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Abstract

In this paper, we establish the existence of denumerably many positive
solutions for the iterative system of nonlinear four-point tempered fractional-order
boundary value problems. By an application of Krasnoselskii’s fixed point theorem in
a Banach space. An illustrative example is also presented.
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1. Introduction

Initially, L. Liouville [ XX] and B. Riemann [XXXIV] introduced fractional
calculus, which is an effective tool for studying systems that describe different real
memory operations. Because fractional calculus has so many applications in fields
such as physics, chemistry, biology, control theory, signal and image processing,
economics, geology, and sociology, it has garnered the interest of numerous scholars
worldwide in recent years [VII, XIII]. Research on nonlinear fractional systems is
expanding quickly due to the desire to apply these systems’ special qualities to
address practical issues. These systems are found in many aspects of nature, such as
the viscoelastic behavior of polymers and the unusual particle diffusion in fluids.
Fractional calculus offers an effective foundation for these intricate system modeling
and comprehension [XIV, XXIX]. Several other types of fractional derivatives have
also been defined in recent decades [XXVIII]. They are more general and more
suitable for applications than the Riemann-Liouville fractional derivative [II, IV].
These days, research is focused on finding solutions to equations involving fractional
derivatives and computing them using iterative approaches [III, XII], respectively.
The existence and uniqueness of fractional iterative differential equations have been
studied widely by using the fixed-point theorem [VIII]. Recently, Liu and Jia [XIX]
presented a class of iterative functional fractional differential equations on the semi-
infinite interval with integral boundary conditions. We study the presence of iterative
positive solutions to a linked system of fractional differential equations supplemented
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with multistrip and multipoint mixed boundary conditions, using the monotone
iterative technique.

One of the generalized forms of fractional derivatives is the tempered fractional
derivative. The tempered fractional derivative is obtained by multiplying the classical
fractional derivative by an exponential factor. The conventional Riemann-Liouville
and Caputo fractional derivatives are obtained in particular situations for A = 0. This
novel fractional operator depends on a parameter A. Because of its applications in
physics, groundwater hydrology, poroelasticity, geophysical flow, finance, and other
fields, the tempered fractional derivative has gained popularity as a research topic in
recent years [IX, XX, XXXVII, V, XI, XXV, XXVI, XXXIII, XVII]. There are
numerous other works on fractional differential equations in the sense of tempered
derivatives. However, the majority of them only address classical tempered fractional
derivatives [ XXXIX, XXXII, XVIII, XXVII, XV, XXIV].

In [I], Almeida et al. expanded the concept of tempered fractional derivatives within
the Riemann-Liouville and Caputo frameworks, introducing a novel class of
functional operators. In [ XXXVIII], Zaky studied the well-posedness of the solution
and derived and analyzed a Jacobi spectral-collocation method for the numerical
solution to the two-point nonlinear tempered fractional boundary value problem. In
Pandey et al. [XXXI], the properties of eigenvalues for the regular tempered
fractional Strum-Liouville problem are studied using a fractional variational
approach. Li et al. [XXI] examined various properties of tempered fractional
derivatives and explored the existence, uniqueness, and stability of some tempered
fractional ordinary differential equations. In Khuddush [ XVI] examined the existence
of positive solutions to the iterative system of non-linear two-point tempered
fractional order boundary value problem.

Motivated by the works above, in order to discuss the proposed new iterative system
results for fractional calculus and the theory of fractional differential equations in the
tempered sense, in this paper, we utilize Krasnoselskii’s fixed point theorem to
establish the existence of a positive solution within the iterative system of a nonlinear
four-point tempered fractional boundary value problem:

RO x, (1) + A fi(yip () =0, 0<7t<1, 1<i<n,
RDI2P (1) + u(1) gi(2041(1)) = 0,
BDIP2.(7) + 0(D)hy (x4 (1)) = 0,

Xn41(1) = %1(T), Y1 (@) = 31(1), Zp41 () = 2,(7)
subject to the boundary conditions,

(1.1)
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%(0), e (D))l = 0, j? [e7"x;()]lr=o = 0,
8D (i (@)]le=r = ko §D7 P [ (D] le=p, = 815D [x:(D)]lo=g,.
Y(©), [Py Dl = 0 2 [P (D]l emo = O,
BDP [y (D]leer — k2R [y (]lemy, = 88D [y (D] le=c,.
2(0), L ez Ollemo = 0, [P 2 (@lemo = 0,

BD VP 12,0 lee1 — ks BDYP [2:(D)]lean, = 852D [2:(D)]leoc,

(1.2)

where 3<a, <4; 1<y,.<2,0<n,<{ <1,n,,/{ are positive constants, r =
123, A() = Ilg=1 (0, u(7) = [Ti=1 ik (), 0(7) =[lg=1 k() and each
Ak (T), ur (t), 0% (t) € LPi[0,1], (1 < p; < +o0) has n-singularities in the interval
(0,1).

Assume the following conditions hold throughout this paper:

(T1) fr,gr hy:[0,00) = [0, 0) are continuous,
(T2) 3<a, <4, 1<y <2, a,—Vp,—1<a.—-2; k,6,20,0<n,.<( <
land A, = F(ar)[e_p - Kre_p”fnfr_yr_l - 5re_p575f’_y’_1] for r =1,2,3,
(T3) limA,(t) = oo, lim py (t) = oo, lim 0y (1) = oo,

T-Ty T-T T-T

where 0 <1, <71 < <711 <1,
(T4) 3y, Py, v; > 0 such that A;(7) > P, w; (1) > ¢y, 0i(t) > v; respectively for
T€[0,1],i= 1,2, ,n.

The rest of the paper is organised as follows. In Section 2, we present some
definitions and background results, also construct the Green functions for the
homogeneous boundary value problem corresponding to (1.1)-(1.2) and estimate their
bounds. In section 3, for the sake of convenience, we state Krasnoselskii’s fixed point
theorem and also provide criteria for the presence of denumerably many positive
solutions to the boundary value problem (1.1)-(1.2). Finally, as an application, we
provide an example to demonstrate our results.

