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Abstract

The squeeze film behaviour of poroelastic bearings with rough surfaces and
couple stress fluids is studied using a simplified model in which the action of the couple
stress synovial fluid in lubricating the hip joint is examined. The articular cartilage.
The layer is modelled as a biphasic poroelastic matrix material. A modified average
Reynolds equation is derived, which accounts for the couple stress effects, random
surface roughness, and the elastic nature of the cartilage-bearing surface. Two types
of one-dimensional random roughness patterns, longitudinal roughness and transverse
roughness, are presented using Christensen's stochastic theory. By using a domain
transformation, the reduced governing equations can be mapped onto the unit square
and solved numerically using the sine-cosine wavelet operational matrix of integration
method. Uniqueness, uniform convergence, convergence of the partial sums to the
exact function, and commutation of the integration and limit operations are guaranteed
by proving some properties of the wavelet approximation. The numerical results
indicate that, although couple stresses can improve the performance of the joint as a
whole, the effect on the squeeze film performance of surface roughness must be
considered, depending on the patterns of surface roughness. The wavelet-based method
proposed in this paper is accurate and efficient.

Keywords: Sine cosine wavelet operational matrix of integration (SCWOMI),
Poroelastic Squeeze film, longitudinal roughness, transverse roughness, Finite
difference method.

I. Introduction

Smooth articulation under high physiological loads is possible because of load-
bearing biomechanical systems known as synovial joints [XVII]. These joints consist
of closely fitting surfaces that are separated by synovial fluid and covered by articular
cartilage. These components work together to provide low wear, low friction, and
effective shock absorption during movement [XIII]. The hip joint, which is one of the
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synovial joints, plays a key role in human movement. It can handle dynamic loads that
are several times the body weight while allowing for a range of motions [ XX].

The poroelastic structure and mechanical properties of articular cartilage, a porous,
fluid-filled, and flexible tissue, are closely connected to its tribological performance
[XXVI, XXVII]. Traditional Newtonian lubrication theory cannot fully explain the
non-Newtonian behaviour of synovial fluid, which includes long-chain hyaluronic acid
molecules. Couple stress fluid theory has been widely used as an effective modelling
approach for synovial lubrication to capture these microstructural effects [I, XIV, III].
The properties of squeeze film are primarily influenced by the surface roughness of
articular cartilage, along with poroelasticity and non-Newtonian fluid behaviour.
Research shows that cartilage surfaces are naturally rough with random distributions
[XXIII]. Christensen's stochastic theory has been effectively used in various bearing
designs and provides a mathematically sound way to include roughness effects in
hydrodynamic lubrication models [ XXX, IV]. Surface roughness can significantly alter
pressure distribution and load-carrying ability in squeeze film conditions, where the
film thickness approaches the roughness amplitudes [XVI].

Squeeze film lubrication is controlled by nonlinear two-dimensional partial differential
equations [XXIX, V, XXI]. These equations are affected by poroelastic deformation,
coupled stress fluid effects, and surface roughness [ XVIII, XXVII, XV, X]. Since there
are usually no analytical solutions for these problems, numerical methods are necessary
[XXXII]. Previous studies have employed traditional techniques like finite difference
and finite element methods [VII, VIII]. However, these methods often require fine
discretisation and can result in higher processing costs, especially for problems defined
on finite domains.

Wavelet-based numerical techniques have become strong alternatives due to their good
approximation qualities, orthogonality, and ability to handle multiple resolutions. Sine-
cosine wavelets are especially suitable for problems defined on limited intervals
because of their simple structure and clear analytical form [IX]. The operational matrix
of integration for wavelets allows for the conversion of differential equations into
systems of algebraic equations, making numerical implementation easier [ XII, XXIV].
However, there are still a few applications of sine-cosine wavelet operational matrix
techniques to two-dimensional lubrication problems involving Couple stress fluids and
poroelastic materials [VI, XXII]. Additionally, there is a lack of thorough theoretical
study regarding the validity, uniform convergence, and uniqueness of term-wise
operations in two-dimensional settings.

To study the squeeze film lubrication of rough poroelastic partial journal bearings using
Couple stress fluids, particularly for hip joint lubrication, this work develops a sine-
cosine wavelet operational matrix of integration approach [XIX, II, XXV]. A wavelet-
based approximation is effectively achieved by mapping the governing equations onto
a unit square. with a suitable domain transformation. The uniqueness of the two-
dimensional wavelet expansion, uniform convergence of the approximation,
convergence of partial sums, and the ability to interchange limits and integration are
some of the theoretical results established to ensure the reliability of the numerical
scheme [XXXI, XI].
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The main novelties and contributions of this work can be summarised as follows:

Wavelet-Based Numerical Framework: A sine-cosine wavelet operational matrix for
integration is developed and used to solve the two-dimensional modified Reynolds
equation.

Domain Transformation Strategy: A suitable domain transformation is used to map the
physical lubrication domain onto a unit square. This allows for the direct and efficient
implementation of the sine-cosine wavelet basis.

Novel Theoretical Findings: For the two-dimensional sine-cosine wavelet
approximation, several new mathematical conclusions are established, such as the
wavelet expansion's uniqueness, uniform convergence of the approximation, and
uniform partial sum convergence. These findings give the proposed operational matrix
approach a strong theoretical foundation.

Use in Hip Joint Lubrication: The proposed approach is used to study how surface
roughness patterns, poroelastic parameters, and couple stress fluid properties impact
squeeze film lubrication performance. This offers new insights into hip joint tribology.

Efficiency of Computation: Compared to traditional numerical methods, the wavelet-
based technique shows greater computing efficiency by reaching correct solutions with
basis functions.

II. Mathematical Model
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Fig. 1. A diagram of the Hip Joint Fig. 2. The geometric configuration of the simplified
hip joint mode

Fig.1. shows the structure of the human hip. Fig. 2 displays a simplified hip joint
lubrication system. This system acts as a finite, partly rough poroelastic journal bearing
that works under squeeze film conditions without any rotational movement. In the
illustration, a journal with a radius » moves toward a compliant poroelastic surface

with a thickness of /, at a specific angle 6. It is driven by a normal approach speed
dH /dT . Stokes pair stress theory explains how the lubricant layer behaves as an

incompressible non-Newtonian fluid. The thickness of the fluid film is treated as a
random variable, consisting of two different parts to account for the effects of
imperfections on the cartilage surface.
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h=H+H(0,Z,5) (1)

Here, the ideal smooth part of the lubricant film profile is shown by the formula
H =c—e cosf. The additional contribution H (6,Z,5) is a zero-mean random
variable. It accounts for changes caused by tiny surface unevenness compared to the
reference surface. A specific instance of the roughness pattern is described by the
parameter ¢ . The eccentricity ratio is defined as £ =e_/c. In this formulation, ¢
represents the radial clearance of the bearing. The angular coordinate along the
circumference is given by € = (X /r), where r is the journal radius.

Basic Equation
Region —1I:
The equations that govern mass conservation and momentum balance for a fluid
showing pair stress effects can be expressed as follows using the Stokes micro
continuum framework [ XXIII].
Vv=0

oDv

DT
The lubricant's velocity field is represented by v , fluid density by o , hydrodynamic

=-VP+uVv-n V% )

pressure by P, dynamic viscosity by 4, , and the material parameter related to the

coupling stress behaviour by 77. . In this research, the lubricant can be treated as a

Stokes-type pair stress fluid because it is thought to contain polymeric additives with
long molecular chains. The effects of external body forces and body partners are
ignored, and the lubricating layer is considered thin enough. When the equations that
regulate lubricant flow are represented in a Cartesian coordinate system, they become
simpler under these assumptions.

ou ov ow
—+—+—=0

oX oY oz ©)
o*U o'U  opP

e e (4)

oP

6_Y =0 Q)
o'w o‘w  oP

Moy ey T o, (6)

The fluid velocity components along the U,V and I axes are represented by X, Y
and Z , respectively.

Region —I1:

A changed version of the model introduced by Torzilli and Mow [XXVII] is used to
set up the quasi-static, coupled equations that control the movement of the deformable
cartilage solid structure and the interstitial fluid in its pore spaces.
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1 (dW  _.
divp ——| —-v |=0 7
o2
1 (dwv .
di +—| —=v |=0 7b
vp, K{dT vj (7b)

In this expression, p, and p, represent the effective stress tensors linked to the fluid

phase and the solid cartilage framework, respectively. The displacement of the cartilage
matrix is described by the vector @, the interstitial fluid velocity is given by ¥, and

the hydraulic permeability of the cartilaginous tissue is denoted by K ", The
momentum balance conditions for the solid structure and the synovial fluid filling the
pore gaps are outlined in equations (7a) and (7b). The coupling terms in these equations
account for the viscous drag caused by the relative motion between the solid matrix
and the pore fluid. Both stages are treated as incompressible.
Since the drag coefficient & is still quite low, around 10—15 Nsm™, it makes sense to
ignore inertial effects. Even without any external loading, for low-speed deformation
processes, there is a relationship between the drag coefficient. k& and the tissue
permeability K~ [XV].
. 1

1+ B)k

In this case, [ represents the ratio of the solid fraction to the tissue's pore volume. The

®)

resulting equations can be shown in their modified form by applying the assumptions
mentioned earlier to the general relationships that govern each phase.

p,=PI+Btre I+Me, (9a)
p,=—PI+Dtre.l (9b)
The constitutive relations given in equations (9a) and (9b), together with the governing
equations (7a) and (7b), establish the coupling between the pore pressure. P’ strain
tensor e, ,

deformation of the solid matrix through volumetric strain, while the deformation affects

and fluid velocity ¥ . In this formulation, the pore pressure influences the

fluid flow via permeability. K and drag interactions. Hence, all dependent variables
are interrelated, ensuring that the poroelastic model forms a closed system. Taking the
divergence of the resulting expression leads to the following Laplace-type equation.

