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Abstract

This study demonstrates a semi-analytic method for solving two-dimensional
wave equations that arise in several scientific and engineering fields by combining
the Laplace Transform with a corrected variational iteration technique. A few
numerical examples are provided to illustrate the correctness of the suggested
method.
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I. Introduction

In classical physics, wave phenomena, including mechanical waves, water
waves, sound waves, and light waves, are described by the wave equation, a basic
second-order hyperbolic PDE. The equation for waves in two dimensions is:

0*u(x,y,t)
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Fig. 1. Physical representation of the wave equation att=0
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In disciplines like fluid dynamics, electromagnetics, and acoustics, such types of
equations are commonly encountered.

L.T. can be used to solve P.D.E. mathematically and effectively by converting them
into algebraic equations, where convolutions become simple multiplications.
Numerous scientific and technical fields have made substantial use of the L.T.
approach. The Laplace Transform method has extensive applications for a variety of
technical and scientific fields. Similarly, VIM is a widely accepted and effective
method for P.D.E. solutions that frequently arise in these fields. This method is capable
of handling both linear and nonlinear problems by generating successive
approximations that converge to the actual solution if there is one. There are several
methods for solving two-dimensional wave equations. For instance, the power series
expansion technique has been applied to this class of equations [I]. The Optimal
Homotopy Asymptotic Method has also been developed to address such problems
[X1X], as well as the New Nonlinear 2-D wave equations have been resolved by
utilizing the Homotopy Perturbation Method [II]. Furthermore, delay Differential
equations are successfully solved using the variational iteration method [VIII],
nonlinear equations [1X], and autonomous ordinary differential equations [VI11]. Other
approaches have also been explored to solve two-dimensional wave equations [I, 111-
VI, XI-XI11, XV-XVIII].

Il. Linearity Property of the Laplace transform:
For any positive value of t, f(t) and g(t) have been defined. Then

L{a.f(t) + b.g(t)} = a.L{f(t)} + b. L{g(t)}
a, b are arbitrary constants.
III. Laplace transform for differentiation:
Assume that two functions of t, f(t), g(t), have been defined for every positive

value of t. Then, L.T. of the n" derivative of f(t) is
DN(F(T
L [—]()T(N ))] = pPNF(P) — PN1F(0) — PN2F/(0) — PN3F(0) — ... — pp(N=2)(()

— r(N-1)(0)
where f(p) = L{f(t)}.
IV. Linearity Property of the Inverse Laplace transform:

Assume that two functions of t, f(t), g(t), have been defined for every positive
value of t. Since f (p)=L{f(t)} and g (p)=L{g(t)}, let f (p), g (p) be functions of s.Then

L c.f(p) + d.g(p)} = c. L™} {f(p)} + d. L{8(p)} = c.f(t) + d.g(t)

where c and d are arbitrary constants.
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V. Variational iterative method (VIM)

Multiple problems that arise in various engineering and research areas can be
resolved using the well-known VIM technique. The variational iteration approach is
useful for handling the nonlinear terms. Consider the differential equations.

lu(a, B, t) + nu(a, B, t) = g(x,B,t) (D
Subject to initial conditions
u(a, B,0) = h(a,B) (2)

where g is a nonhomogeneous term, n is a nonlinear operator, and I is a first-order linear
operator. Create a correction functional using the VI approach as

Ums1 = U + fy Allum (@, B, D) + niiy (@, B, p) — g(a, B, p)]dp (3)

where m stands for the mth approximation and A is a Lagrange's multiplier; iy, is a
limited function, meaning that 6@, = 0. With A and u,, the successive approximation
Uy, 41 Of the answer u will be found. The solution is

u= lim up,

m-—oo

VI.  New Laplace Variational Iterative Method for Solving Two-Dimensional
Wave Equations

Two widely used methods are combined for solving P.D.E. problems: VIM,
the Laplace Transform. The following section describes the procedure to solve PDE
utilizing the combination of the variational iterative approach, the Laplace transform,
as shown below.

Considering | to be a first-order operator 0/ot, equation (1) may be rewritten as follows:

Su(a,B,0) + nu(a, B, 1) = g(a,B,1) (4)
Using the Laplace transform on each side of equation (4), we obtain:
L{Zu(a,B,0)} + Linu(a, 8,0} = Lig(a, B, 1) 5)
pL{u(a, B, )} — h(a, B) = L{g(a, B, )} — L{nu(a, B, )} (6)
Inverse L.T. is applied to equation (6), then
u(e, B,t) = G(a,B,t) — L1 [% L{nu(a, B, 9} (7)

G is a term that is derived from the source function, initial condition.