II. Mathematical Model

This section goes over the definitions, properties and lemmas of tempered
fractional calculus [XXIII, XIV, XXX], which are important for the discussion that
follows:

Definition 2.1 Suppose that the real function x(t) is piecewise continuous on (a, b)
and x(7) € L([a, b]) 0 > 0,1 = 0. The Riemann-Liouville tempered fractional
integral of order o is defined as

1 T
RL 9% (1) = e‘“maﬂg(e’“x(r)) = %f e A=) (1 — 5)71x(s)ds
a
where Rl IDZ denotes the Riemann-Liouville fractional integral
1 T
RL e — f —_ o\o-1 d
XD =5 | =9 )

If A =0 then the tempered fractional integral reduces to the Riemann-Liouville
fractional integral.
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Definition 2.2 Forn—1 < a <n;n € N*,1 > 0. The Riemann-Liouville tempered
fractional derivative is defined by
A _ _afRL 2 _ e dn .t ex(s)
RL DIx(t) = e™2" DI (e’ x(1)) = Tmo) 2o Ja rogyo-nti
where R IDZ denotes the Riemann-Liouville fractional derivative
RL o B 1 dar (* x(s) p
aD7x(7) = T(n—o)dt), (t —s)o "+l s

Lemma 2.1 Let x(7) € L([a, b]) and I""%*x(1) € AC™[a, b]. Then the Riemann-
Liouville tempered fractional derivative and integral have the composite property:

ds

n-1 e—AT(T _ a)a—k—l

M‘aﬂg'l[maﬂ)g"lx(r)] = x(7) - Z e [RL_DZK=1(eMx(7))|,=q]
k=0

Remark: (i) ®L, DI 1% (1)] = x(7) (i) R, DIen~1 = 0 _gn-o-1,

~ r@-o)
In what follows, we calculate the Green’s functions associated with (1.1)-(1.2).
Consider the homogeneous boundary value problem:

—BDpIPx (1) =0, 0<71<1, 3<a; <4, 2.1
d d?
x1(0) =0, =[P x1(D]lr=0 =0, F[eP x1(D)]le=0 = 0,

BDY Pty (O]le=1 — k8D P ey (] l=, = 618D [, (O],

(2.2)

|T=U1

Lemma 2.2 Let Ay =T(a)9 #0;9 =e7P — Kle_pnlr]fl_h_l -
518_1){1({11_)/1_1. If Y(r) €C[0,1] and 3 < ay <4, then the boundary value
problem:

RDIPx (1) +Y(1) =0, 0<1<1, (2.3)
satisfying the boundary condition (2.2), has a unique solution

x1(0) = [} 31(z,£)e PEDY(0)de, T € [0,1],

where 3, (7, ) is the Green’s function for the BVP (2.3)-(2.2) and is given by
(311(t,£); 0<¥<min{r,n} <1,
S12(1,€); 0<t<¥<n <{ <1,
J13(1,€); 0<n <€ <min{{y, 7} <1,
J14(t,9); 0 <max{t,m}<¥<{ <1,
315(1’,'8); OST]1£{1S'€ST<1,
J16(7,%); 0 <max{(;, 1} <¢<1,

J1(t,€) =1 2.4)

where

Su () = All[(e_p(l — )TN — e TPy, — )T = §e7Ph
X (G — 0y g (- )6,

J12(7,4) = A, [eP(1 =)0t — e Py — £)W 71— §e TP
X (§y — )W e,

R) ! - ay-y1-1 -»¢ a;—-y1—1y,a,—1
\513(1,1?)=A—1[(e P(1— )Tl _§ e (g, — £)U 110
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—9(t — £)*71],

1
314(1,4) = A [(eP(1 — )% V171 — § e PS1(; — £)F1 V171 g1,
1
1
J15(0, %) = ™ [(e7P(1 — &)@ V1—lg@—1 _ (7 — p)ar-1],
1

~ 1 -p a;—y1—-1,a;—-1
Jls(T.f’)=A—1[€ (1 - ra,

Proof: Applying the Riemann-Liouville tempered fractional integral operator ng vP
on both sides of the equation and using the composite property, we get

x,(t) = cie Pt~ 4 ¢,ePT172 4 e PTTH3
1 T
j e P (7 — )1y (£)de.
0

I'(aq)
Using boundary conditions, we have ¢, = ¢3 = ¢, = 0. Hence

+c e PTrrT —

1 ‘ ()
= -pTra—1 _ -p(t— -/ al—lY ) de
0(0) = ere P — s [ e 0 - iy
moreover, we have
RV P, (D] = ¢ e‘pT—F(al) T%~v1~1
0T ! ! I'(ey —v1) .
—ePT ;J‘(T — £)*1 1= 1ePly(£)de
I'(a; —v1) o

From the other boundary condition

8D 21 (D]le=1 — K1 EDIYP [x1(D]lpm, = 61 8D [x1(D)]lr=¢,
we have
1 [e_pr(al) - Kle_pnlr(a’l)ﬂfl_h_l - 519_“11"(“1)(1“1_“_1]
1 Ukt
=e7? j (1 — )"~ 1ePlY(P)dx — ke P | (ny — £)% 1~ 1ePtY(£)ds
0 0

€1
_516—17(1 = g)arh—lepi’y(g)dg'
0
1 1
€ = A_1 [e‘pf (1 — ) =Pty (p)de — £)“1 V17 1ePlY (£)dl — i e P
0

X " (n, — £)*1 "1~ 1ePly(p)de — §,e P51 i ((y — &)1~ 1Py (p)de].
As g result, "
-1
['(a)

1 M1
xle™ [ (- o ey @ae e [ - ey (0l
0 0

—pTai-1

T
x, (1) = f e P (¢ — p)2-1Y(£)de +
0

1
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1

—85,e7P% ((, — O)Fr 11~ 1ePlY (£)df]

1 ° 1
= A_1 [e"Pr®—1 f (1= )% =1 PC=OY(p)dlf — ;e PTrp%~1

0

M
X (n, — £)¥r "1~ PE=DY(p)dl — 5, PSr17%~1

0

€1

T
x| (¢ =) "1e POy () de — 9 f (1 — £)%1~1ePE=DY(£)df]
0 0

1
= f 3, (1, £) e PE-OY () de
0

Lemma 2.3: Assume that condition (T2) is satisfied. Then the Green’s function
31(1,?) is given by (2.4) satisfies the following properties:

(i) 31 (t,?) is nonnegative and continuous on [0,1] X [0,1].