Vitr(e,)=0 (10)
In this case, fr(e,)shows the volumetric strain, which is the cartilage's dilatation.
Based on the idea presented by Hori and Mockros [X], the following expression
connects the bulk modulus B, to the hydrostatic pressure P .

5

P
tr(em)=e,,0+E (1)
From equations (10) and (11), we get
VP =0 (12)
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The following boundary constraints apply to the velocity components.

U=0,V=0, W=0

2 2
al£=—apz=0atY=O (13a)
oYy: oY
U=- a—U,W=—c78—W, V=v-V"
oY oY
2 2
w

6(£=8 ~=0atY=h (13b)

oY= oY

Here, p represents the slip coefficient at the interface. v refers to the normal approach speed

*
of the surfaces. V' indicates the normal component of the relative velocity between the fluid

and the solid boundary.

The above boundary conditions ensure continuity and compatibility between the fluid and the
poroelastic solid at the interface. In particular, the condition accounts for the relative motion
between the fluid and the deformable cartilage surface. These boundary conditions are
incorporated into the derivation of the modified Reynolds equation (21), thereby preserving the
coupled interaction between fluid flow and solid deformation.

Solution of the Problem

The velocity distributions from solving equations (4) and (6), along with the boundary
restrictions in (13a) and (13b), are as follows.

s a—P{Y[(Y—H)—gH+2Lgtanh(%ﬂ+2L2 {l_cosh((ZY—H)/ZB)}}

T 2u, 0X cosh(H /2L)
_ 2
w="P vl (y-H)-gH + 2Lgtanh(£j yop2|1 - SSN@Y=H L) L (14
2u, 0Z 2L cosh(H /2L)

n p B
Where, L= [~ , =—"—"—,p="F=
\ 4 (H+p)" k

A modified version of the Reynolds equation is created by replacing the velocity
expressions in (14) and integrating the continuity relation in (3) across the lubricant
film thickness / intheY -direction.

d oP1 o oP oh .
—| F(h,L,¢)=— |+ —| F(h,L,c)— |=12u,——12u1,(V") .
6X{ ( g)aX} az[ ( g)az} Hor w,),_, 05

By integrating equation (12) along the y-direction over the interval (h,h+h,), we

obtain the following expression using the Morgan-Cameron approximation.

S 2 S 2 S
{61} :h{a_iﬁ_ﬂ (16
oY |, ox* oz

Equation (7b) can be changed to explain the connection in terms of the relative velocity by
leaving out the inertial contributions.

(v* —ﬂ] =K' (VP' - DVe,) a7
dr
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Removing the solid strain, equations (12) and (17) can be combined to create the following
expression.

[v* —d—Wj =—K'VP' (1—£J (18)
dr B,

Equations (12) and (18), along with the constitutive relations in (9), provide a complete set of

equations governing the pressure field. P , and fluid velocity V. Therefore, the system is
fully coupled and does not require additional closure relations.
The following is a formula for the fluid velocity that is perpendicular to the cartilage surface.

I o P (19)
B )oY
m V=h
Equations (16) and (19) can be written as
2 p* 2 p*
- :_K*[l_ﬂy{_ﬁz - )
Y=h B, oX oz

The modified Reynolds-type equation can be written in this form by integrating equation (3)
over the thickness of the lubricant layer. This involves applying the boundary conditions for V'
from (13a) and (13b), and replacing the expressions from (14) and (20).

0 . Dl\leP'| @ . D\l oP oh
—|SF(hLo)-12u K h | 1-= |\ — |+ —=| {F(h,L,o)-12u K'h | 1-= |\ — =120, —
6XH( §)-12yu, U[ BJ}OX] aZH( §)-12u, 0[ ij}azl Hor

m

21)
Where F(h,L,c)=h"(1+3¢)—6¢Lh* tanh (%j —~127h + 241 tanh (%j
v=ﬂ=—c("_’5jcose @)
dT dT

Let F'(H,) represent the probability density function that describes the random

variations of the film thickness H . By averaging equation (21) with respect to F'(H)

, we obtain the following averaged form.
The random component of the film thickness / (8,Z,¢) , introduced in equation (1),

is treated as a stochastic process. After the domain transformation given in (32)—(33),
it can be expressed as A (60,Z,5)in the transformed coordinates. This stochastic

process is defined on a probability space. (( F> IP), where ¢ € Q, and it is assumed

that h, € L’ (Q), ensuring finite variance and a well-defined expectation.

