examples provided, the proposed
technique provides efficient numerical solutions for a range of problems and increases
the accuracy of the numerical solution of eigenvalues that occur in a number of
electromagnetic applications due to the reduced curvature loss, the validity of the
current concept is demonstrated by these issues, the numerical results for the example
situations using the suggested approach are quite similar to the best-published results.
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I. Introduction

The computer treatment of waveguides with arbitrary cross sections is a
difficult problem, although there are many other methods for resolving this issue in the
literature. Two things that they could lack are simplicity and quickness in order to
simulate waveguides with any cross-section. For instance, handling waveguides with
nonrectangular cross sections using the finite difference approach might be quite
challenging. Here, the relevance of the problem's generality in explaining the usage of
the eight noded quadrilateral finite element approach to solve for the waveguide cutoff
wavenumbers, waveguides are employed anywhere high-frequency electromagnetic
wave propagation is occurring in circular waveguides are defined as waveguides
having a circular cross-section, waveguides are helpful for guiding and moving
electromagnetic waves from one location to another, including microwaves, infrared
waves, and radiofrequency waves, electromagnetic waves propagate through a variety
of waveguide types, and the waveguide material, cut-off frequency, mode of
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propagation and cross-section are some of the factors that go into choosing one,
Typically, circular waveguide modes are variations of the transverse magnetic (TM)
and transverse electric (TE) modes, each mode's field distribution changes in response
to the circular waveguide's radial and circumferential fluctuations in TE and TM modes
are supported by circular waveguides, which have a circular cross-section and circular
waveguides are simpler to build than rectangular waveguides. However, for the reasons
listed below, circular waveguides are less preferred than rectangular waveguides in
frequency difference between the next mode and the lowest frequency of the dominant
mode is less in a circular waveguide than in a rectangular one, For the specified
operating frequency the circular waveguide's dimension is greater than the rectangular
one, different circular waveguide modes and cut-off frequencies are needed for each
application, circular waveguides are used in phase-shifters, radar systems, attenuators,
antennas, and more, the application specifications are used to design the circular
waveguide radius in addition to circular waveguides and design of waveguides of any
cross-section, Higher order FEM's significance and application in computational
electromagnetics are discussed in [XIV], In order to determine the eigenvalues and
eigenmodes of the Helmholtz equation for 2-D and 3-D domains of any shape used
byTai and Shaw [XV], this approach was also used to rectangular and circular
geometries by De Mey [IV], Adeyeye et al. [I] computed the initial eigenvalue for a
few circular, square and elliptic domains using three numerical techniques for the BEA
of the Helmholtz equation under Dirichlet BC’s., to get the Helmholtz eigenvalues in
2D and 3D using BEM and LU-decomposition by Kamiya et al. [VI-VIII], Lin [XII]
used the cylindrical wave function transformation technique to satisfying the BC’s for
determining the eigenvalues of a circular domain with seven equal holes and an
eccentric annular domain, The point-matching method was employed by Nagaya and
Poltorak [XIII] to determine the eigenvalues of a circular domain with circular
eccentric inner boundries, Both the FECM and point-matching methodology were
employed by Nagaya and Yamaguchi [ V] to determine the eigenvalues of the polygonal
and elliptical outer boundary with circular eccentric inner boundaries, Chen [V]
determined the eigenvalue and eigenmode for the multiply-connected wave guiding
area using the BEM, Shivaram [II-IIL,IX-XI] recently used FEM to get the eigenvalue
for the arbitrary polygonal and circular domain with four nodes and eight noded
quadrilateral mesh.

FEM for waveguides has the following benefits:

e FEM can identify solutions for waveguides of any shape, unlike analytical
approaches that are restricted to basic geometries like circular regions.

e By simply allocating distinct material characteristics to various mesh
components, FEM can effortlessly manage waveguides with an uneven or
composite material filling.

e The FEM solution may be brought arbitrarily near to the precise analytical
solution by employing higher-order shape functions or a finer mesh.