(ii) J1(1, %) <£3.(1,¢), for all (z,€) €[0,1] x [0,1].

(iii)  There is some b € (0, %) such that 3, (,) = b™ 713, (1, 4),
forall (z,%€) € [b,1 —b] X (0,1).

Proof: Consider the Green’s function 3 (t, £) given by (2.4)
(1) Let 0 < ¢ < min{t,n;} < 1. Then

a;—-1
Sunt) === - ey Pt = 5 eTPAgTIT (1 - £) T — 9]
x (1—&)" 2,

a;—-1
= P -6 —9l(1 =)™,

A1

Tt +1

=, B0t %i’z +-)](1 =& 7t = 0.

Let0<t<¢<n <{ <1. Then

a;—-1
S12(r,8) = [e™? — ke P — 5 emPa g T (1 — pyanT]
1
a;—1
= [9(1 - {)“1—]/1—1] > 0.
Ay

Let0 <ny < ¢ <min{{;,t} < 1. Then

;-1
J13(n ) = [(e7P — 8,7 P4g ™ (L — &) = 9](1 - )™,
%1 o
= [0 e TTH (A - H T -1 - HT T 2 0.

Let 0 < max{r,n,} <€ < {; < 1. Then
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a;—1
SuEt) = ) [e7P — é‘le‘ﬂl({zl_yl‘l](l — p)T1ri-1
@11
= A [19 - K1e_pn17']f1_h_1](1 — {)‘h—]ﬁ—l > 0.
1
Let 0 < max{r,n;} < ¢ < {3 < 1. Then
a;—1
Ji5(1,x) = n [(e™P(1—&)"1 —9](1 — x)%171,
1
. +1
= [e_p(y1,€+M€2+.'.)
Aq 2

+Kle_p"1nf1_y1_1 + 61({11_”1_1](1 —x)%1"1 >0,
Let 0 < max{n,t} <€ < 1. Then

a;—1

316(1—' ‘g) = [e_p(l - [)6(1—]/1—1] > 0.

1
Which implies that 3, (t,#) = 0 forall 7, £ € [0,1].
(ii) Let 0 < £ < min{t,n,} < 1. Then

0311(7, %) - (ay — 1)r%~2
Jt - A
X (1—£)* 7191 —£H*?,
= @(1_2—)70{2 [9(1 — £)®1 7111 —9(1 — £)%172] > 0.
Let0<t<¥f<m, Sél < 1. Then
0312(7, X) S (a; — ™2
Jat - A
_ 19)0(1—]/1—1’
(a; — D@2
= —x
Let1l <n; < ¢ < min{¢;,7}. Then
0313(t, x) - (g — DT%~2
dat - A
_ 3)&1—2]’

— — a—y1—1 — a,—y1—1
[(e7P — Kye Py T = §ieTPAg T

— - a1—-y1—1 - a1—-y1—1
[e7P — ke pmnll Y1 — 5,e 1051(11 " 1

W1 —-)* 11 >0,

[(e™ = 81e 7Pt HA —)m Tt —9(d

G 1)7%2
= ™
>0
Let 0 < max{r,n} <€ < {; < 1. Then

[0 + Ky PP T TH(A - DT (1 - )7
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0314(7, ) (a; — D@72

> > n [e7P — 516—1)51({"1‘1’1‘1](1 — @11
T 1
a, —1)r*2 e
(@ A) [9 + K e Pt " 1](1 — @7l >0
1

Let 0 < max{r,n1} <€ < {; < 1. Then

o~ _ a;—2
a‘slgf’ 0@ i)r [eP(1— )M N1 _ (1 — £)12] > 0
1

Let 0 < max{n,t} <€ < 1. Then
0316(t,¢) (a3 — 1T*—2
Jt - Ay

Which implies that J;(z,#¢) is a monotone non-decreasing function, so we have
J31(1,6) <31(1,¢) forall (z,£) € [0,1] x [0,1].

Hence the inequality (ii) is proved.

(i)  Let0 < ¥ < min{r,n,} < 1. Then

[e™P(1 — £)@1171] > 0.

;-1

$1(1,0) = [(e7? — Kle‘pnlnfl_“_l - 61e‘p51(f1_y1_1)(1 —-H™Nn
1
-9] (1- f)“l‘l
=775, (1,0) = b¥ 713, (1,9)

Let0<t<¥<1n <{ <1 Then

-1

S = [e™? — ke Pt T _ 5 e Pa g T (1 — pyan]

1
=714713,(1L,0) = bal_lslz(l'{))

Let1 <ny; < ¢ < min{{;,7}. Then

;-1

Si3(n.8) =2 [(e7P = 817 T H (1 — 1) = 9](1 - )7,

= 7071%,5(1, ) = bY71F,5(1, 9)

Let 0 < max{r,n} <€ < {; < 1. Then
a;-1

Su(nt) = [e7P — 519—127(1(;11_7’1_1](1 _ g)al—yl—l

1
=775, (1,€) = bY71F,,(1,9)
Let 0 < max{r,n} <€ < {; < 1. Then
a;—1
Ay
=707, .(1,£) = b¥71F,5(1,9)

3i5(n,f) = [(eP(A -7 —9](1 -7,
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Let 0 < max{n,,7} < ¢ < 1. Then

a-1

S16(1,8) = [e™P(1 — )01 = 7071F, (1,) = bY71F,4(1, 2).

Therefore, we have S;(1,%) = b*™713,(1,#), for all (r,%) € [b,1 — b] x (0,1).
Hence the inequality (iii) is proved.

We can also formulate similar results as Lemmas 2.2-2.3 for the tempered fractional
order boundary value problems.