0 ~ o[, DV GEP)|, o ~ o [ D EP)| ., oh (23)
BXHE(F(h,L,g)) 124K ho[l 3 ]}ax +BZHE(F(h,L,g)) 12p K ho[l BJ}@Z }lzﬂ‘ar

The averaging process in equation (23) involves the application of the expectation
operator to terms containing spatial derivatives and products of random variables. This
requires justification for the interchange of expectation and differentiation. In the
present formulation, it is assumed that the random functions involved, such as

h.(0,Z,¢)and the pressure field P’ , are sufficiently smooth with respect to the spatial

variables and possess finite moments.
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Under these assumptions, and since A e L’(Q)Standard results from stochastic
analysis ensure that the expectation operator commutes with spatial differentiation.

That is,
E ai :iE(p*)’ E 6i :iE(p*)
oxX ) ox 0z ) oZ
This follows from the dominated convergence theorem, provided that the derivatives are

bounded in the mean-square sense. Hence, the averaged Reynolds equation (23) is
mathematically well-defined.

The expectancy operator is defined as £ (0)

©

E(s)= [ (o) F(H,)aH, (24)
According to Christensen, we take that
35 3
C’-H?),-C<H <C
F(H,)=132C" ( c) ’ (25)
0, elsewhere

Where o = C'/ 3 is the standard deviation.

The probability density function given in equation (25) corresponds to Christensen’s stochastic
model for surface roughness. This model represents a first-order approximation of the effect of
random surface irregularities on the lubricant film thickness.

In this formulation, the roughness function /4 (@, Z, ) is assumed to exhibit small fluctuations

about the mean film thickness, and higher-order statistical interactions are neglected. The
averaging process is therefore based on the assumption that the roughness amplitude is small
compared to the nominal film thickness.

Furthermore, the model assumes that the random roughness is statistically homogeneous and
does not introduce long-range correlations in the spatial domain. Under these assumptions, the
use of Christensen’s distribution provides a tractable and physically reasonable approximation
for incorporating surface roughness effects into the Reynolds equation.

The dimensionless quantities are:

7=2 7=ty Eh 5 X
/ c c r
r=lomem  B-To1_Beoso, H =1 6)
c c c
_ = _ x 2 _
K=£2,ho_ﬂ’ P:P—C’E:e—"ng
c c rz(dE c c
H, AT
3T T /I - C
FhLg)y=cF(h L), Al=—, c=—
2r c

The following is the nondimensional version of the modified stochastic Reynolds equation.

0 || ofp7 DVaP| 1 8| o= D\|op
(R L 129 1-2 | L S (R L) 12| 1-— || =t2eost @27
ae{ [FLo) [ 5 Hae +4%az{ [FL9) [ B J}az wf e

m m
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Where FOLL.)= 7 (1+32)—62LF tanh %} 127+ 24T tan %} o8

The specific properties of surface roughness affect the terms on the left side of the stochastic
Reynolds equation (27). In particular, two types of unidirectional roughness patterns are
considered especially significant for theoretical analysis.

The updated Reynolds-type equations for the roughness patterns in the longitudinal and
transverse directions can be written as follows after simplification [29]:

ol 7 _Dylep|, 1 |}z _D|oP|__ (29)
aaHa(k,L,g) 12\11[1 BJ}&H}MZ 62Hﬂ(h,L,g) 12\1}[1 2 j}az} 12cos 6

Where

E (F(iz,z, E) ), longitudinal
a(h,L,g)= 1

——————, Transverse
E(1/F(h,Lyg))
_ 1- ———, longitudinal
BnLoy=1 E(UF(LL))
E (F (h,L,g) ), Transverse

- -3 - ZC —2— e I
E(F(hLg))=h (1+36)+ == =12L h+24L ~6cLh *G

c — -1
L .5 [(C*=12) x| I (1+3¢)~6cLh" ~12L"h+24L" + tanh M
E(1/F(hLg)) 32C" % 2L
. _
G=—2[(C°~H) xtanh A \aa, (30)
3207 1, : 2L
Original coordinates are P=0atO0=+7/2and P=0at Z=+0.5 (31)

0c {—1,5} and Z €[~0.5,0.5]
272

The domain of equation (29) is transformed from its original physical coordinates to a
normalised unit square to simplify the numerical solution. Specifically, the variables & and Z
are mapped to the interval [0, 1] . This makes the computational domain dimensionless, which

helps in using numerical methods like wavelet-based methods.

