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Abstract

Within this paper, we create the ideas of slightly X« -shelter, shortly
SXa - shelter, and slightly Yo -compact, shortly s2a -compact fuzzy sets. In
addition, we have established certain theorems concerning our vision in fuzzy
topological spaces, fuzzy subspaces, fuzzy continuity mapping, fuzzy open mapping,
fuzzy .7, -spaces (Hausdorff spaces), and their different characterizations. Finally,

we have discussed our vision about the “good extension” characteristics.

Keywords: fuzzy sets, fuzzy topological spaces, s2« -shelter, and s2« -compact.

I. Introduction

In 1965, for the first time, Zadeh [XXXVIII] addressed fuzzy sets and
described fuzziness mathematically. Chang [V] first presented the concept of fuzzy
compactness using open cover, and Wong [XXXV] further developed the fuzzy
topological spaces theory introduced by Chang [V] and investigated a lot of covering
characterizations that comprise these spaces. The following fuzzy compactness levels
were developed by Lowen [XIX, XXI]: fuzzy, strong, and ultra fuzzy, while
Chadwick [IV] expanded the compactness of Lowen’s. Additionally, Lowen [XX,
XXI11] also studied compactness within the fuzzy real line and compact product fuzzy
topological spaces. Ying [XXXVI, XXXVII] initially presented the concept of
fuzzifying compactness in fuzzifying topological spaces, followed by Guojun [XI]
with N-compactness, and then Dongsheng [VII] with a generalization of N-
compactness. Shi [XXXI] proposed a new way to define fuzzy compactness
topological spaces that are in L-fuzzy, and L-fuzzy topological spaces. Li and Shi
[XVII] presented the concept of the degree of fuzzy compactness. Hong [XII]
addressed the concept of RS-compactness, while Noiri [XXVII] discussed various
properties related to RS-compactness. Additionally, Kudri and Warner [XVI] and EL-
Shafei et al. [VII1] discussed the characteristics of RS-compactness. Georgiou and
Papadopoulos [X] characterized well known fuzzy compactness using the notion of
fuzzy upper limit and Warner [XXXIV] discussed the modeling of topology in
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general through fuzzy topology which is fuzzy compactness serves as an illustration.
Warner and McLean [XXXIII] provided an effective definition of compactness within
L-fuzzy topological space, while Kudri [XV] expanded this concept to an arbitrary L-
fuzzy subset and discussed its characteristics. In reference [VI], Chen addressed the
fuzzy compactness of induced I(L)-fuzzy topological spaces. An extension of the g-
inverses of regular fuzzy matrices, the g-inverses of interval-valued fuzzy matrices
were investigated by Meenakshi et al. [XXV]. Saha Apu Kumar and Debasish
Bhattacharya [XXIX] discussed countable fuzzy topological spaces. Mahbub et al.
[XXI] presented two concepts of intuitionistic fuzzy compactness within
intuitionistic fuzzy topological spaces. In their presentation of intuitionistic
(compactness, almost compactness, near compactness), Abbas[l] used intuitionistic
fuzzy topological spaces as a larger framework. Gantner et al.[IX] presented the idea
of « -shading and « -compactness for L-fuzzy topological spaces, while Mashhour
et al. [XXIV] broadened this idea. Kim [XIV] discussed the characteristics of « -
compact fuzzy topological spaces along with Benchalli and Siddapur [111] and formed
a connection between general topological spaces and « -compact fuzzy topological
spaces. In spaces with L-topologies, Shi [XXX] presented a new type of « -
compactness, while in L-fuzzy topological spaces, Aygin [II] defined an effective
version of fuzzy « -compactness. Talukder and Ali [XXXII] proposed partially « -
compact fuzzy sets and discussed their different characteristics in topological spaces
that are fuzzy. We introduced and discussed the idea of sX«a -compact fuzzy sets
with several characterizations. We investigate 2« - compact fuzzy sets and observe
that it has various outward results.

I1. Preliminaries

This section will go over a few key definitions that are important for the
next section. These are found in the documents that are cited and are essential to our
discussion.

Definition 2.1. [XXXVIII]: Suppose ¢/ is a set that is not empty and a unit interval
T =[o0,1] that is closed. A function e : ¢/ — I which assigns to each ingredient
g€ « isafuzzy set. ¢ stands for all of &/ ’s fuzzy sets. Any ingredient of J¢/
may likewise be thought of as a fuzzy subset of ¢/ .

Definition 2.2. [XXVIII]: Presume a fuzzy set e in ¢/, after that the set

{g e :e(g)>o} istreated as the support of e which is identified by e, .

Also, fuzzy sets that are (empty, whole, equal), fuzzy subset, a fuzzy set of
complement, disjoint fuzzy sets; fuzzy sets (union and intersection), laws of (De-
Morgan’s distributive) in Zadeh [XXXVIII], quasi-coincident in Pao-Ming, P. &

Ying-Ming [XXVIII], image and inverse image of a fuzzy set in Chang [V], topology
and compact set in Lipschutz [XV111] standard now.

Definition 2.3[V]: Presume ¢/ is a non-empty set and p is a gathering of fuzzy sets
in ¢/ . After that p is treated as fuzzy topology on ¢/
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when
(1 ) O, 1€p
(2) e; e p foreach i e 7, afterthat Je; € p

ics

(3) e, Zep  afterthatenzep.
The pair (¢, p) is treated as a fuzzy topological space and promptly, fts. Every
component in p is treated as an open fuzzy set. If the complements to a fuzzy set are
open, afterward the fuzzy set is considered closed.
Definition 2.4[V]: Presume ((/ p) and (O? f) are fuzzy topological spaces. A
mapping p: ((/ p) - (f/)’ [) is treated as fuzzy continuous iff inverse any open
fuzzy set in [ is likewise an open fuzzy set in p or equivalently inverse owing to
each closed fuzzy setin [ is also likewise a closed fuzzy setin p .

Definition 2.5[XXXV]: Presume ((/ p) and (4/3 [) are fuzzy topological spaces.
Consider p: ((/ p) - (%’ [) is a mapping from an fts ((/ p) to another fts
(//;’ [ ) After that p is treated as fuzzy open mapping iff p( e) e [ for each
eep.

Definition 2.6[XXVIII]: Presume (¢, p) isan ftsand .7 < ¢/ (subset). After that,
the gathering p , ={e|.7 :ee p} is also fuzzy topology about .7, treated as
subspace topology that are fuzzy about .27, and the pair (/7 P /) is treated as
subspace of ((/ : p) that are fuzzy.

Definition 2.7[XI11]: Presume (¢/, p) is an fts. After that (¢, p) is mentioned
fuzzy .7, -space (Hausdorff space) iff for every g, d e, g+ d | there exist
e,zepsuchthat e(g)>0, z(d)>o0and end =o0.

Definition 2.8[X1X]: Presume (GJ, ()) is a topological space. After that, a
mapping p: ¢ — £ (using the usual topology) is treated as lower semi-
continuous (1. s. c.) when owing to every a € % and f‘1(a, ©) e ) . Regarding

a topology @) on aset ¢/, presume o(©) ) is the collection of every I. s. c.
function  from ((/ , (:r)/) to J (using the usual topology); hence
() )={eel” :el(a,1] e, ael,}. Itwill be proven that () isa
fuzzy topology on ¢/ .

Assume that FP is the fuzzy topology analogue of P, where P is a property of
topological spaces. After that FP is treated as a ‘good extension’ of P “iff the
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announcement (&, &) has P iff (¢, ®(©» ")) has FP” remains valid for each
topological space (C/ (?)//"/). In this manner characteristic functions are I. s. c.

I11. Principal Findings

Within this section, we presented the thought of sXa -compact fuzzy sets and set
out some discernible characterizations of $2a -compact fuzzy sets.

Definition 3.1: Presume ¢/ is not an empty set O <« <1. Consider {e;, : i e 7} is

a gathering of fuzzy sets in ¢/ . After that {ei s ie g} istreated as slightly o -

shelter, shortly sXa -shelter of a fuzzy set ¢ in ¢/ iff Zei(g)Za for whole
i

geé, (&, #¢). A subgathering of sXo -shelter of ¢ which is also a S -
shelter of ¢ istreated as SXo -subshelter of £ .

For instance, assume ¢/ ={a, b, c}, I=[o,1] and o<a<1. Consider e,,
e, I” is defined with e, (a)=o0.02, e(b)=o0.01, e(c)=0.03 and
e,(a)=0.04, e,(b)=0.03, e,(c)=0.02. Again, presume ¢eI” is
defined with ¢(a)=o0.01, &(b)=o0.00, &(c)=0.07, so &, ={a,c}.
Choose a=0.05. It is clear that w,(a)+u,(a)>a, elc)+e,(c)>a,

where a,c € &, . Therefore {e,, e,} isa sZo-shelter of ¢.

I’e

2

Definition 3.2: Presume ((/ p) isanftsand O<a <1. Afuzzy set £ in ¢/ is
treated as slightly 2o -compact, shortly sXo -compact iff each open SXo -shelter of
¢ has a finite sXo -subshelter i.e. there exist e; , e . € e{e;} such that

TR
%eié (g) = a forwhole geé, and (Re 7,).

The concepts of some theorems are taken from Lipschutz[XVIIl] and
Murdeswar[XXV1].

Theorem 3.3: Presume ((/ p) is an fts with .27~ — ¢/ (proper subset) and ¢ is a
fuzzy set in ¢/ where &, .27 . After that ¢ is sZu-compactin (<, p) iff & is
SXo-compact in (/7 p. /)

Proof: Regard ¢ is sXo -compact in ((/ p). Presume @ = {ei e g} isan
open SXuo -shelter of ¢ in (/7 p_//). So, there exists Zz; € p such that
e;=2z;|.7 cz;.Thus {z; :ie. 7} isan open sZa -shelter of ¢ in (, p). As
¢ is sZo-compact in (7, p), so {z; :ie. 7} has a finite sXa-subshelter, say
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{Zir v €7, } such that Zziy(g) >o forall geé, and re 7, . Forif, ged,,
1

then there exist Zz;

o

such that >z; (g)=a (re. 7,)which implies that
A

S(z; |- 7)Ng)za (re 7,) and consequently e, (g)=2a (re. 7,), as

R i

&, .7 . Hence e, e« andthus {e; :v e 7,/ is a finite sXo -subshelter of
‘@ . Thus ¢ is s2o -compact in (// p_/,/—).

Conversely, presume ¢ is  SXo-compact in (// P //) Assume
) ={z;:ie g} is an open sZu-shelter & in (¢, p). Set e;=2z; .7 . To
show this, presume g e ¢/ . When g €./, after that, there exists z; < )" such

that e, =2; /.. On the other hand, e; €p . so X¢ (g)>a for whole
15

geé,. Thus {e; :ie 7} is an open s -shelter of & in (// p_/,/,)_ But & is
S2a -compact in (// p//), SO {ei i1 ej‘} has a finite SXo -subshelter, say
le. :ve 7, } suchthat Se; (g)>a forall geé&,. Forif, ge& , then there
i, n .6 g J<<o g
1

exists e;
.

o

>z (g)zo, as &, <.7. So, {Zir v e 7,} is a finite SXo -subshelter of
l 0o

such that Y e; (g)=a implies that 3.(z; [.7 )(g) = o implies that
i i T

). Therefore ¢ is sXu-compactin (7, p).

Theorem 3.4: Presume (<, p) is an fts, 0<a <1 and &, Q are S -compact
fuzzy sets in ¢/ . After that U Q ((5 uQ), # ) is also sXa-compact in

(. p).

Proof: Presume @ = {ei :ie 7 }is an open SXu-shelter of U Q. So, @ is
open SXo -shelter of both & and Q. But, ¢ is s2a-compact in ((/ p), SO every
open sXo -shelter of ¢ has a finite S2o -subshelter i.e. there is a, say ¢; € ‘@ for

which Ye; (g)za for all gel,(re 7,). Again, Q is SXa-compact in
i "

((/ p), so every open SXa -shelter of € has a finite SXo -subshelter i.e. there
exists, say ¢; € suchthat Ye; (g)>a forall geQ, (pe. 7, ). Therefore,
» i 7

le; ,e; } is a finite sZo -subshelter of < . So, {UQ is SXo-compact in
r »

(@, p).
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Theorem 3.5: Presume an fts in (¢/, p) and ¢ is a fuzzy setin ¢/ where &, c ¢/ .
If each collection of closed fuzzy sets in (¢, p) whose intersection is empty and has
a finite subcollection with the empty intersection, consequently ¢ is sXa -compact in
((/ p). On the contrary, it is not right everywhere.
Proof: Presume {e;:ie 7} is an open sXa-shelter of & in (&, p) ie.
Zei(g)z(x for whole gefo. For the first context of the theorem, we get
i

N ef=0,,,s0wewrite (Je; =1, and hence clearly > e;(g)>a for the whole
ie g 1=V i

g €<, - Again, for the second context of the theorem, we have () eli_ =0,,, SO
ke 7,

we can write  |J eié =1, , and hence, it clearly shows that Zeik_ (g) > o, for all
ke. 7, i

geé, (ke 7,) . and hence, it is clear that {ek tke. 7,} is a finite sYa-
subshelter of {e; :i e 7 }. Thus ¢ is sXa -compactin (¢/, p).

For the contrary, consider the following instance:

Presume ¢/ ={a, b, ¢}, T=[0,1] and 0 < <1.Presume e,, e,, e, e,el”
is defined by e,(a)=o0.03, e(b)=o0.04, e(c)=o0.02; e,(a)=o0.04,
e,(b)=0.08, e,(c)=0.01; e, a)=0.04, e,(b)=0.08, e,(c)=o0.02
and e4(a):o.03, e4(6):o’o4, e4(c): 0.01.  Choose
p:{o, el,ez,eg,e4,1}, then ((/ p) is an fts. Again, presume & e J¥ is
defined by &(a)=0.06, &(b)=0.05, &(c)=0.00, after that &, ={a, b} .
Take a=0.09. After that, clearly ¢ is SXo -compact in (@J, p). On the other
hand, closed fuzzy sets are ef(a)=0.97, ef(b)=0.96, e(c)=0.98;
e$(a) =0.96, e§(b) =0.92, €£(c)=0.99; eg(a) =0.96, eg(ﬁ) =0.92,
e§(c)=0.98 and eg(a):o.97, eg(ﬁ):o.96, eg(c):o.gg. Hence, we
see that ef me§ mes mel # 0, . So, the contrary of the theorem is not true
everywhere.

Theorem 3.6: Presume p: (, p)—> ((/3 [) is fuzzy continuous and onto
mapping, where ((/ p) and (f/)’ [) are fuzzy topological spaces. If ¢ is sXa -
compact in (¢, p), after that p(¢&) is sXo-compactin (23, [).
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Proof: Presume {e; :e; el } is an open sZu-shelter of p(&) in (25, () for
ie. 7 ie. Ye(d)>a for whole d e (}9(5))0. As p is fuzzy continuous, so

i
ple;) ep and hence, {p(e;):e; €l } isanopen sXu-shelter of & in (<7, p).
For if, ge¢,, then p(g) e(p(f))o and so, there exists e, e{e;} such that
>e (p(g))Za =Y pl(e; )(g)=a.Since, & is sXo-compact in («, p), so
i ° i °
{pi(e;):e; el } has a finite s -subshlter, say {}9'1(eik):ke,7h}. Now, if
d e(p(cf))o, then d = p(g) for some g e, . So, there exist e efe;} such
that Zp‘l(eié Ng)za = Z;(eilé )(p(g))z(x = Z(eik ) zo (ke 7,) ie.

1 14 1

{eiﬁ} (ke.7,) forma finite sXa -subshelter of {e;}. So, p(&) is sZo-compact
in (3, 0).
Theorem 3.7: Presume p: (GJ,p)—) (@3 [) is fuzzy open and bijective
mapping, where ((/ p) and (f/j‘ [) are fuzzy topological spaces. If & is 2o -
compact in (23, (), after that p~1(¢&) is sXa -compact in (¢, p).
Proof: Presume {e; re; ep} is an open sXu-shelter of p(¢&) in (¢, p) for
ie s ie Yel(g)=za for al ge(p*({))o. But p is fuzzy open, so

i
ple;) el and hence, {p(e;):e; epf is an open sZa -shelter of & in (@3 [).
Forif, d €&, ,then pi(d)e (}9'1(5))0 and so, there exists ¢; e{e; } such that
e (p_l(d))Za =Y ple; Nd)=a.Since, ¢ is sZa-compact in (f/_ﬁ’ [), S0
i o i o
{ple;):e; ep} has a finite sZo-subshlter, say {Jo(eik):kejh}. Now, if
g e(p'I(a_,‘))O, then g= pi(d) for some d e, . So, there exist e efe}
sueh that % ple; Nd) >0 = ) (pi(d)>a= ze, ()20 (ke.7,) ie.
{eié} (kejh) is a finite X -subshelter of {e; }. Thus p1(&) is sXo -compact
in (\6/, p).
Theorem 3.8: Presume a fuzzy .7, -space (Hausdorff) is ((J, p) and ¢ is a fuzzy

setin &/ when &, &/ . If ¢ is sZa-compactin (7, p) and g e ¢&,, after that

there exist e, z e p such that e(g) >0 and & < z(0, 1] and enz=o0. But,
the reverse is not right in everywhere.
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Proof: Suppose d €&, . Since, g & &, , theniitis clearthat g=d . But, (¢/, p) is

fuzzy Hausdorff, then there exist e -,z - € p such that ed(g) >0, