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Abstract

Scheduling problems represent a core challenge in the efficient management
of industrial and service operations. Due to their structural complexity and
significant practical relevance in both manufacturing and service sectors, Hybrid
Flow Shop Scheduling Problems (HFSSPs) are widely recognized as NP-hard.
Scheduling in contemporary manufacturing and production systems sometimes
entails ambiguous and uncertain information, rendering classical deterministic
methods less efficacious. This work presents a novel comparative analysis of the
exact method Branch and Bound (BB) and heuristic algorithm Nawaz, Enscore, and
Ham (NEH) for addressing the hybrid flow shop scheduling problem (HFSSP), where
processing times are articulated via Interval-Valued Intuitionistic Fuzzy Sets (IVIFS).
A ranking and scoring algorithm is utilised to convert IVIFS data into
computationally manageable values, facilitating integration with BB and NEH
methodologies. The results offer valuable insights for scheduling in uncertain and
imprecise production environments, demonstrating how hybrid decision-making
strategies that combine exact and heuristic methods can lead to more effective
solutions.

Keywords: Interval-Valued Intuitionistic Fuzzy Sets, Hybrid Flow Shop Scheduling,
Score Function, Makespan

I. Introduction

Scheduling continues to be a key issue in production and operations
management, as it strongly influences resource utilization, operational efficiency, and
overall system performance. A basic class of problems is permutation scheduling,
where jobs follow a uniform processing order among processors. Hybrid flow shops
(HFS) are prevalent manufacturing settings where a collection of n jobs is handled
through m phases to optimise a specified target function. Hybrid flow shop
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scheduling (HFSS) has gained considerable attention in recent years due to its wide
applicability in complex production and service systems, such as electronics,
semiconductor manufacturing, textile processing, and cloud computing [XIV]. A
further complication in real-world scheduling arises from uncertainty in processing
times, which may result from fluctuating machine conditions, operator variability, or
incomplete information. Conventional deterministic models frequently fall short
when dealing with real-world uncertainty. To address this shortcoming, fuzzy set
theory has emerged as a powerful and widely used modelling approach. The
integration of Interval-Valued Intuitionistic Fuzzy Sets (IVIFS) provides a robust
mathematical framework to handle this ambiguity by capturing both the degree of
belongingness (membership) and non-belongingness (non-membership) as intervals,
rather than single points. IVIFS provide a more advanced method for managing
ambiguity in data [II]. Numerous accurate approaches, heuristic methods, and
metaheuristics have been utilised in HFSS. This study aims to systematically compare
BB and NEH using IVIFS for processing times. BB employs lower bound estimates
to eliminate branches that cannot yield an optimal solution. NEH ranks jobs based on
total processing time and builds a sequence by inserting jobs one by one into the best
possible positions.

II. Literature Survey

The fundamental flow shop scheduling concept was initially examined
thoroughly by Johnson in 1954[VII]. Research on HFSS has been comprehensive,
with initial research concentrating on deterministic models. Dessouky et al. [III] are
the pioneers in utilising BB approaches for two and three-stage HFS. Linn and Zhang
[X] presented a comprehensive survey of HFSS, classifying solution methods into
exact, heuristic, and metaheuristic approaches. Lee and Kim [IX] introduced the BB
strategy aimed at minimising total delay. Classical methods such as BB have been
applied to small-scale HFSS problems, providing exact solutions but suffering from
combinatorial explosion [XIII]. Gupta and Goel [VI] solved a two-stage HFSS using
the BB method. Malhotra et al. [XI] presented a comparative analysis of BB with a
metaheuristic approach on a three-stage HFSS. Heuristic approaches, particularly the
NEH heuristic [XII], have proven highly effective for permutation flow shop
scheduling (FSS) and have inspired extensions to hybrid environments. Kurniawan
and Farizal [VIII] devised a novel approach for addressing FSS problems, grounded
in the principles of the CDS and NEH methodologies, namely NEHLPD, NEHLPDI,
and NEHLPD2.To address uncertainty, fuzzy sets have been incorporated into
scheduling models. Dubois and Prade [IV] were among the first to introduce fuzzy set
theory into decision-making problems. IVIFS further advanced this representation by
modelling uncertainty through intervals rather than precise values, providing greater
flexibility [I, II]. Researchers like Gholami et al. [V] have explored HFS problems
under fuzzy conditions. Applications of IVIFS in scheduling remain relatively
limited, though recent studies have begun to explore their potential. Senapati et al.
[XV] investigated aggregation operators on IVIFS. However, few works have
systematically compared exact and heuristic methods in HFSS under IVIFS-based
processing times. This gap motivates the present study, which contrasts the BB and
NEH heuristics in the HFS environment, using IVIFS to represent uncertain
processing times. The comparison contributes both to the theoretical development of
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scheduling models involving uncertainty and to practical decision-making for
complex manufacturing systems.