RDI2Py (1) + ki (t) =0, 0<t<1, 3<a, <4,
d da?
71(0), =[Py (D]le=o = 0, —— [P y1(D]le=0 = 0, (2.5)
EDY2P Iyy ()] le=1 = k3D 1 ] lemn, = 825D 1 ()],

Lemma 2.4 Let A, > 0. Then the Green’s function 3, (t,£) has the following
inequalities:

6 3,(7,%) > 0, forall 7,2 € (0,1).
(i1) 3,(7, %) <3,(1, %), for all (7,¢) € [0,1] X [0,1].

(iii)  There is some g € (0, %) such that I, (7, %) = %7 13,(1, ), for all
(T,) € [$,1 — ] X (0,1).

Similarly, we also formulate results as Lemmas 2.2-2.3 for the tempered fractional
order boundary value problems

RD* Pz, (t) +q(r) =0, 0<7t<1, 3<az<4

d d?
z1(0), E[em%(f)“r:o =0, F[emzl(ﬂ“r:o =0, (2.6)
EDL P (20 (D)]lem1 — ks BDYP[2,(0)]lrzy, = 83 EDY P [21 (D]l

Lemma 2.5 Let A3z > 0. Then the Green’s function 33 (t,£) has the following
inequalities:

(1) 33(7,%) > 0, forall 7,€ € (0,1).

(ii) 33(1, ) < 33(1, %), for all (r,¢) € [0,1] x [0,1].

(iii)  There is some X € (0, %) such that J5(7,¢) = R*3713,5(1, ¢), for all
(r,¥) € [X,1—K] x (0,1).

We note that an 3n-tuple

(1 (0), %2 (1), - %0 (1), Y1 (1), Y2 (1), =, Y (7), 21 (T), 22(7), -+, 2 (7))
is a solution of the boundary value problem (1.1)-(1.2) if and only if

1
xi(7) =f0 31(5, e PO fiisa (£)) db

1
yi(®) = fo 32(7, 0)ePTOu(®) gi(2i41(£)) df
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1
z;(1) = f I3(1,£)e P (8) hi(x141(£)) d¥b, T € (0,1), 1<i<n,
0

X1 (D) =x1(1), Yp1(@ =010, Zp (@ =2(1), 7€)

Equivalently, if n is a multiple of 3m,m € N then
1

1
X, (1) = f 3,(1, 1) PEEIA(L) fi( f S, (8, £5)e PO (0y)
0 0
1
ng(f S3(£5,£3)e P3G (£5)hy -
0
1
X g f Sy (b, £n)e Pt (20 b (g (n)) ) -~ d3)d L) d s,
0

And
1

1
(@) = f S, (1, 01)e P (8y) go f Sy (8, £5)e P g ()
0 0
1
X hz(_[ 31(£2, £3)e P28 y(0) fy -
0
1o _ _
X hn—l(fo S1 (1, En)e PEn17A( L)) £ (v1(£n))der) - db3)dE;)d ey,

1 1
Z1(T)=f J3(1,%1) e_p(r_fl)g(fl)hl(f S1 (£, £)e U=t (£,)
0 0
1
% fi f Sy (8, £3)e PEED(8) go -
0

1
X fn—l(J 32(£)n—1' ‘Bn)e_p(fn_l_en).u(fn) gn(Zl ({)n))di)n) d{)3)d{)2)d{)1:
0

If n is a multiple of 3m — 1, then

1 1
%(D) = f %, (1, £1)e PEtOA(L,) fl(j (s, £)e PEE)(8,)
0 0
1
X g3 f Sy (L2, £5)e P25 (£) hy -
0

1
X hn—l(f 31 (8n-1, £n)e PER1TIIN(LL) £ (1 (£n))dn) -+ db3)de,)d ey,
0

and
y1(T)

1 1 1
- f sz(r,fl)e-p“-fﬂu(fl)gl(f swq.fz)e-p“’l-f’z)o(fz)hz(f S, (g, £5)e P t)
0 0 0

X A(€3)f5 - fn-1(f01 S2(bn-r, En)e P17 (8, g, (2, (64))dey) -+ d€3)de,)de,,
Z1(T)1)

1 1
- f 341, £)e P (2y) hl(f sl(fl,fz)e-f’“’l-"zm(fz)fz(j S, (£, £5)e Pt
0 0 0

X
1(£3)8s - Bne1(fy 3 (Bny, )e P17 G(£,) hy (3, (£,))dEy) -+ de3)de,)de,
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Theorem 2.6 (Unified positivity of the Green Kernels). Assume that condition
(T2) holds and that A, > 0 forr = 1,2,3. Let J.(t, %) (r = 1,2,3) denotes the
Green’s functions associated respectively with the boundary value problems (2.3),
(2.5), and (2.6).
Then the following properties hold:
(i) (Global negativity) 3.(t,¢) = 0 for all (t,?) € [0,1] X [0,1].
(ii) (Interior strict positivity) For every € € (0, %), there exists a constant
Cre > 0 such that 3.(t,€) = ¢, for all (7,¢) €[, 1—¢]X[g1—

e].
(iii) (Uniform integral lower bound) For every € € (0,%), there exists a

constant ¢, o > 0 such that _inf fl_ssr(r, £)dt = c,. . > 0.
’ T€[g,1—€] "€ ’

Proof: We give the proof for J;; the arguments for 3, and J; are analogous.

From Lemma 2.2, the Green function J.(z,#) admits the unified structural
representation

1 a
3@t ) = L [A@) Tt -9 - )Y,

Where (t — £), = max{t — ¢,0} and
A(@) = e P(A— )M — ey — )T = 81e P (g — P T
Under the condition (T,) we have A; >0 and 9 > 0. Moreover, since 0 <
(t — #); <, it follows that,
(t—-OHP < rat,

Therefore,
a,—1

31(1,¢) = - [A(®) — V).
By the definition of ¥ and the ordering 0 < n; < {; < 1, one varies that A(¥) =
9 for all £ € [0,1]. Hence J;(z,£) = 0 on [0,1] X [0,1], providing (i).
To prove (ii), fix € € (0, %) On the compact rectangle [, 1 — £]? we have,
1871l > g7l > 0,
All functions involved in the definition of J; are continuous on this compact set.

Since J; is nonnegative and not identically zero, continuity implies that,

(T,#)IEIE;,rll—s]z‘Sl(T’ ) =c1.>0.

This prove interion strict positivity.
For (iii), using (ii) we obtain,

1-¢ 1-¢
f 3. (r,0)d? = f C1d€ = (1 —2&)cy .
& &

Taking the infimum over 7 € [g,1 — ¢] gives
Cre:=(1—2&)c;>0.

The proof for I, and J; are identical.

Sabbavarapu Nageswara Rao et al.

21



J. Mech. Cont. & Math. Sci., Vol.-21, No.-03, March (2026) pp 11-35
II1. Existence of Positive Solutions

Now we establish the existence of positive solutions for the iterative system
(1.1) by using Holder’s inequality and the theorem developed by Krasnoselskii’s
fixed-point theorem.
Let B = € X £ X € be a Banach space C([0,1],R) with norm || (x,y,z) =1l x Il +Il
y I+l z |l for (x,y,z) € B, where € = {x:x € C([0,1],R)} and |l x |I= Tren[g)f]lx(r)l.

For ¢ € (0, %), let $(¢) = min{b“ ™, %=1, 8~ 1}}. We define the cone K; < B as
K; ={(x,y,2) €B:x(1r) 2 0; y(r) = 0; z(7r) = 0;
cfx(@) +y(@ +z(m)} 2SO Il (x,y,2) I}

For any (x1,¥1,21) € K¢, define an operator @:X; > B by @(xy,yq,21) =
(WX, WY1, W321) Where @y: P, = &, @5: Py, = &, w3: Py — € and

c
P, ={x€&x(r)=0and min x(t) =b" " | x(7) II},
T€[b,1-b]
= : > i > %21
Py {ye&y(r)=0and TeLr‘grllrlp]y(r) > p%2 " | y(r) I},
Py ={z€&z()=0and min z(t) = X% z(7) I}
TE[R,1—K]

Lemma 3.1 (Positivity of Operator). Assume that the hypotheses of Theorem 2.6 hold.
Forr =1, 2,3, define the nonlinear operators
1

wyx(1) = f 31 (1, 0)e PEOUD f(¢,y(£))de,

0
1

wy(1) = f 3, (1, 0)ePTDu(0)g (£, 2(8))de,

0
1

w3z(1) = f 33(1, £)e P Da(O)h(¢,x(£))d?,
0
Assume furthermore that whenever s > 0.
A@),u(®),a(®) > 0i.e on(0,1),
And that
f,s),9(#,s),h(f,s) =0fors =0,
Then for eachr = 1,2, 3, the operator w, is strongly positive in the sense that,
x=20,x# 0= wx(t) >0, forallt € (0,1).

Proof: We prove the result for @;; the arguments for @, and w5 are analogous.

Let y € C[0,1] satisfy y = 0 and y # 0. Then there exists a subinterval [a, b] C
(0,1) of positive length such that

y(®) > 0 for £ € [a, b].
Since f(#,s) > 0 whenever s > 0, it follows that,
f({’,y({’)) > 0 for £ € [a, b].
Fix € > 0 such that [a, b] € [¢,1 — €]. By the Theorem 2.6(ii), there exists ¢; ; > 0
such that
31(1,8) = ¢y, forall (7,¢) € [e,1 — ]2

Let 7 €[g,1 — €]. Then
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1

wyx(1) = f 34 (1, 2)e PE=OUD f (¢, y(£))de

0
b

> f 34 (7, 0)e PEOUO) f (¢, y(£))de,

a

b
>ceP ({ Ei&fb]A({))) f f(£,y(8))de.

a
Since A(¥) > 0 almost everywhere and f(?, y(f)) > 0 on [a, b], the right hand side
is strictly positive. Thus
wyx(t) >0 fort €[g,1 — €.
By continuity, it follows that,
w,x(1) > 0 for T € (0,1).
Therefore w; is strongly positive. The proofs for @, and w5 are identical.
Lemma 3.2. Assume that (T1)(T4)hold that the nonlinearities f,g,h are continuous
and nonnegative on [0,1] X [0, ]. Then for each { € (0,%),
is completely continuous.
Proof: Positivity of Components. Let (x,y,z) € K;. Since J,.(t,¢) = 0 (Theorem
2.6), e P~ > 0, and the weight functions are nonnegative, and since f, g, h = 0
for nonnegative arguments, we obtain,
w1x(1) 20, wyy(r) =0, wzz(r) =0 forall T € [0,1].
Uniform Boundedness. Let (x,y,z) € K with ||(x,y,2)|| < R. By continuity of
f, g, h on abounded set, there exists M,- > 0 such that,
fl,y®), g, z(¥)),h(£,x(£)) = M, forall £ € [0,1].
Since the kernels are bounded on [0,1]?, there exists C > 0 such that,
|lwull < CM, (r=1,2,3).
Hence @ maps bounded sets into bounded sets.
Equicontinuity. Let 7;, 7, € [0,1]. For @, we estimate
|w1x(T1) — wlx(T21)|

< f |51 (x1, )e P10 — 5, (1, £)e PO\ A0 f (¢, y(£) ) d.
(0]

Since the kernel
Ki(1,2) = 31(1, £)e PT=D(p)
Is continuous on [0,1]?2, it is uniformly continuous. Thus,

sup |K;(7y,€) — K1(72,€)| > 0 as 7, = 7,
2€[0,1]
Using the boundedness of f on bounded sets, we obtain

|w1x(11) — @1x(T2)| < MR#ZEE]lKl(Tl'{) — K (13, 9)].

Hence w; maps bounded sets into equicontinuous sets. The same holds for @, and
ws5.
Therefore, by ArzelAscoli, @ is completely continuous.
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Cone invariance. Fix (x,y,z) € K. By the interior strict positivity of the kernels

(Theorem 2.6), there exists ¢; > 0 such that,
3 (1, 8) = ¢ for (1,€) € [{,1 =72
Fort€[{,1-{],
1-¢
@, x(1) = ¢ f e PE=OX(O)f (¢, y(£))de.
¢

Using the boundedness of the exponential term and the positivity of 4 and f, we
obtain

min @, x(7) = C¢||wyx
in @1x(1) 2 Cellm|
Analogous inequalities hold for @, and @3;. Summing the three estimates yields

min _{w;x + o,y + w3z} = 8§ w(x,y,2)|l.
Join (@1x + @y + @3z} 2 SOlw(x,y,2)]

Hence, w(fi(() C K.

Theorem 3.3 [Holder’s Inequality]: Let f € LPi[0,1] with p; > 1, fori =1,2,--:n
and 37, pl = 1. Then [T, f; € L*[0,1] and Il [TX, £; ;< 1™, Il f; . Further, if
f € L1[0,1] and g € L*[0,1], then fg € L[0,1] and | fg I.<Il £ 11l  llo.
Theorem 3.4 [Krasnosel’skii [X]]: Let @ be a Banach space, § € @ be a cone, and

suppose that 131,15, are open subsets with 0 € 31 and El C 3,. Suppose further that

U:n (Ez\fél) — 9 is a completely continuous operator such that either
@O Iowlflowll,wena, and || Vw IZ]l w ll,w € J N 034, or
@) 10w Izl w I, w € TN 01,, and || Ow ISl w I, w € TN 083,

holds. Then U has a fixed point in T N (B,\R,).
Firstly, we seek positive solutions for the case ),/ ; % <1

Theorem 3.5: Assume that (T1) — (T4) hold. Let {/Jj}ﬁl be in sequence with b; €
(Tj+1,7),0 < b < %and {0}721 be a sequence with 9 € (Tj11,7;),0 < §1 < %
and {8;}72, be a sequence with R;j € (Tj41,7;),0 < ¥y < % Let {C;}72, and {R;}72,
be such that

Cipr <b''R; <R; <O;R; <Cj, JEN,

Cir1 < P77 R <R; <O,R; <C, JEN,

Cir1 <KPTR; <R, <O3R; <Cj,  jEN,
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where

1=b,
6, = max{[b™ 11_[ bi f 3,(1,€) de]4, 13,

1=
i | maeda,

k=1 #1

S

0; = max{[R{*"! ka S5(1,¢) de] 1, 1},
k=1 Ry
Further, assume that f , g, h satisfy:

(DD fiy(x) <m,C for allt € (0,1),0 <y < Cj, where
my < [eP || 34 ”q o1 I A Ul 170
D2) fi(y(x)) = 0,R;, for all T € [b;, 1 — bj], b“l_lR <y <R,
(D3) gi(z(r)) <m,Cj, forall T € (0,1),0 < z < C;, where
my < [eP 1l 3y g [Ty 0k lp, 170
(D4) gi(z(x)) = 6;R;, forall T € [p;,1 — )], goaz 1]R <z<R,
(D5) h;j(x(z)) <mszC for all T € (0,1),0 < x < Cj, where
mg < [eP || 33 Ilq =1 o Iy, 171,
(D6) h;(x(z)) = O5R;, for all TE[X,1- KRR <x <R;.

Then (1.1)-(1.2) has countably many positive solutions

{(xf],xg],- 1[111’},1[1]’},2[1]’ yr[lJ]’ZP]’Zg]'_ ‘r[lj])};.;l

such that xim(r) >0, yl.[]] (r)=0, zim(r) >0o0n(0,1),i =1,2,---mandj € .
Proof: Let Rij={(xy,2) €B:ll (x,¥,2) ISC;}, R,;={(xy2) €B:l
(x,¥,2) II< Ry}, be an open subset of B. Let

Ri; ={x€ElxI<C} R;;={x€EIlxI<R;}

RY; ={y€eElyl<C} R;;={yeElyl<Rj}

Ry} ={z€ElzI<C} R;;={z€ElzI<Rj}
be open subsets of [E. From the hypothesis, we have

1
r*<rj+1<bj<r]-<§, r*<rj+1<g<)]-<rj<z,
1
T*<Tj+1<Nj<Tj<§, foralljeN
Denote
S‘Qj = {(x, y,z) EB:x(1) =20, y(t)=20; z(r) =0
>
refin, @ +y@ +23 = SE) 1 Gy, 2) 1%
— . > > a,— 1
[P’l,]_ {x€E:x(z) =20, e[{,m1nr, x(T) = b; Il x(z) I},
P, ={y€eE:y(®)=0_ min 7) > pP ! T and
p; = EEY@D =20, min  y(@® =" 1y 1}
= : > i > (.13_1
Py, {z€eE:z(r) =20, Te[gllrlxj]z(r) > N, Il z(z) 11}
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Letx; € Py, N OR] ;. Then, x;(£) < C; =ll x1 ll, forall £ € (0,1),

Lety; € Py, N ORY ;. Then, y;(£) < C; =ll y1 Il, forall£ € (0,1),
Letz; € Px, N OR;;. Then, z, () < Cj =l z, Il, forall £ € (0,1).
By (D1) and for #,,_; € (0,1), we have

1
f Sy (bnor, £n)e P10 (£, R (X1 (£))dl
0

1
< f S5(L, £0)eP0 (£, hn (x1(£,))
0
1

< ePmy ij J3(1,¢y) o(£y,) dty
0
1

< epm3 C]f 33(1,1€n)0(€n)d€n.
0

Since Y-, pi < 1, there exists g > 1 such that % + Yy pi = 1. So,
k k

1
_f S3(€n—1»gn)e_p({?n_l_{)n)o'({)n) hn(x1(£5))d e,
0 n
<my G e? 13 gl | [ o < 6
k=1

Similarly for ¢,,_, € (0,1).
1

|| Seltnatuevitnatinice, )

0
1

X gn—l[f 33(&/1—1' fn)e_p(fn_l_fn)g(fn) hn(xl (gn))dfn]dfn—l
0

1
< [ St Derutln g€ dtn <6
0

For n a multiple of 3m, we have

1 1
(Uyx)(@) = f 3T, £2)e PE AL, i j S (L1, £2)e P u(8y)
0 0

1
X ga f Sy (L2, £5)0(5)e P by oo
0

1
X gn—1(f I3(Cn-1, £n)e P17 a (£,) hy (1 (£n))dEy) -+ d3)d ;) d e,
0

<G
For n is a multiple of 3m — 1,

1 1
(Uyx)(2) = f 31T, £)ePE AL, fi( j S, (1, £)e P (8,)
0 0
1
X g( f Sy (L3, £5)0(5)e P by oo
0

1
X fn—l(f 35 (bn-1, £n)e PRt = (L) g (21 (€2))d8y) -+ dbs)de;)d ey
0

<.
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For n is a multiple of 3m — 2,

1 1
U2 (1) = f 31(1, £)e PTEAL) fi( f S, (81, £2)e PO u(8y)
0 0
1
X ga f Sy (L, £3)0(£3)e P2 by o
0

1
X hn—l(f 31(n-r, tn)e PEn1mmA(8) fr (1 (8n))dEy) - db3)de,)d e,
<c.
Since C; =l x4 |l for x, € [P’l,j N alR'lJ, we get || Uqxq 1=l x1 Il
Similarly for n is a multiple of 3m, 3m — 1,3m — 2, we have (U,y,)(7) < C;.
Since C; =ll y; Il fory; € Py, N dRY j, we get | Uy I<Il yy II.
Also Gj =l zy |l forz; € Py; N dRy;, we get | Uzz; II<Il z; Il. Hence,

I U(x1;y1,z1) I =1 Oyxq I +1 Uyyg I +11 Og2z4 |l
<ty I+ yy I+l 2y G.1)
=1 (x4, y1,21) Il

Lett € [b]-, 1- bj], then

R; =l x; 1= x,(7) = [lr’nlrl x1(1) 2 b7y () 12 bR,
By (D2) and for £,,_; € [b;, b1,
we have

1
f S1 (1, £p)e PETA(L,) fr (1 (En))d ey
0

1—bj
> e [ S, (L e A 0 ()l
b

j

1 l)j
> b7 e PO, R f 3. (1, 2,)e PA(L,)de,

b1l ]_[ Y j (14,42,

> R;.
Continue in this way, if n is a multiple of 3m,

U2 (@) = f 31(1, )ePEIA(E,) f( f 3y (6y, £5)e PEtDp(y)

0
1 1

X gz(f I3 (£2,£3)ePE27) py "'9n—1(f S3(8n—1, £n)e Pn-1=tn)
0 0

X 0(€y) hn(x1(£n))dey) -+ )dl3)dl;)dl, < R;

For n is a multiple of 3m — 1,3m — 2, we have (U;x1)(7) = R;. Thus, if x; € Py, N

ORy j, then || Uyxy I=1 x4 Il
Lett € [$;,1 — ], then
R] :" y1 "2 yl(T) > [;Jnln Y1(T) > paz 1 " yl(_[) ”> paz 1
]
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Similarly, for n is a multiple of 3m, 3m — 1,3m — 2, we have (U,y,)(7) = R;. Thus

Alsoifz; € Py, N ORj ;, then || U3z I=1l z; Il. Hence,

100, y1,2z0) I =1 0pxq I +11 02y I +11 Uzzq |l
20y T+ yg I+ 2y |l (3.2)
=1l (x1,¥1,21) |I.

It is evident that 0 € R, ; € dR,; € AR, ;. Using (3.1) and (3.2), it follows from
Theorem 33 that U has a ﬁxed point (xy ],yl[] ],21 ) € ]K N (R, j\Rgz ;) such that
)20,y () =20,z (7) = on ) and j € N. Next setting x,4.q =

xl,yn+1 =Y1,Zn+1 = Z1, We obtain denumerably many positive solutions
(e, e Iy gLy UL 00 202032 of (1.1)(1.2) given
by

1
x(r) = f 3,(1, £)e PTDUE) fi(yis1(£))dE, T € (0,1), 1<i<n,

0

1
yi(7) =f 320, 0)e P Ou(l) gi(zisa (D)dt,  TE(OL), 1<i<n
0

1
z(t) = f 34(1, e PTDa(0) hy(x1(£)de,  TE(01), 1<i<n
0

The proof is completed.
For Y-, pl—k = 1, we have the following theorem.
Theorem 3.6: Assume that (T1) — (T4) hold. Let {;};Z, be in sequence with b; €
(Tj+1,7),0 < by < %and {0721 be a sequence with 9 € (Tj11,7;),0 < §1 < %
{R;}721 be a sequence with R; € (Tj41,7;),0 < Ry < % Let {C;}721 and {R;}7Z, be
such that
Cisr <b'R; <R; <O,R; <Cj, JEN,
Cor <P]'R <R, <OR; <C, jEN,
Crv1 <RTR; <R; <O;R; <Cj, jEN.
Assume that f, g, h satisfies (D2), (D4), (D6):
(D7) fi(y(x)) <my,Cj, forall T € (0,1),0 <y < C;, where
my < [eP I Jg lloo [Tizy I Ak llp, 170
(D8) g;(z(r)) <msCj, forall T € (0,1),0 < z < C;, where
ms < [eP I Iz lloo [They I e Ny, 172,
(D9) hi(x(t)) <mgCj, forallt € (0,1),0 < x < Cj, where
me < [eP | 3 oo [Th=q Nl 0% Iy, 17"
Then (1.1)-(1.2) has denumerably many positive solutions

{(xy],ug],- T[{]’yl[l]’yz[l], yr[lj]’zyl'zz LU )}] )

such that x”1(7) = 0,y (1) = 0,27 (z) = 0 on (0,1),i = 1,2, nand j € Iv.
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Proof: For a fixed j, let Ry ;, R, j, R} ;, R; ;, Ry ;,R; ; be as in the proof of Theorem
3.4 and let x; € ?b]. n OIR'L]-. Again x;(£) < C; =l x4 |l for all £ € (0,1). By (D1)
and for £,,_; € (0,1), we have
1
f I3 (£n-1, fn)e_p(fn_l_{)n)o'(‘gn) hn (1 (€n))d?y
0

1. 1o
= fo 33(1,2n)ePa(€y) hy(x1(£n))dty < eP my C; fo 33(1,4,) o(fn)dty.

Since Yp-q pi = 1, there exists ¢ > 1 such that% + Yro1 pi = 1. So,
k k

1
f S5(bn-1, tn)e PEr17Ma (L) hy (x1 (£0))den
0

< eP mg Cj Il I3 llooll [Te=1 0k 115, < C;.
Similarly for ¢,,_, € (0,1),
1

f Sy (Pngy bnr)e PEn2=tnd (1)
0
1
X gn—l(f S3({)11—1' ’En)e_p(en_l_én)o-(’gn) hn(xl(fn))den)dtan—l
0

< Sl La)e P ) G (€A

<,
For n is a multiple of 3m,3m — 1,3m — 2, we have (U1x,)(7) < C;.
Since C; =l x |l for x; € IP’LJ. N GR'LJ-, we get || Uyxq I<Il x4 Il

Similarly, for n is a multiple of 3m,3m — 1,3m — 2, we have
Uy () =€, (U321) (1) < C;.
Since C; =l y; Il for y; € Py, N ORY j, we get | Upy; Il yy II.

Since C; =l z; |l for z; € Py, N dR}";, we get Il U3z, II<Il z; II. Hence,

0, y1,2z0) I =1 Oyxq | +11 Oy, | +11 Uzzq |l
Sloxg I+ yg I +1 2z |l (3.3)
=l (x1,y1,21) .

Lett € [bj, 1 — b;]. Then

R =llxy 12 0,(2) 2 min, x (1) 2 b7 g () 1= b7 TR

Lett € [80}, 1-— ((0]] Then
R =l y; 12 y1(7) 2 [gr)nm y1(7) = ]
Jr
Lett € [X;, 1 — X;]. Then

Ri=lzlza@= min 5@ =8 120 12 8°7R,
]’

Then, the argument from (3.2) can be applied to the current case. The theorem is thus

established.

Finally, the case Y.ji—; pi > 1.
k

ay-1

Iy, (@) 12 97 R
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Theorem 3.7: Assume that (T1) — (T4) hold. Let {;}7Z, be in sequence with b; €
(Tj+1,7),0 < b, < %and {goj}j?';l be a sequence with € (1j11,7;),0 < 1 < %

[ee] . 1 [ee) [oe)
{N;}jZ1 be a sequence with X; € (1j41,7;),0 < ¥y < > Let {C;}jZ, and {R;};Z; be
such that

Cisr <HPT'R; <R; < 6;R; <Cj, jEN,
Co1 <P R <R <O,R; <C, jEN,
Cior <XT'R; <R; < ;R <Cj, JEN,

Assume that f, g, h satisfies (D2), (D4), (D6)
(D10) fi(y(r)) <m; Cj, forallT € (0,1),0 <y < C;, where

my < [eP Il 3q lloo [Tieq I A 170,
(D11) g;(z(r)) < mgCj, forall T € (0,1),0 < z < C;, where

mg < [eP | I3 lloo [Tie=y I it 141175,
(D12) hi(x(t)) <mgCj, forall T € (0,1),0 < x < Cj, where

mg < [€P || I3 llos [Thzy Il 0% N1]72
Then (1.1)-(1.2) has denumerably many positive solutions

A ey ey 2 )

such that xim(r) >0, yl.[]] (r)=0, Zi[]](‘[) >0o0n(0,1),i=12,-nandj € V.
Proof: The proof is similar to the proof of Theorem 3.4. Therefore, we omit the
details here.

IV. Example

We construct a smooth nonlinearity satisfying conditions (D1)(D6) of
Theorem (3.5) for infinitely many radii and compare it with the framework of
Khuddush [XVI].

Recall the operator constant

n
My = el | [l
k=1

By hypothesis, M; > 0. Let

my < Mt
Further define
n 1-by -1
6, = max{ [b® ﬂwk f 3,1, 0)de| 1%
k=1 by
Define

f) = y(a+ bsin?(log (1 +))),y = 0,
Where constant a, b satisfy
0<a<my, a+b>0;.
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The function is:
e (C%0n|0, ],
e Positive fory > 0,
e Oscillatory but smooth,
e Non-piecewise.

Moreover,
a< % <a+b. (E1)
Construction of Raddi Sequences
Define
. T
— ,2mj — p2mj+s
Cj—e’”, ]Rj—e 2,]EN.
Observe:
log(l + C]) ~ 2mj,
So
sin?(log(1 + C;)) ~ 0.
Similarly,
I
log(1+ R;) ~ 2mj + >
So
sin?(log(1 + R;)) = 1.
Thus,

f(Cj) ~ aCj, f( Rj) ~ (a + b)R;.
For 0 < y < (j, using (E1),

Then
f) €£myG.
Thus (D1) holds.
Let
bR <y < R;.
For large j,
sin?(log(1+y)) =1 —¢,
So

f(y) =y(a+b—eb).
Choose j large so that ¢ is sufficiently small and
a+b—ceb>0,.

Hence
fQy) = 91Rj-
Thus (D2) holds for infinitely many j.
Since
Ci=e’, R;= eznj%,
We have

— ,2n(j+1) _ ,2mj+2m
Cj+1—€ U )—e J >R]
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By scaling constants, we may adjust sequences so that
-1
Cisr <bj R, <R; < ;R; <,
for all sufficiently large j. Thus, all structural radius conditions of Theorem 3.5 are
satisfied.

All hypotheses (D1) and (D2) are verified. The same construction applies to g
and h. Therefore, by Theorem 3.5, the system admits countably many positive
solutions.

Comparison with Khuddush [XVI].
The nonlinearities:
e Are piecewise-defined,
e Verified only at two radii,
e Depend explicitly on Hlder exponent splitting,
e Relyon [|NV]| q estimates.

In contrast, the present example:

e s smooth and globally defined,
e Produce infinitely many radii satisfying alternating compression and
expansion,

e Does not require splitting according to ), %,
4

e Avoids diagonal kernel estimates,
Yields countably many positive solutions.

Hence, Theorem 3.5 strictly extends the multiplicity results of [ XVI].
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