A waveguide's eigenfrequencies have a major impact on how well electromagnetic
waves propagate through it, according to studies. It is crucial to ascertain the
waveguide's eigenfrequencies when electromagnetic waves with particular frequencies
need to travel in a predetermined path. Our research aimed to examine the distinctive
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frequencies that determine the precise wavelength at which various waveguides
resonate by comparing waveguides of various forms. The eigenfrequencies of
waveguides have been the subject of much investigation in the past by several scholars.
Numerous numerical techniques have been presented to solve eigenproblems; they may
be broadly categorized as mesh generation methods and meshfree approaches. A
growing percentage of researchers favor analytical and numerical approaches. As
computer technology has advanced, several numerical techniques have been created to
address challenging engineering science issues. The eigen frequency problems of
electromagnetic waves governed by two-dimensional Helmholtz equations with
computational domains were solved in this study using the eight-noded quadrilateral
finite element method, which was based on our knowledge of prior research on the
eigen frequencies of waveguides and numerous numerical techniques. Furthermore,
problems with complex domains, including multi-connected domains, might be
correctly and rapidly analyzed using the suggested technique. Compare the outcomes
with Chen [V] while utilizing the current method with an eight-noded FEM to
determine the eigenvalue in multiconnected regions. This study presents an effective
and straightforward method for dealing with challenges. Additionally, it offers the most
accurate answers to some energy-related issues over 2D curved domains. This method
can be used to address many more electromagnetic problems, and there are no
analytical solutions for these types of circular domains. The potential results of the
current approach can be compared to research papers, Chen [V].

II. Multi-connected circular waveguides

(a) (b)

Fig. 1. a) Two uneven holes, b) Four equal holes, c) Seven equal holes in a circular
wave guide

Figure 1 shows three different types of waveguides in a circular domain with
an outer boundary radius of R = 1. Two circular inner boundaries with eccentricity of
0.5 are depicted in Figure 1a, with radii of r1 = 0.3 and 12 = 0.4, respectively. Four
equal circular inner boundaries are shown in Figure 1b, with radii of 0.1, and four
centers of the circular inner boundary are located at (0.5, 0), (-0.5, 0), (0, 0.5), (0, -0.5)
respectively, Figure 1lc. seven equal circular inner boundaries with radii of 0.1, the
seven centers of the circular inner boundary are located at center (0, 0), (0.65, 0), (-
0.65, 0), (0.3, 0.5), (0.3,0.5), (-0.3, -0.5), (0.3, -0.5) respectively, all three types of
waveguides have Dirichlet-type boundary conditions (u = 0), to determine the
eigenvalues for the multiply-connected issue, numerical experiments were carried out
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for three scenarios. In the literature, multiply-connected domains' inner limits were
constructed using the same geometry. To understand how inner boundary geometry
impacts the eigenvalue, we constructed an example of a circular domain with two
unequal inner holes. In order to compare them with alternative methods, the scenarios
of a circular domain with four and seven equal holes were tested,

I11. Eight-node Quadrilateral Elements
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Fig. 2. Transformation of the xy- plane to the square af- plane

The eight-noded quadrilaterals have been proven to be quite effective in finite element
analysis. It is possible to determine the shape function of an eight-node rectangular
element like that of a four-node element. Since this element is quadratic in nature, the
only change will be in the polynomial that is chosen. If the Cartesian coordinate system
is used, the derivation will be algebraically complicated. However, because the
element's natural coordinates range from -1 to +1,

The following polynomial can be used to express the variation of the field variable ¢
in the natural coordinate system.

The shape functions of the Q8 element cover a greater area of the Pascal triangle than
those of Q4, Q4 covers the bilinear space V = span{l, a, 3, aff } of degree 1, while Q8
covers the serendipity space V =span{1, a, B, a?, af, B2, a?B, ap? } of degree 2, then

(0, B) = ag + a;0 + ayB + aza? + a,af + asp? + +aga’p + a,ap? (1)

The coordinates at nodes are entered into the above expression, and the nodal field
variables can be derived by using the natural coordinate system, which will simplify
the procedure. The local node counts for these elements are presented in Figure 2b. In
terms of the natural coordinates o and 3, the Lagrange interpolation functions for the
eight-node rectangular element are provided by Sabine [XIV]
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Where N; is the Lagrange interpolation function at node i = 1 to 8
The interpolation functions can be used to express an element's geometry as follows:

— V'8 — \'8
x = Y=y x;N;(a,B) and y = ¥, yiNi( o, B) 3)
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and da  “i=1 54 Vi ap — 4j=1 ap Vi
Ja | _ |0a O« ox | _ 0x
ong | = ax oy|| aw | =T o,
9B 0B 9Bl \dy dy
0x | _ ;-1 O«
ang | =177\ aw, “
ay a8

IV. Mesh creation in a multiconnected with circular region

To build a class of suitable triangular meshes in order to attain the optimal rate
of convergence for the finite element solution when the corner singularity is present in
the solution of equation (5). Starting with an initial triangulation of A, we divide each
triangle into four triangles to produce such a sequence of triangulations, which is
analogous to the conventional midpoint refinement. Every triangle is divided into three
sub-eight-noded quadrilaterals, and the Jacobian is unique for these three eight-noded
quadrilaterals. The difference is that, as we refine, we move the middle points of edges
in the direction of the unique vertex of A in order to target the corner singularity in a
single vertex V/;, the quadratic approximation is made possible by the point distribution
within each of the collection of triangular subregions that make up the circular
multiconnected guiding cross-section. This is really beneficial since, in contrast to
linear approximation, we can represent the boundary shape with a small number of
triangles, which will lead to accuracy. Each triangle is further divided into eight-noded
three-quadrilateral parts. An autonomous eight-noded mesh generator was used to
mesh the waveguide cross-section, as shown in Figure 3. The large, dense mesh needed
for the 4-node model actually takes longer for a computer to solve than the clever,
effective 8-node mesh.
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Fig. 3. Auto mesh generation over equal and unequal holes in a circular region

The distance between the inner and outer limits narrows on one side when an
inner circular boundary is pushed eccentrically. In doing so, the curved eight-
node elements are stretched and compressed. For the worst-case components,
we compute a common measure known as the Jacobian Ratio to assess this
distortion.

Min det (J)

bi tio = —————
Jacobian ratio Max det ()
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If this ratio remains at zero, it indicates that the elements are not overly distorted
to produce correct results and that the mapping quality is excellent.

For a geometric transformation to be deemed non-singular, it must never invert,
fold over itself, or collapse into a zero-area shape. The results show that the
computed eigenvalues softly converge to the correct, stable number, even when
the mesh becomes considerably distorted, by looking at the determinant of the
Jacobian matrix det(J) at each integration point across all curved elements.
Because the results don't fluctuate significantly, we can confidently state that
our strategy is stable.

V. Scalar formulation for homogeneous waveguides using an eight-node finite
element technique

This section presents the Helmholtz equation mathematically using the mesh
generators from section (4) and the suggested eight-noded quadrilateral FEM
technique. The 2D Helmholtz equation is provided by:

Vo + A0 =0 (5)

each waveguide's wavenumbers A, are determined by taking the square root of its
eigenvalues, which are computed in the conventional matrix form. Similarly, the cutoff
wave number is the lowest wavenumber. The following list of various unknowns
derived from the matrix form is available in Adeyeye [I]. The Helmholtz equation is
transformed into matrix form upon application of the Galerkin finite element
formulation; the specifics of this transformation are completed in our earlier work.
Shivaram [X]

[C + Dlgxk * [wlkx1 = [0lkx1 (6)

For convenience, the unknowns in the stiffness matrix are given below and are
precisely specified in Yogitha [II].

— T2 T2
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R AV R M O R
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D= fwe AZ N, N, dxdy

When waveguides have a regular geometry, the GLQ rule of order N=5 is used to do
the aforementioned integration.

If h is the element size, the precision of a 4-Node element Q4 increases at a rate of
0(h?) inaccuracy decreases to 1/4 if you cut the element size in half. For our 8-Node
Element Q8, the accuracy increases at a rate of O(h?). Inaccuracy decreases to 1/16 if
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you cut the element size in half. The condition number rises when the mesh is refined
in several FEM techniques. O(h?), where h is the element size numerically, if the
present method prevents the iteration count k from exploding by maintaining the
condition number constant even while holes are introduced.

VI. Results and discussion

6.1 Two uneven holes in a circular wave guide
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Fig. 4. First eigenvalue A; = 4.82248 of circular waveguide with two uneven holes
(TM mode)

This domain is the same as that of Chen [V] for a circular waveguide with two
unequal holes. Over the waveguide cross-section, the domain is separated into 414 and
1656 eight-noded quadrilateral elements for the two scenarios. The Dirichlet boundary
condition is taken into consideration, as seen in Figures 3a and 3b. The top five
eigenvalues produced using the current approach are displayed in Table 1. The size of
the computational matrix for the 414 and 1656 eight-noded quadratic cases is 97x97
and 388x388. The difference between the cutoff wavenumber obtained in the present
case and Chen [V] is 0.001%. Using the boundary element method to determine the
eigenvalue, a numerical result is observed with convergence in Chen [V]. This is
reported in Table 1. The eight-noded quadratic elements 414 and 1656 have cutoff
wavenumbers of 4.82034 and 4.82248, respectively, and are shown in Figure 4. When
the order of discretization from 414 to 1656 eight-node quadrilateral elements is
examined, a good convergence is shown

Table 1: Cutoff wave number of a two uneven holes in a circular wave guide
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6.2 Four identical holes in a circular wave guide
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Fig.5. First eigenvalue A; = 4.46180 of circular waveguide with four even holes
(TM mode)

The circular waveguide in Chen [V] has four equal holes. The domain in this instance
is separated into an eight-noded quadratic. Table 2 shows the eigenvalues for the first
five that were determined using the current method. In this instance, it is evident that a
decent convergence is achieved with 617 and 1144 eight-noded quadrilateral elements;
the precision is achieved using BEM in Chen [V] in a manner comparable to the current
approach. The cutoff wavenumber derived with 617 and 1144 items has a difference
(%) of 0.03% with Chen [V], the meshes utilized in this instance, and compared with
the first eigenvalue A; = 4.46180 and plotted in Figure 5. Since a tiny eight-noded
quadratic mesh is employed in this instance, processing time and effort will be
comparatively minimal.

Table 2: Cutoff wave number of a four even holes in a circular wave guide
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6.3 Seven 1dentical holes in a circular wave guide
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Fig. 6. First eigenvalue 4; = 4.46180 of circular waveguide with seven even holes
(TM mode)

Two kinds of discretization are used to compare the rate of cutoff wavenumbers. It
should be mentioned that because the solution does not converge well at lower orders,
higher-order discretization is necessary for circular geometries. Figure 6 depicts the
waveguide's domain under consideration. There are seven equal holes in the circular
waveguide in Chen [V]. In this case, the domain is divided into eight-noded quadratic
elements. The results are shown in Table 3. It is clear that a respectable convergence is
attained in this case; the precision is attained using BEM in a way similar to the current
method, with 1370 and 2568 eight-noded elements. The cutoff wavenumber calculated
with 1370 and 2568 elements has a difference (%) of 0.04% with Chen [V] in the
current technique.

Table 3: Cutoff wave number of a seven even holes in a circular wave guide

VII. Conclusions

In order to effectively and precisely study the eigenfrequency problems, which
were controlled by the two-dimensional Helmholtz equation, this paper developed an
eight-noded quadrilateral FE mesh generating method. The application and
effectiveness of the eight-noded Galerkin finite element numerical method were
confirmed in our study by examining two, four, and seven equal and unequal inner radii
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in a multi-connected domain waveguide. The external source's position was not fixed
as long as it was outside the computational domain. This current numerical method can
be used to determine a waveguide's characteristic wavelength, and its accuracy can be
confirmed by testing various scenarios. The suggested eight-noded quadrilateral FE
mesh generation technique was demonstrated to be able to handle a complex
computational domain in practical engineering applications. Additionally, the accuracy
and computing efficiency were demonstrated.
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