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Abstract

The Laplace Transform method and variational iterative approach are
combined to create a new semi-analytical methodology that is used in this research to
solve one-dimensional heat equations. To illustrate the effectiveness and precision of
the suggested approach, numerical results are provided.

Keywords: Variational iterative method, one-dimensional Heat equation, Numerical
examples, Laplace transform.

I. Introduction

Joseph Fourier initially presented the idea of heat equations in 1822. It
occurs in many scientific and technical applications when we need to describe
the flow of a quantity, like heat, through a certain area. Here is a description of
the 1-D heat equation:

ou(a, t) ,0%u(a,t)
at o
Several applications in the sciences and engineering may be resolved using the Laplace
transform approach. The variational iterative method is also a widely used numerical

technique to resolve differential equations. Differential equations may have an accurate
solution, which can be obtained using variational iterations.

A variety of mathematical techniques were developed to solve heat equations in one
dimension. The finite difference method has been used in [I1] to solve heat equations
in 2-D. The 2-D heat equations’ Chebyshev series solution was presented in [IX]. In
[V11], a method combining the Finite Difference approach to solve 2-D heat equations
with a collocation method was devised. Heat equations in two dimensions are
solved using the radial basis function approach in [VIII]. The approach of
variational iteration was presented in [IV] to solve nonlinear equations. This paper
discusses a few more approaches to solving Heat Equations [VI-XII]. [I, I1I, V, VI, X,
X1, X1].
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II. Linearity Property of the Laplace Transform Method

Let v(t), w(t) be the functions of t which are defined for all positive t values.
Then

L{a.v(t) + b.w(t)} = a.L{v(t)} + b. L{w(t)}
where a, b are arbitrary constants.
III. Laplace transform for differentiation

Assume that for any positive value of t, u(t) is a function of t. Consequently,
the nth derivative of the function u(t), the Laplace transform is

pN(u(T
L [—(DTE“ DI _ PNT(P) — PN"1u(0) — PN 20’ (0) — PN 3u” @ — ... — py(-2) ()

— -1 (0)
where t(p) = L{u(t)}.
IV. Linearity Property of Inverse Laplace Transform

For any positive value of t, let v(t), w(t) be two functions of t. Let ¥(p) and
w(p) be functions of s such that v(p) = L{v(t)} and W(p) = L{w(t)}. Then

L Hc.v(p) + d.w(p)} = c. L"H{¥(p)} + d. L{w(p)} = c.v(t) + d. w(t)
where the constants ¢ and d are arbitrary.

Numerical Examples
Example 1:

This section provides examples to illustrate the efficacy of the proposed semi-
analytical method.

Example 1: Consider the following 1-D heat equation

du(o,t) _ 9%u(at)
ot A« @

the initial conditions

u(a, 0) = sina

By L.T. of (1),
du(a)) _ 2%u(o,t)
L) = 1) @
This implies

pL{u(, D) — u(e, 0) = L{T oy

By initial conditions, we have

2
pL{u(a, t)} = sina + L{%}
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_ sina | 1. 0%u(at)
L{u(a, B} = =5 + L5 50) (3)
By inverse L.T. of (3),
_ L [1, 2%ulet)

u =sina +L BL{T} (4)

Using the iteration method, from (4), we obtain

. _ 02up

Up4q = Sina + L1 EL{L{ a:Z } }] (5)

From (5), we obtain
U, = sina
u; = sina (1 —t)

u, = sina (1—t+%)

2 3
uz; = sina (1—t+%—%)

é 3 _a\mp\m
Uy = sina (1 —t+ —(tz)' - _(2 4oy S 1)m'(t) )
The solution is

u = lim uy,

n—oo
After simplification, we obtain
L ®* 3
u = sina (1—t+7——...)

u =sinae™* (6)

Table 1: Absolute Error of Exact, Approximate solution at a = 0.5 (up to 3™ iteration)
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Pic. 1. Graph of Exact Solution u
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Pic. 2. Graph of Approximate solution u* (up to 3" iteration)

Example 2: Consider the one-dimensional Heat equation

ou(o,t) 9%u(o,t)
ot o ()
where
u(a,0) = e“
By L.T. of (7),
ou(a,t) 0%u(a, t)

L{ ot }_ L%

This implies

9%u(o, t)
pL{u(a, )} —u(a, 0) = L{T}
by initial conditions,
pL{u(a, t)} = eX + L{V?u(a, t)}
Divide by p, we obtain

a
L{u(e D} = =+~ L{V?u(q 1)} ®)
By inverse L.T. of (8),
—1[1 (0%u(at)
u=e°‘+L1[gL{ ;az }] 9)
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Using the iteration method, from (9), we obtain

11 9%um
Upyy = %+ L1 [EL{L{ oy
From (10), we obtain

uy =e*
u; =e*(1+1t)
u, =e (1+t+(t))

t

=e*(1+t+-=

®° )

(t)3 ®*
+ T)

Cin
© L@

3 4 5
1+t+(t) +(t) +& 44

— o
=€ 41 51

(
=et(1+t+%
(

2 3 ’ m
Oy Oy O

3! m!

Uy = (1+t+

The solution is

u = lim u,,

n—oo
u=e(1+t+2 4+ 84
3!
u =e*(eh)
u = ettt

(10)

Table 2: Absolute Error of Exact and Approximate solution at a = 0.5 (up to 5"
iteration)
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Pic. 4. Behaviour of Approximate sol u* to 5" iteration

Example 3: Consider the one-dimensional Heat equation
ou(o,t)  9%u(a,t)
at  0a?

where
u(a, 0) = sinha

L{au(a, t)} _ L 9%u(o, t)

By L.T. of (11),

ot o2 }
This implies
0%u(a, t)
pL{u(a, t)} — u(a, 0) = L{W}
Applying initial conditions,

2
pL{u(a,t)} = sinha + L{%}

2
L{u(o, t)} = 41 L{a u(at)

sinha }
D da2

Applying inverse T. of (12),
2
u = sinha + L™! E L{a“_(“'t)} ]

do?
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By the iteration method, from (13),

. _ 02up,
Uy = sinha + L1 EL{L{%} i (14)
From (14), we obtain
Uy = sinha
u; = sinha(1 +t)
. O
u, = sinha| 1 +t+7
t? ()3
Uz = Sinhoc<1 +t+%+%)
2 3 4
u, = sinha(1+t+Q+Q+Q)
2! 3! 4!

2 3 4 5
u5=sinha<1+t+(;)! +(;)! _l_(z +(;)!>

um=sinha(1+t+%+%+---+%>

The solution is obtained as

u = limu,,
n—oo

. ®*  ©°
u= smhoc(l + t+7+?+
u = sinha (e")
Table 3: Absolute Error of Exact and Approximate solution at o = 0.5 (up to 5"
iteration)
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Pic. 6. Behaviour of Approximate sol. u*

V. Conclusion

The results of the solved numerical examples show that the novel semi-analytic
approach, which comprises the Laplace transform with a modified variational iterative
approach, is an efficient mathematical approach for solving one-dimensional heat
equations. In the future, linear and non-linear heat equations in two and three
dimensions may be solved using the suggested mathematical approach.
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