III. Practical Application

In a courier parcel processing centre, each parcel undergoes two sequential
processing stages as shown in fig. 1. In the first stage, parcels are processed on one of
several identical scanning machines for barcode reading and validation, followed by a
second stage where all parcels are handled by a single packaging station for sealing
and labelling. This setup corresponds to a two-stage HFSSP, where several parallel
machines operate in the initial stage, followed by a single machine in the second
stage. In real operational environments, processing times and operating costs are
highly uncertain due to variations in barcode quality, parcel size, equipment
performance, and operator behaviour. Such uncertainty makes deterministic
modelling inadequate. Therefore, processing parameters are represented using
interval-valued intuitionistic fuzzy numbers, IVIFN which effectively capture
imprecision, hesitation, and partial knowledge. This framework allows decision
makers to capture imprecision more effectively than classical deterministic or fuzzy
models. The scheduling purpose is to ascertain an optimal or near-optimal parcel
sequence that minimises makespan under fuzzy conditions.

\S
/

Stage 1: Equipotential Scanning machines Stage 2: Single Packaging station

Fig. 1. Two-stage HFSS problem
IV. Preliminaries
Assume that € is a recognized universe of discourse set such that
E={eey ..., en}.
Definition 4.1 XV] [XVI]
Interval-valued intuitionistic fuzzy sets (IVIFS) in £ are given by

F ={(e,Br(e),65z(e)):e € £}, Where Bx(e): € — S[0,1], 6£(e): £ — S[0,1] and
S[0,1] is the set of all subintervals of [ 0,1].8x(e) and 85 (e) denotes intervals of
degree of membership function and degree of non-membership function of the

elements ein &, Br(e) = [BfL(e), BTU(e)], 6r(e) = [STL(e),STU(e)] for all e €
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€, including the condition that,0 < Bz (e) +87°(e) < 1. Tmg(e) =
[mrl(e), mzV(e)] denotes the hesitancy degree of the element of einF, where
mpt(e) =1 BTU(e) - STU(e) and izY(e) = 1 — B?L(e) - STL(e)-

For convenience, M' = ([BML, BMU], [SML, SMU]) is called IVIFN, where
[Bac", Bac"] € S[0,1] and [85:",85:"] € S[0,1]
Definition 4.2[XV] [XVI]

For any IVIFNM = ([BML, BMU], [SML, SMU]), the score function sco(M),
accuracy function acc(M) of M is defined as follows:

sco(M) = %(BML +Bac —8ac- — SM‘U)

1
aCC(M) = E (BML + BMU+6ML + SMU)
The score and accuracy functions preserve dominance, i.e., if M dominates V', then
sco(M) = sco(N') and if sco(M) = sco(N)then acc(M) = acc(NV) .
The score function is monotonic, increasing with membership values and decreasing
with non-membership values.

V. Mathematical Formulation

This problem describes a two-stage mathematical model in which the first
stage has m equipotential machines and the second stage has a single machine, where
operating costs, processing times, etc., are represented as [VIFN.

V.. Notations

K: Total jobs handled by machines R and S.

Wi: ith job

m: Number of equipotential machines at first stage
Ri(i=1,2,...,m): Equipotential machine of type R

CijCi jI: Crisp and IVIFN operating cost of job i on machine j.

Pij, P; jI : Crisp and IVIFN processing times of job i on machine j.

t;, t;': Total crisp and IVIFN available time for first stage machines Ri.
e Tjj: Processing time of the ith job allotted to R;j equipotential machines.

V.i. Assumptions

1. All first-stage equipotential devices are available at time zero and have
different consumption costs.
2. Not every job must be completed by every parallel machine.

3. Equipotential machines of stage one may have the same opening time for
processing.

4. It is presumed that jobs transition directly from one machine to another.
5. Jobs are not subject to pausing, halting, or interruption.
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V.ii. Mathematical Model
This model consists of K (W}, i=1,2,..., K) jobs, a 2-machine (R, S) problem,

in which the first stage has m machines (R;, i=1,2,...,m) and the second stage has a
single machine S as presented in Table 1.

Table 1: Structure of Mathematical Model

w R: Ri .. Ra P Pt
_ cit ¢t .. Cim' Pi Pt
_ Cxn'  CGah' .. Com! | Pa! P2t
_ Cx' ek Cim! P! Pzt
I

I

_ Cxd! Cxs' ...  Cka' Pxi P!

VI. Proposed Methodology

Step 1: First convert processing times P; jl (i=12,..,K;j =1,2) , operating costs
C’ijl(i =12,..,K;j =1,2,...,m) and available times tj’, (j =1,2,...,m)into crisp
values using the score function sco of IVIFN.
Step 2: Determine if the transportation problem is balanced by checking

}"=1 tj = Zf‘;l P;; ; if not, insert a fake row or column to achieve balance.
Step 3: For the balanced transportation issue, derive the initial viable solution
utilizing Vogel’s Approximation Method (VAM).
Step 4: Calculate the optimal sequence of jobs using the BB Method as

(a) Start with an empty schedule and use the formula given below

ki = max(Zﬁil Tij)-

j=1.2,..,

ky, = {max('[ij)iewt} + 35 P

j=12,.m

T iy (Pi);

Where W, denote jobs of branching tree and W," denote jobs which are not

considered under the branching tree.
Find L = max{kq, k,}.

(b) Derive lower limits for task permutations and determine the minimal value from
this set of bounds.

(c) Create branches by adding jobs sequentially and constrain each node using a
lower bound. Eliminate nodes with inferior limits. The process continues until all
nodes have been examined or eliminated, after which the most efficient timetable is
obtained.

(d) Determine the In-out Table for the acquired work sequence and calculate the
makespan for the job sequence.
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VII. Numerical Examples

Consider a two-stage hybrid FSSP with processing times, Operating costs,
and available times of both stages represented as IVIFN as in table-2.

Table 2: Input matrix

VILi. Solution by Proposed Algorithm

After applying the score function sco to the input matrix, table 3 is formed, and the
distribution after VAM is shown in table-4.

Table 3: Matrix after applying score function sco changed

Table 4: Distribution of processing times on stage -1 equipotential machines
using VAM

Now apply the proposed technique to find the optimum sequence and find the lower
bounds of jobs as presented in Table 5.
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Table 5: Depicting the lower bound of jobs

The lower bound for the first branch is 2.2, corresponding to job 3. Insert job 3 in the
first location and determine the lower bounds for the second branch as illustrated in
Table 6.

Table 6: Lower Bound Evaluation for the Partial Sequence with Job 3 Fixed
First.

Lower bound for the second branch is 2.255, and it corresponds to the subsequence
{3,1}. Fix job 1 at the second position and move for the third branch lower bounds as
shown in Table 7.

Table 7: Lower Bound Values with Job Sequence {3, 1} Fixed

Lower bound for the third branch is 2.475 and corresponds to the subsequence
{3,1,4}. So the final optimum sequence is {3,1,4,2}, and the in-out table is presented
in table-8.

Table 8: In-out Table for optimum sequence {3, 1, 4, 2}

VILii. Solution by the modified NEH method

The NEH method [XII] is a heuristic technique utilised to enhance processing
efficiency in FSSPs. This method efficiently establishes the work sequence to reduce
total processing time. The NEH approach is famous for its simplicity and
effectiveness. The established procedure of the NEH is modified for HFSSP as
follows:

KAUR. R. et al

168



J. Mech. Cont. & Math. Sci., Vol.-21, No.-05, May(2026) pp 162-172

1. Repeat Steps 1-3 of the proposed methodology using the input matrix presented
in Table 2 to obtain the results shown in Table 4.

2. For ranking of jobs, the processing times of each job across all stages are
summed to obtain the total processing time.

3. The jobs are then arranged in decreasing order of their total processing times.

4. From this ordered list, the first two jobs are selected, and the better of the two
possible sequences is identified.

5. Each remaining job is subsequently inserted into every possible position within
the current best sequence. The position that results in the smallest partial
makespan is chosen, and the job is fixed in that position.

6. This procedure is repeated until all jobs are scheduled, yielding a near-optimal
sequence; the makespan of this sequence is then obtained from Table 4.

Consider Table 2 as the input table and apply the above two steps to the input table to
get Table 4 and Table 9.

Table 9: Processing Times of all jobs

Arrange Jobs in descending order according to their sum of processing times:
2<4<1<3. Choose the first two jobs in sequence; these jobs can be arranged
as{2,4}or{4,2}. Makespan of subsequence {2,4} equals 1.61, and Makespan of
subsequence {4,2} equals 1.83. Minimum make span is 1.61 corresponding to
sequence{2,4}. Now, the next job in sequence is 1, placing this job in the already
selected sequence{2,4} gives rise to three new possibilities: {2,4,1},{1,2,4}, or
{2,1,4}. Make span of these sequences are 2.29, 2.16, and 2.15, respectively. Select
sequence {2,1,4} and the left job is 3 .Try to place job 3 in the already selected
sequence {2,1,4}, which gives rise to four sequences {3,2,1,4},{2,3,1,4},{2,1,3.,4},
and {2,4,1,3} whose make spans are equal to 2.385, 2.465, 2.465, and 2.605,
respectively. So, a near-optimal job sequence is {3,2,1,4}, and the in-out table for the
sequence is presented in Table 10.

Table 10: In-out Table for optimum sequence {3, 2, 1, 4}

VIII. Comparative Performance Analysis

By repeating the above procedure, additional numerical experiments
involving different numbers of jobs were conducted using both the proposed
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methodology and the modified NEH algorithm. The comparative results are presented
in Table 11, and the corresponding graphical comparison is illustrated in Fig. 2.

Table 11: Comparison between Proposed Algorithm and Modified NEH

4.0
3.5
3.0
2.5
2.0
1.5
1.0
0.5
0.0

3x2 Model NEH

4x2 Model
5x2 Model

S
Cat@ 06
orjes 6x2 Model

B&B ‘,\e&“

Fig. 2. Comparison Chart

The comparison shown in the figure clearly indicates that the proposed method
performs better than the modified NEH heuristic. However, the relatively small
difference in performance suggests that the modified NEH heuristic can still be a
practical option when computational speed and scalability are key concerns.

IX. Conclusion

The proposed methodology ensures the best possible schedule for a flow
shop. Yet, it is computationally intensive and becomes unfeasible for big issue sizes.
The modified NEH heuristic delivers a near-optimal solution rapidly, sacrificing
precision for efficiency and scalability in medium to large cases.

X. Future Work

Future research may explore the application of this result to hesitant fuzzy
sets, interval-valued Pythagorean fuzzy sets, and interval-valued fermatean Fuzzy
sets. Future work will involve a comparison between full fuzzy arithmetic and the
current defuzzification-based approach by propagating interval-valued structures
through scheduling computations.
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