Using the corrective functional from VIM,
Uns1(a, 8,0 = G(@, B,0) = L7 > L{nup (a, B, 0)] (8)
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The recently updated correction functional of the L.T. of the variational iteration

technique is represented by equation (8), and its solution may be determined by

u(a, B,t) = n}ll_r)r(}o up (o, B,t)

VII. Numerical Examples

This section offers several examples to illustrate the precision and

effectiveness of the recommended methodology.

Example 1: Examine the following wave equation in two dimensions, based on initial

conditions:

azu(a,B,t) _ 2
o Veu(a, B, t)

with the initial conditions:

u(a, B,0) = sinma sinmB and uy(a, 3,0) =0

The following outcome is obtained by applying L. T. to equation (9).

o*u(@B )
L{=557) = LiTu(a,B,0)

This implies
p?L{u(e, B, )} — su(a, B,0) — u(a, B, 0) = L{V?u(e, B, )}
Applying initial conditions, we obtain
p?L{u(a, B,t)} = p(sinma sinmp) + L{V?u(a, B, 1)}

Divide by p?, we obtain

. : 1
L{u(a, B, 1)} = M + o L{V?u(a, B,t)}
we get when we apply L.T. to equation (11).

u = sinma sinmf + L71 [é L{VZu(a, B, t)}]
Applying the iteration method, from (12)

Up4q = sinma sinmB + L1 [é L{Vzum}]

From (13),
u, = sinma sinmf
o (VZnt)®
u; = sinma sinmf| 1 — T
(Vam)” | (v2my)'
T T
u, = sinma sinmf (1 - + )
2! 4!
2 4 6
. _ (V2mt)”  (V2mt)  (V2mt)
u; = sinma sinmf (1 Y + TR
Gurpreet Singh et al

A Special Issue on ‘Recent Evolutions in Applied Sciences and Engineering-2025’

19

©)

(10)

(11)

(12)

(13)



J. Mech. Cont. & Math. Sci., Special Issue, No.- 12, August (2025) pp 16-24

and so on.
The solution is
u= lim up,

n—-oo

After simplification, we get

2! 4! 6!

u = sinma sinmf cos(\/znt) (14)
roximate values of u at @ = 0.2, 0.2

B (\/Ent)z N (\/71Tt)4 _ (\/Ertt)6 N )

u = sinma sinmf (1

Table 1: Exact and A

B 55 o

Fig. 2. Physical behavior of the solution at t = 0.5

B 5 5 a

Fig. 3. Physical behavior of the solutionatt=1
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Example 2: Examine the following (2+1)-dimensional wave equation.

*u(a, B,
% =A% V2u(a, B, 1) (15)

where u(a, B,z,0) = x + B and u.(a, B,z,0) = a? + B>

Applying L.T. on both sides of (15), we obtain

o*u(a, B,
L {%} = A2 L{V?u(e, B, )}

This implies
p2 L{u(a, B' t)} - pu(a' Bﬁ 0) - ut(aﬂ Bl 0) = )LZL{VZU(al Bﬂ t)}

Applying initial conditions, we obtain
p?L{u(a, B, 0} = p(a+ B) + (a® + B?) + A*L{V?u(a, B, 1)}
Divide by p?, we obtain
2 2 2
L{u(a, B0} = <E+ 2 1 S v2u(a, 6,0} (16)
By performing L.T. on both sides of equation (16).

u=(a+B)+ (e + At + %L1 [pl L{V?u(a, B, t)}] (17)
By applying the iteration method, from (17)
Ums1 = (@+ B) + (@@ + B2t + A2L1 [é L{v2um}] (18)
From (18),
Uy = (a+B)

u; = (a+ B) + (o + Bt
2
u, = (a+B) + (a® + )t + §Azt3
2
u; = (a+ B) + (o + )t + §Azt3
2
u, = (a+B)+ (a® + )t + §Azt3
and so on. The solution is obtained as

u= lim up,

n—oo

2
u=(a+B)+ (a® +pHt+ §7\2t3
Table 2: Numerical values of uat @ =0.5, 3 =0.5, for A=1and 2
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Fig. 4. (a) PlotatA=1andt=0.5

Fig.5. (@) PlotatA=1landt=1 Fig. 5. (b) PlotatA=2andt=1

VIIl. Conclusion

It is observed from the above numerical examples that the combined
Laplace transform, modified variational iterative method, provides a strong and
efficient mathematical strategy for resolving two-dimensional wave equations.
Future use of this integrated approach to solve non-linear and linear wave
equations in three dimensions is also possible.
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