O+r/2

S= e[0,1] and 1=Z+1/2¢€[0,1] (32)
Vs
< 7 - - 1
Transformations are: (9=7Z’S—5 andZ=t—5 (33)
0 10 0 _0 4d0dZ=rdSdi
080 oS 0Z t
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—12cosf = —12cos(ﬁ§—%j = —l2sin(7z§)
H(@)=1-Ecosd
_ — . _
H(S):1—Ecos(7rS—5j:1—esm(7rS) (34)

After the domain transformation for equation (28) is given by

1ol --- p\lop| 1 ol| --- D\l opP -
——a(hLo)-12¥| 1-—= |\ = |+—=|{ B(h,L,c)-12¥| 1-— | \—= | ==12cos(xS (35)
{( 5) [ Bm}} [ {ﬂ( 5) [ J} 6t (7S)

Where, E,Z‘e [0,1]

The Reynolds boundary conditions are used to calculate the film pressure distribution from the
stochastic generalised Reynolds equation (35).

P(0,6)=0,P(L,{)=0 and P(S,0)=0, P(S,1)=0 (36)
Load carrying capacity
After applying the domain transformation, the bearing's load-carrying capacity W, which
comes from the pressure inside the lubricant film, is calculated as follows.

W= —nerE(P*)sin(nS)dS dt (37)
00

The dimensionless load-carrying capacity of a poroelastic partial journal bearing can be
expressed over the normalised unit-square domain after applying the domain transformation.

1 _
W=n) Y Pisin(zS)dS di (38)
i=0 j=0
Time height
. . o we?
Non-dimensional response time is given by 7 = P 39
nlr

The time required for the journal to change from £ =0 to £ =1 is used to calculate the time-
height relationship, according to equation (40).

dE 1

dr  f(E,L,Y)

f(E,L,\¥)=nY Pi;sin(zS)dS di (40)
i,
III. Basic Properties of Sine Cosine Wavelet
Definition of wavelet and Sine and cosine wavelets
Ve, (7’) = l//(S, b,t,r) be the sine - cosine wavelet, which has four arguments
s=0,1,2,..., 2" —1,b5=0,1,2,..., where ¢ is given in equation (42), and 7 is normalised
time. Which is defined in the interval [0,1) as [XXV]:
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v (=12 &ET= for wSrsy (1)
0 otherwise
with
1/42 1=0
g,(r)=1cos(2trr) t=1,2,..,1 (

sin(2(t—1)zr t=1+1,/+2,..,2]

Where / is a positive integer. This set of wavelets is an orthonormal set.
Function approximation

Let g(r) be any function defined over the interval of [0,1) that is expressed as

o 2°-1

g =22 k., () (43)
t=0 5s=0

Where K = < gy, (r)> (44)

By eliminating the infinite series equation (43) at the level =2/ and § = 2" 1.
Now, an approximate representation for g(7) as

20 281

g(r)=>> kv, (r)=Ky(r) (45)

t=0 s=0

where the matrices K and /() are 2" (27 +1)x1 matrices given by

T
TSN S 0 P S F (46)

T
w(r)= [Wo,o"//0,19-'-,'//o,zz,‘/’1,0:‘/’1,21a""Wzb_l,o""’l/lzb—l,zl] (47)
Sine- cosine wavelet operational matrix of integration method
Let us derive the operational matrix of integration first matrix p with /=2 and b =1
. We obtained 10 basis function are: [XI]:

Voo(r) =2
W, (r) =2cos(4xr)
W,,(r)=2cos(8zr) t 0<r<0.5 (48)
W5 (r)=2sin(4xr)
Wo.(r)=2sin(8zr)
and
Vo (1) =2
w,,(r)=2cos(2z(2r —1)) w

W, (r)=2cos(4r(2r-1)) ; 0.5<r<1
W, 5(r) =2sin(27(2r —1))
W4 (r)=2sin(4z(2r 1))

By integrating equation (48) from 0 to 7 and using equation (44)
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.
[v10(r)dr = pgo(r) (50)
0

[ 025 0 0 ~0.15923 -0.0796 0.5 0 0 0 0
0 0 0 -0.0796 0 0 0 0 0 0
0 0 0 0 003988 0 0 0 0 0
0.0796 -0.0796 0 0 0 0 0 0 0 0
0039808 0 -0.039808 0 0 0 0 0 0 0
Pow=| g 0 0 0 0 025 0 0 -0.15923  -0.0796
0 0 0 0 0 0 0 0 -0.0796 0
0 0 0 0 0 0 0 0 0 039808
0 0 0 0 0 0.0796 -0.0796 0 0 0
L o 0 0 0 0 0039808 0  -0.039808 0 o ]
T
We obtained /,,(r) = [Wo,o WorrWo2sVoss Voo Wi ViV Vis Vi :I D

Similarly, integrating the equation again and again, we can get p~ and p3

W, (r)dr = plzo%o(r) (52)

W, (r)dr = pfo'//m(’”) (53)

O ey N O C—
O N O ——
O

A Stability and Convergence Analysis of the Proposed Method

In this section, the convergence and stability of the sine—cosine wavelet operational matrix
method applied to equation (35) are discussed.

Error Estimate

Let }_)(g, 1) denote the exact solution of the transformed Reynolds equation (35), and let
fTN(E, ) be its wavelet approximation obtained using a finite number of sine - cosine wavelets

as defined in (45). Then, for sufficiently smooth F(E, 1), the approximation satisfies:
HF@, 7) —17N(§,?)H2 <c@’y*

where C'is a constant independent of » and k depends on the smoothness of 1_°(§, 1)

. Thus, the approximation error decreases as the level of resolution increases. b
increases.
Convergence

Since the sine—cosine wavelets ¥ , form an orthonormal basis on [0,1), the expansion
given in (43) converges to g(r) in the [L’-sense. Extending this result to two
dimensions, the approximate pressure converges to the exact solution 1_’(5,1_) of
equations (35) as b —> 0, i.c.,

lim P, (S,7)=P(S,t).

b—w

Stability of the Collocation Scheme

By substituting the wavelet expansion into equation (35) and applying the operational

matrix of integration, the governing equation is reduced to a system of linear algebraic
equations of the form AX = B.
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where A is the coefficient matrix depending on F’ (Z, Z, E) , K, and wavelet basis functions,

and X is the vector of unknown coefficients.

Due to the orthogonality and boundedness of the sine - cosine wavelet basis, the matrix A
remains well-conditioned for moderate values of b . Hence, the numerical scheme is stable, and
small perturbations in input or truncation errors do not lead to significant deviations in the
computed solution.

Theorems and Lemmas
Lemma 1: If the two-dimensional sine cosine wavelet expansion of a continuous function
g(r) converges uniformly on [0,1]x[0,1] Then the sine-cosine wavelet expansion converges

to the function. g(r) i.e., g2(x,y) = g(r) [XXXI].

Proof: Let f(l") z Z z Z S151155250 l’//51 tl( )l//52 ’2( ) 54

5= Ot] 05,=01,=0

Where k= j I Vs (W, (g(x, »)dxdy and g(x,)=g(r) (55)
00

Multiply both sides of equation (54) by V., (X)W, (¥), where c,d,u,v are fixed,
integrating term-wise

[0,1]x[0,1] .

We obtain

f j Vs OV, (V) (r)dxdy —I j D KV W, DWW (W, (v) drdy

0 0 815055250
(56)
Interchanging summation and integration yields

= > Ky [ [(w., (x)wc,d(x))dxj[ [(w., ,z(yww(y))dy} (57)

S1,0587 5t

Using the orthonormality of the sine-cosine wavelet basis
1

1
[(v,, W () dx =5, .8, , and [(v,,, W, ())dy=3,,5,,
0

0

Equation (57) reduces to

o t—

1
[Vea W, ) f(p)dxdy =k, (58)
0

Here, ks 45ty (g(an/)‘//S,,tl (X)WSz,tz V), $pp11,8,,1, €L

The function g(x,y) and f(x,y) have the same Fourier expansions with respect to the two-
dimensional sine - cosine wavelet basis, and consequently g(x, y)= f(x,»).

Theorem 1

Let g(x,y)=0" [ [0,1] X[O,l]] satisfy Lemma 1.
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Let g (x,y)= Z Ky ooV GOV (3) denote the N-Partial sum of the two-

St osaota
dimensional sine- cosine wavelet expansion, then the sequence { g ‘ } in uniformly Cauchy on
[0,1]%]0,1].

Proof: From Lemma 1, the two-dimensional sine cosine wavelet expansion of g(x,))
converges uniformly on [0,1]x[0,1] uniform converges implies that the sequence of partial

sums is a uniform Cauchy hence for every & > 0 there exists N such that forall F',G = N,

then ||§F —(QG”LOO <o (59)
Hence the proof.

Theorem 2:

Let g(x,y)=07 [ [0,1]%[O, 1]] satisfy Lemma 1 and let

g(x,y)= Z kg ooV W, . (¥) be the N partial sum of its two-dimensional

S15ty 5525t

sine -cosine wavelet expansion, the

lim Hé (x,y)dxdy = Hﬁ (x,y)dxdy (60)
00 00

Proof:
By Lemma 1, the sequence {g } uniformly converges to g(x,y) on [0,1]x][0,1]

uniformly implies convergence in L' ([0, 1]2)

© — —

1 11
lim [ [ &, (x.y)dvdy=[[lim & (x.y)dvdy 1)
0 00

=Hg(x,y) dx dy
00

Method of Implementation
The general elliptical partial differential equation of the form
o’P o’P oP oP
0,(X, ) == +0,(%, ) — +05(x, y) ——+0,(x, y) ——+05(x, )P = q(x,y) (62)
ox oy ox oy
Where 0,,0,,0,,...,05and ¢ be any functions of X and ) or constants. The computational
domain of equation (62) is [0,1]x[0,1].
We considered that the second-order partial derivative can be expressed by a sine-cosine
wavelet series given by [II].
aZP 21 21
axZ = Zzas,tscs ()C) Sct(y) (63)
t=1 s=1
aZP 21 21

a 2 = ZZﬂs,tSCs (X) Sct (y) (64)
Y =1 s=1

The definition of collocation points is
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cp—0.5
ch =T, cp =1,2,....,2I
_cp-05

Yep 7 cp=12,..21

Let us consider the Dirichlet boundary conditions.

P0,y)=0=¢g(0,y),  P(Ly)=0=g(y), P(x,00=0=g(x,0)  and

P(x,1)=0=g(x,1) (65)
From equations (63) and (64), we get the expression:
oP 20 21
= =80 =g0+ 23, (P )=k, )se, () (66)
t=1 s=1
20 21
P(x,)=g(0,9) +x(g(Ly) =g 0.+ > e, (P (¥) ~xk, )5, () (6D
t=1 s=1
aP 21 21
oy = 8@D =20+ 235, (P k) se, () (68)
t=1 s=1
20 21

P(x,y) = g(x,0)+ »(g(x,) - g(x,0)+ Y. > B, (p,,z(y) - k., )Scs (x) (69

t=1 s=1
A system of 4/ 2 equations is created by setting Egs. (67) and (69) are equal, and using the
collocation points. Substituting the formulas for P(x, )) and its partial derivatives into the
main differential equation (62) gives us an additional set of 4/ : equations. To find the unknown
Haar coefficients &, , and ﬂs,t these two systems are solved together. Once we know the

coefficients, we can easily put them into either Eq. (67) or Eq. (69) to get the approximate
solution.
Test Problem

Consider a linear Boundary value problem. —)" =(2—4x")y with Neumann boundary

conditions y'(0) =0 and »'(1) =—1/4 with an exact solution y(x) = e
Solution:

Table 1: Solution of FDM versus SCWOMM
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It serves to emphasise the effectiveness and correctness of the methods employed. The solution
given by FDM is close to that of the exact solution, within a maximum permissible error of
2.97x107, in comparison, yields machine precision accuracy for the SCWOMM approach.
Thus, it has been shown that wavelet-based operational matrices provide an exact, accurate,
efficient, and reliable alternative approach for solving nonlinear BVP problems, even using
collocation points.

IV. Results and Discussion

Pressure

Lzogrnsioe | vowghoww |1 (D)) fowpttudne e |1 03

Fig.3 Fig.4.

Toapliaton | mmghowss (1 L0y
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Fig. 7. Fig. 8.

Fig. 3 to 8 shows how nondimensional pressure changes along the circumferential coordinate 6

for different values of the Couple stress parameter. L, with £=0.3, p=0.3, A=1.5,
— D
C=0.2, and e =0.3for both longitudinal and transverse roughness patterns

K =765x10".

Compared to the Newtonian limit (L — 0), increasing the Couple stress parameter
leads to a significant rise in pressure for both roughness types. The increase in pressure
for the longitudinal roughness pattern is more pronounced than for the transverse
pattern. This pattern indicates that the joint's ability to carry load increases due to the
microstructural effects of the synovial fluid, represented by Couple stresses. The
physical resistance of long-chain hyaluronic acid molecules to deformation causes the
lubricating film's pressure to rise during the squeezing motion.

Leagpocaal Donglaes 5
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Fig. 11. Fig. 12.

Fig. 13. Fig. 14.
Fig. 9 to 14. The pressure distribution along S with the variable slip parameter p is

_ — D _
shownhere, E=0.3,C=02,1=15,L=04, B—=0.3,and K=765x10".

m
For both longitudinal and transverse roughness patterns, the nondimensional pressure
P decreases as pincreases. This means that smoother movement between the

cartilage surfaces is possible due to higher slip velocity and porous boundary
conditions, which reduce resistance in the fluid layer. This behaviour matches
physiological findings that slipping at the cartilage-fluid interface helps hip joints work
effectively, especially under high load conditions.
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Load Carrying Capacity

Fig. 15. Nondimensional load-carrying capacity W in relation to the eccentricity ratio F .
For both longitudinal and transverse roughness patterns, Fig. 15 shows that. W

increases as L increases. Unlike the Newtonian case L =0 , the presence of Couple
stresses counters the squeezing action. This raises film pressure and, therefore, the
load-carrying capacity.

Fig. 16. Nondimensional load-carrying capacity W in relation to the eccentricity
ratio E .
Fig. 16 shows that when p increases, W drops. Longitudinal roughness can support
a larger load, but the decrease is more noticeable with transverse roughness. This trend

indicates that higher slip encourages relative surface motion, which reduces fluid film
pressure buildup.

Fig. 17. Nondimensional load-carrying capacity W in relation to the eccentricity ratio F .
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— D

Both roughness patterns illustrate that. W increases with € but decreases as B_ rises.
The load-carrying ability of longitudinal roughness is always greater than that of
transverse roughness. Greater compliance lowers film pressure by decreasing
resistance to squeezing.
Time height relation
A key factor in designing bearings and lubricating joints is the response time. z of the
squeezing film. This is the time it takes for the film thickness to reach the minimum
allowable level.

0 '

Fig. 18. Non-dimensional time height for different values of L

For both longitudinal and transverse roughness patterns, Fig. 18 shows that. 7 increases as L
rises. The effects of the Couple stress fluid at the microstructural level play a role here. Higher
concentrations of hyaluronic acid molecules resist film compression and lead to slower film
draining compared to the Newtonian situation L = 0 . This change is what improves response
time.

Fig. 19. Non-dimensional time height for different values —.
m
Fig. 19 shows that for both roughness patterns, 7 decreases as increases. This suggests that
stiffer cartilage shortens the film's thinning time. Significantly longer response times occur with

lower values of —, which indicates worse cartilage. Additionally, higher permeability K
m

increases fluid exudation through the porous cartilage matrix, which speeds up film drainage.
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Fig. 20. Non-dimensional time height for different p
For both longitudinal and transverse roughness, Fig. 20 shows that. = decreases as p

increases. The physiological findings of effective joint lubrication under sliding
conditions match with higher slip at the porous boundary. This promotes fluid motion
and shortens the time for the film to reach its minimum height.

A couple of stresses greatly improve film support. Longitudinal roughness provides a

better load-carrying capability. Higher cartilage compliance and slip reduce W . This
highlights the importance of boundary conditions and material properties. The wavelet-
based operational matrix approach captures these patterns well and effectively captures
the dynamic changes in film thickness. The Couple stress parameter and cartilage
characteristics have the biggest impact on response time. It provides precise and
reliable solutions for difficult two-dimensional lubrication problems in hip joint
biomechanics in both pathological and dynamic loading situations.

V. Conclusions

By focusing on hip joint lubrication, this paper looks at the squeeze film
behaviour of finite rough poroelastic partial journal bearings that are lubricated by
couple stress fluids. The governing equations are solved effectively using a sine-cosine
wavelet operational matrix of integration approach, along with domain transformation.
These equations consider cartilage poroelasticity, random surface roughness, and the
effects of couple stress fluids.

A summary of the key findings: Couple Stress Effects: Compared to the Newtonian
case, couple stress fluids increase the squeeze film response time and improve the load-
carrying capacity. This is because fluid microstructures, such as molecules of
hyaluronic acid, resist film compression.

Surface Roughness Influence: Compared to the smooth surface case, longitudinal
roughness improves load-carrying capacity and response time. In contrast, transverse
roughness slightly reduces these qualities. The results show how crucial surface
topography is in managing joint lubrication.

Numerical Methodology: The wavelet-based operational matrix technique effectively
captures both dynamic and steady state behaviour using fewer basis functions. This
method provides precise, reliable, and cost-effective solutions for two-dimensional
lubrication problems.
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Biomechanical Implications: The proposed model accurately predicts key lubrication
properties. This allows for selecting the best design parameters for prosthetic joints and
offers insights into the function of natural hip joints under various surface and fluid
conditions.

This work is different from earlier research because it combines sine-cosine wavelet
operational matrices with domain transformation. It also includes strong theoretical
guarantees, such as uniqueness, uniform convergence, and the validity of term-wise
integration. This approach provides a trustworthy and effective framework for studying
how surface roughness, Couple stress fluids, and poroelasticity influence synovial joint
lubrication.
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