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Abstract 

This analysis attempts to explain the theoretical analysis of Joule heating and 

chemical reactions on the systematic flow of a ternary hybrid nanofluid. The flow of 

the tri-nanofluids was examined on thermal, momentum, and concentration boundary 

layers (BL). The physical problem was developed as a partial differential equation 

(PDEs). This was changed to total differential equations by suitable similarity 

variables. The Runge-Kutta, along with the shooting technique, was employed on the 

transformed flow equations. These solutions were presented in a pictorial form to 

discuss the physical problem, while the quantities of interest in engineering are 

tabulated. The Eckert number was found to enhance the thermal analysis by elevating 

the temperature along with the velocity distribution. The Joule heating along the 

magnetic field in the analysis was discovered to limit the speed of the fluid by 

reducing the velocity distribution. 
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I.   Introduction 

The study of chemically reacting nanofluids has recently been considered in 

the literature tremendously. Chemical reactions occur when new materials that are not 

the same as the reacting substances are produced. Ternary hybrid nanofluids, 

influenced by Joule heating and chemical reactions, play a vital role in different 

engineering and industrial applications. They are widely used in cooling systems for 

electronics and batteries, ensuring efficient heat dissipation and preventing 

overheating [II]. In chemical processing, these fluids enhance reaction rates and mass 

transport, optimizing production efficiency. Aerospace and automotive industries 

utilize them for effective thermal management in engines and spacecraft. 

Additionally, they have biomedical applications, such as cancer hyperthermia 

treatment and targeted drug delivery. Their role in renewable energy systems, 

including solar collectors and waste heat recovery, further highlights their importance 

in enhancing thermal performance and energy efficiency. In chemical engineering, 

they are employed in catalytic reactors to improve heat and mass transfer, leading to 

more efficient and controlled chemical synthesis [XIX]. Many authors in the literature 

have examined chemically reacting fluids due to their numerous applications.  Al 

Turef et al. [IV] recently explained how it numerically simulates heat transport and 

mass transfer in ternary hybrid nanofluid flow over a wedge geometry, considering 

chemical reactions and activation energy. Nihaal et al. [XXI] explore the combined 

effect of Joule heating, viscous dissipation, and activation energy on THNF flow over 

various geometries, and K. Karthik et al. [XIV] discussed the effects of thermal 

radiation and thermophoretic particle displacement on THNF flow across a wedge. 

The unsteady flow of a ternary hybrid nanofluid between parallel plates, influenced 

by chemical reaction and activation energy, was analyzed by Bilal et al. [VII], and M. 

Arshad et al. [VI] investigated the flow of rotating hybrid nanofluids with thermal 

radiation and chemical reaction between parallel plates. Ramzan et al. [XXIII] 

explored chemically reacting THNF flows past a non-isothermal, along with non-

isosolutal geometries. Sajid et al. [XXVI] examined traces of chemically reacting 

alongside Arrhenius energy in a ternary hybrid nanofluid through a wedge. Bilal et al. 

[VIII]  studied chemically reacting MHD hybrid nanofluid flow past a plane by using 

thermal enhancement. Lakshmi et al. [XVIII] analysed chemical reaction impacts on 

incompressible laminar flow, three-dimensional, permeable, rotating hybrid nanofluid 

(Al2O3-Cu/H2O) over a stretching sheet. 

The examination of the ternary hybrid nanofluid (THN) has recently attracted many 

researchers in the literature. Many studies in the literature have examined it through 

heat analysis and observed its significance on heat enhancement. This new form of 

hybrid nanofluid finds applications in climate control, automobile water retention, 

turbine-conditioned behaviour, etc. Alqawasmi et al. [III] explored THN dynamics 

using a numerical approach with the Fourier heat flux model. Khan et al. [XV] 

explored ferro-copper/blood-based nanofluid dynamics by optimizing the entropy 

between two stretching disks. Farooq et al. [XI] determined an insight into manganese 

zinc ferrite nanoparticles by analyzing kerosene oil conveying silver. Khan 



 

 

 

J. Mech. Cont.& Math. Sci., Vol.-20, No.- 7, July (2025)  pp 1-19 

B. Naga Lakshmi et al. 

 
3 

 

Muhammad Naveed et al. [XVI] analyze heat transfer of chemically reactive 

micropolar Williamson THNF flow with Joule heating and over diffusion effects. 

Alshahrani et al. [IV] elucidated the dynamics of a ternary nanofluid with thermal 

jump and multiple slip constraints. The study of Alqawasmi Khaled et al. [III] 

presents a numerical approach to the study flow and heat transfer of THNF upon 

spinning disk. The systematic flow of THN in a stretchable sheet symmetrically was 

elucidated by Priyadharshini et al. [XXII]. Raza et al. [XXIV] elucidated the tri-

hybrid nanofluid based on the role of the nanolayer subject to nanoparticles 

morphology through two porous disks. Humera Khan Humera et al. [XVII] recently 

discussed the properties of Gyrotactic microorganisms present in a ternary hybrid 

nanofluid that flows between two spinning discs. Guedri et al. [XII] explained 

thermal behaviour on the dynamics of THN past a non-linear stretchable sheet. 

The viscous dissipative role of the fluid dynamics within the boundary layer has 

attracted researchers recently. However, the heat transport analysis enhancement with 

viscous dissipation is a more interesting aspect due to its applications in industries are 

due to a very high thermal conductivity. Ethylene glycol, water, and oil have low 

thermal conductivity. Due to this, many studies have concentrated on the impact of 

viscous dissipation on the heat enhancement of many other nanofluids. Rehman Ali et 

al. [XXV] present a detailed analysis for viscous dissipation over the transient 

magnetohydrodynamic flow of Casson nanofluid above a stretchy surface, with a 

particular focus on optimizing thermal regulation in advanced engineering systems. 

Various studies explore the analytical solutions of Poiseuille flow in rotating inclined 

pipes, while some examine the analytical expressions for velocity, temperature, and 

Nusselt numbers in Couette-Poiseuille flow of power-law fluids, considering viscous 

dissipation by Coelho Paule et al., V R Kanuri et al. [X, XIII].  Boubaker et al. [IX] 

elucidated insight into viscous dissipative Power-law fluids by utilizing the 

discretization method. Ahmed et al. [I] explored the insight into Joule and viscous 

dissipation on magnetohydrodynamic boundary layer dynamics for viscoelastic fluid.  

To the very most of our knowledge, there is no study in the literature, and it was 

considered a theoretical exploration of Joule heating and the chemical reaction effect 

on the dynamics of ternary hybrid nanofluid. Having this in mind, our focus in this 

paper is to explain the numerical approach to solve the equations of motion 

describing the physical problem under exploration, as well as explaining the impact 

of significant parameters on the flow. The numerical method is utilized by 

considering a guess with an accurate value by explaining the expression of the 

solution. 

 

II.   Mathematical formulation 
 

Consider an incompressible, steady, and electrically conducting tri-composite 

nanoparticles water-based ternary hybrid nano-fluid flows through an inclined plane. 

We considered that the nanoparticles consist, Copper (Cu), Titanium oxide (𝑇𝑖𝑂2), 

and Silicon oxide (𝑆𝑖𝑂2) is explored with water as the base fluid. A magnetism of 

uniform strength (𝐵0) was imposed in a perpendicular direction to the inclined plane. 

The heat and mass transmission analysis was governed by control parameters such as 

joule heating, chemical reaction, thermal radiation, and heat generation, respectively. 
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The inclined plane surface explaining the flow phenomena is shown in Figure 1. The 

concentration and temperature of the flow of fluid situated at the free stream, as well 

as the wall, are  𝐶𝑤, 𝑇𝑤 , 𝐶∞ and 𝑇∞ respectively. The levels of species concentration 

are considered to be very low, such that Soret and Dufour mechanisms are ignored.  

  

Fig. 1. Geometry for the flow problem 

Based on the approximation for the boundary layer, the governing flow equations are 

[XXII]: 

0
u v

x y

 
+ =

 
                                                                                                               (1) 

2
2
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                                                                                                                                                 (3)     
2
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  
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                                                                    (4)  

Corresponding Boundary constraints are:  

At ,0, 0, ( ), ( )w thnf t w B w

T C
y u U v k h T T D C C

y y

 
= = = = − − = − −

 
 

As ,y → , , 0.C C T T u → → →                                                                              (5) 

The radiating heat fluxes were encountered during the fluid flow with the utilization 

of Rosseland diffusion approximation, such that: 
44

3

s
r

T
q

ke y

 
= −


                                                                                                         (6) 
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By utilizing the Rosseland approximation, the heat and mass transmission analysis of 

the work examined optically thin liquids. By taking note of the difference in 

temperature to be so small that equation (7) is transformed to a linear form by 

evaluating 𝑇4 using Taylor’s techniques in 𝑇∞ and avoiding the higher terms leads to:  

  
4 3 44 3T T T T  −                                                                                 (7)                                                                 

The energy equation becomes:   

32 2

2 2

2

16
( )

( ) ( ) 3 ( )

( )

thnf c s

p thnf p thnf p thnf

thnf

p thnf

k Q TT T T T
u v T T

x y c c ke Cy y

u

C y



  









   
+ = + − +
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 
+  

 

(8)                                                                            

To change the flow equation analysis into ODEs, the well-defined similarity variables 

are: 
1

1
2

2'( ), ( ) ( ), ( ) , ( ) ,
w w

T T C C a
u axf v av f y

T T C C v
       

 

− −  
= = − = = =  

− −  
     (9) 

Utilizing equation (9) above on the heat and mass transmission flow analysis  

to obtain:  
21

1 2 3 1''' ( '' cos( ) ( ) ' 0A f A ff f Gr A M A K f + − + − + =                           (10) 

( ) 2
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'' ' 0Scf ScKr  + − =                                                                    (12)  
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The above are the magnetic parameter, thermal Grashof number, permeability, 

thermal radiation, heat generation, Eckert number, and Prandtl number, respectively. 

The quantities of engineering interest for momentum and thermal boundary layer are 

described as follows: 
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By implementing the similarity variables to obtain: 
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Table 1: Ternary Hybrid Nanofluids correlations [XXIV] 

 

Properties 

 

Ternary Hybrid Nanofluid 
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Heat capacity 
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Table 2: Thermophysical properties of 𝑪𝒖, 𝑻𝒊𝑶𝟐, 𝑺𝒊𝑶𝟐 / 𝑯𝟐𝑶 [XXIV] 

 
Properties 𝑯𝟐𝑶 𝑻𝒊𝑶𝟐 𝑪𝒖 𝑺𝒊𝑶𝟐 

𝑘(𝑤/𝑚𝑘) 0.6071 8.953 400 1.4013 

𝑐p(𝐽/𝑘𝑔𝑘) 0.4179 686.2 385 765 

𝜌(𝑘𝑔/𝑚3) 0.997 4250 8933 2270 

𝜎(𝑠/𝑚) (5.5)( 10−6) (2.4)( 106) 1.67 (3.5)( 106) 
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III.   Methodology 

The systems of ODEs were tackled numerically using Runge-Kutta 

techniques alongside the shooting techniques. To implement the R-K techniques, the 

system was first changed into a system of first-order ODEs. The shooting technique 

was utilized on the total coupled equations. 
2 3

31 1 2 2
1 2 32 3
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dydy dy dy dydf d f d d f d
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  6
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2
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 Substituting equations (15), (16), and (17) into the transformed equations to obtain:                                                                                                                                                      (18)  

  ( ) 25
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 along the constraints:  
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 Simplifying equations (16) and (17) to obtain:  

  
( )( )2

3 1 2 2 2 1 3 43
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( ) cosA M A K y A y y y Gr ydy
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+
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   7
6 1 7.

dy
ScKry Scy y

d
= −                                                                    (22) 

IV.    Results and discussion 

            This paper conducted a numerical insight into 𝐶𝑢 + 𝑇𝑖𝑂2 + 𝑆𝑖𝑂2/  𝐻2𝑂 

THN with Joule heating, additionally, viscous dissipative effects. The physical 

problem represented by PDEs and changed to ODEs was tackled by utilizing the 

Runge-Kutta method along with the shooting approach. Pictorial graphs were used to 

analyze the impact of pertinent flow parameters on the solute concentration, velocity, 

and temperature. In addition, the qualities of engineering interest are tabulated. 



 

 

 

J. Mech. Cont.& Math. Sci., Vol.-20, No.- 7, July (2025)  pp 1-19 

B. Naga Lakshmi et al. 

 
8 

 

Figure 2 illustrates that the thermal Grashof number (Gr) affects, within the range 

1.5 ≤ 𝐺𝑟 ≤ 3.0, on the velocity profile. Here, Gr shows a perceptible rise in the fluid 

velocity profile. Because Gr represents a buoyancy-driven force that promotes the 

upward motion of the fluid. The reason for this is that increasing the Grashof number 

causes a decrease in the viscosity of the nanofluid, which aids flow acceleration and 

momentum diffusion. As a result, the velocity distribution is enhanced as the Grashof 

number increases. Furthermore, the thermal Grashof number and buoyancy forces are 

precisely proportional. 

 

Fig. 2. velocity distribution of K 

Figures 3-5 exemplify the influence of the porosity (K), within the range 1 ≤ 𝐾 ≤ 4, 

which represents the increase of porosity within the fluid, on velocity, temperature, 

and concentration profiles of the Cu-TiO₂-SiO₂/H₂O (THN) flow. Porosity refers to 

the presence of voids or pores within a material, and an upsurge in the permeability 

parameter corresponds to a higher porosity level. As K increases, the temperature and 

concentration profiles reveal an ascending trend, while the velocity profile shows a 

declining behaviour. This inverse relationship is credited to the enhanced viscous 

forces associated with higher porosity, which suppress the fluid motion by increasing 

flow resistance and allowing inertial forces to dominate. Accordingly, heat transfer 

from the heated surface to the fluid intensifies, resulting the elevated flow 

temperatures. Also, increased porosity generates a resistive force opposing the flow, 

which contributes to the enhancement of concentration distribution within the 

boundary layer. Figure 6 demonstrates the inclination angle (α) impact within the 

range 0 ≤ 𝛼 ≤
𝜋

2
, on the velocity profile of the Cu-TiO₂-SiO₂/H₂O THN fluid flow. It 

is observed that increasing α significantly results in a decline in the velocity profile. 

This behaviour is credited to a reduction in buoyancy forces as the inclination angle 

grows, causing a decrease in fluid velocity.  
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Fig. 3. velocity distribution of K 

 

Fig. 4. temperature distribution of K 

Figure 7 highlights the effect of magnetic parameter (M), within the range 2 ≤ 𝑀 ≤
5, on velocity distribution. An increase in M leads to a perceptible drop in velocity. 

Applied magnetic field engenders a Lorentz force, which resists the mobility of the 

flow and consequently slows down the flow, thereby thinning the momentum 

boundary layer. Figure 8 exemplifies the temperature of the fluid with the effect of 

the heat generation/sink parameter (Δ𝑓).  When Δ𝑓  value increases in a hybrid 

nanofluid flow, the temperature profile also increases.   
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Fig. 5. concentration distribution of K 

 

Fig. 6. velocity distribution of α 

Figure 9 depicts the influence of Eckert number, within the span 0.1 ≤ 𝐸𝑐 ≤ 0.4,  on 

the temperature profiles. The Eckert number suggests the influence of enthalpy and 

kinetic energy within the flow system. It signifies the conversion of kinetic energy 

into internal energy as a result of work against viscous forces in the fluid. As the 

dissipative heat increases, it causes a corresponding temperature rise.  
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Fig. 7. velocity distribution of M 

 

Fig. 8. temperature distribution of Δ𝑓 

Figure 10 elucidates the influence of thermal radiation (R), within the range 1 ≤ 𝑅 ≤
4, on the temperature distribution. It is pragmatic that the temperature profile rises 

when an upsurge in R. The cause is that when R is enhanced, the additional quantity 

of energy is deposited in the ternary hybrid nanoliquid particles and the compounded 

thickness of the momentum boundary layer. As a result, increasing R improves the 

temperature distribution. The current study reveals that the absorption of thermal 

radiation within the fluid layer affects both the thermal boundary layer thickness and 

the temperature. Subsequently, the interaction of thermal and radiative effects 

becomes more prominent within the boundary layer. 
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Fig. 9. temperature distribution of Ec 

 

Fig. 10. temperature distribution of R 

Figures 11 and 12 depict the impact of thermal slip (1 ≤ 𝛾 ≤ 4) and concentration 

slip (1 ≤ 𝛽 ≤ 4 ) on temperature and concentration profiles of THN fluid flow, 

respectively. A rise in thermal slip enhances the temperature profile, indicating a 

greater effect on heat transfer. Similarly, concentration slip notably affects the 

concentration distribution, where increasing values of β result in a higher 

concentration profile. 
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Fig. 11. temperature distribution of γ 

 

Fig. 12. concentration distribution of 𝛽 

Figure 13 presents the Schmidt number effect, within the range 1 ≤ 𝑆𝑐 ≤ 1.75, on 

the concentration profile. The results show that an increase in Sc causes a decrease in 

concentration. This behavior is attributed to the fact that higher Sc values correspond 

to lower mass diffusivity, resulting in a reduced concentration distribution within the 

fluid. Figure 14 demonstrates the impact of chemical reaction (Kr), within the range 

1.00 ≤ 𝐾𝑟 ≤1.75, on the THN fluid flow. It is observed that the concentration profile 

declines with an increase in Kr. This behavior has been explained by the fact that a 

stronger chemical reaction enhances the consumption of nanomaterials, resulting in a 

decreased concentration as Kr increases. 
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Fig. 13: concentration distribution of Sc 

 
Fig. 14: concentration distribution of Kr 

Table 3 presents data demonstrating the effects of various non-dimensional 

parameters, namely Gr, α, M, Ec, R, f, Sc, Kr, γ, and β on key physical quantities. It 

is noticed that an intensification in both the magnetic parameter (M) and the thermal 

diffusivity leads to a notable reduction in the skin friction coefficient, while the other 

parameters appear to have negligible influence on it. Likewise, Nusselt number 

increases with higher values of the radiation parameter (R), but exhibits a declining 

trend with rising M, α, Ec, γ, and f. Changes in the remaining parameters do not 

significantly affect the Nusselt number. As for the Sherwood number, it generally 

increases with greater values of M, whereas it tends to decrease when Sc, Kr, and β 

are elevated. No considerable variation in the Sherwood number is examined with 

changes in the other parameters. 
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Table 3: Skin friction coefficient (

1

2Ref xC ), Nusselt number (

1

2Rex xNu
−

), and 

Sherwood number (

1

2Rex xSh
−

) impact on Cu-TiO₂-SiO₂/H₂O ternary hybrid 

nanofluids. 

 
Gr α M Ec R f Sc Kr  β √𝑹𝒆 𝑪𝒇𝒙 𝑹𝒆−

𝟏
𝟐 𝑵𝒖𝒙 𝑹𝒆−

𝟏
𝟐 𝑺𝒉𝒙 

0.1          -1.08270   2.720219 -0.310130 

0.2          -1.08270 2.720219 -0.310130 

0.3          -1.08270 2.720219 -0.310130 

0.4          -1.08270 2.720219 -0.310130 

 0         -1.08249 2.720430 -0.310132 

 /6         -1.08252 2.720401 -0.310132 

 /2         -1.08255 2.720368 -0.310132 

 /3         -1.08260 2.720324 -0.310131 

  0.1        -0.83711 2.674723 -0.367493 

  0.2        -0.90475 2.553992 -0.367279 

  0.3        -0.96770 2.456956 -0.367084 

  0.4        -1.02681 2.377263 -0.366907 

   3       -1.08270 1.632741 -0.350859 

   4       -1.08270 1.271969 -0.350859 

   5       -1.08270 1.041778 -0.350859 

   6       -1.08270 0.882135 -0.350859 

    0.01      -1.08270 1.898736 -0.310130 

    0.02      -1.08270 1.915903 -0.310130 

    0.03      -1.08270 1.933051 -0.310130 

    0.04      -1.08270 1.950180 -0.310130 

     -0.10     -1.08270 2.720219 -0.310130 

     -0.11     -1.08270 2.804016 -0.310130 

     -0.12     -1.08270 2.884500 -0.310130 

     -0.13     -1.08270 2.962042 -0.310130 

      0.1    -1.08270 2.720219 -0.137542 

      0.2    -1.08270 2.720219 -0.148782 

      0.3    -1.08270 2.720219 -0.158925 

      0.4    -1.08270 2.720219 -0.168136 

       0.1   -1.08270 9.200250 -0.286184 

       0.2   -1.08270 9.200250 -0.286184 

       0.3   -1.08270 9.200250 -0.286184 

       0.4   -1.08270 9.200250 -0.286184 

        4.0  -1.08270 2.674723 -0.350859 

        4.5  -1.08270 2.553992 -0.350859 

        5.0  -1.08270 2.456956 -0.350859 

        5.5  -1.08270 2.377263 -0.350859 

         0.1 -1.08270 2.720219 -0.089091 

         0.2 -1.08270 2.720219 -0.160657 

         0.3 -1.08270 2.720219 -0.219405 

         0.4 -1.08270 2.720219 -0.268496 
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Table 4 gives comparison results for 𝜃′(0)  for various values of Pr when 

1 2 3 0.R  = = = = The investigation shows that there is excellent agreement 

between the current computations and the literature that has been published. 

 

Table 4 : Comparison results for 𝜽′(𝟎), various values of Pr 

Pr Manjunatha et al. [XX] Priyadarshini et al. [XXII] Present work 

2.0 0.9113 0.9114 0.9113 

7.0 1.8954 1.8954 1.8953 

20 3.3539 3.3539 3.3538 

 
V.    Conclusion 

In this study, the theoretical analysis of Joule heating and chemical reaction 

impact on  dynamics of (𝐶𝑢 + 𝑇𝑖𝑂2 + 𝑆𝑖𝑂2/ 𝐻2𝑂) is explored. The outcomes of 

pertinent flow parameters are obtained on concentration, temperature, and velocity 

graphs. The equation governing the fluid motion is solved numerically with a 

convergence rate of 10−6. The key conclusions are as follows:  

• An increase in the thermal Grashof number (Gr) enhances fluid velocity and 

leads to a thicker boundary layer. 

• Higher inclination angle (α) contributes to a reduction in the fluid velocity. 

Elevating the magnetic parameter (M) results in a clear decline in velocity 

due to the magnetic damping effect. 

• As the porosity parameter (K) rises, temperature and concentration profiles 

both are  

increase, while the velocity profile decreases. 

• In this ternary hybrid nanofluid flow, a greater heat generation/sink  

parameter (Δ𝑓) corresponds to an increase in the temperature distribution. 

Eckert number (Ec), which accounts for the conversion of internal energy 

from kinetic energy, influences thermal behaviour within the system. 

Radiation parameter (R) leads to a higher temperature profile, indicating 

enhanced heat transfer due to radiative effects. 

• Thermal slip conditions are found to elevate the temperature distribution in 

the flow field. Similarly, concentration slip acts as a key role in modifying 

solutal transport, where higher values of the slip parameter (β) amplify the 

concentration profile. 

• A rise in Sc results in reduced concentration, signifying lower mass 

diffusivity. An intensification of chemical reaction (Kr) leads to a decline in 

the concentration profile due to stronger reactive effects. 

 

VI.  Applications  

         This research provides useful insights that may be applied in a variety of 

sophisticated technology domains. In terms of thermal management, it promotes 

increased cooling efficiency for electronics and automotive systems that operate in 
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electrically affected situations. The outcomes can also help optimise coolant 

behaviour in energy sources like nuclear reactors and solar thermal systems.  In the 

biomedical area, regulated heat generation and chemical reactivity help to further 

targeted treatments such as hyperthermia and precision medication delivery. Slip 

effects allow us to model realistic flows at micro and nano scales, enhance heat and 

mass transfer predictions, adjust boundary layer thickness, increase flow 

characteristics, and decrease energy losses. 
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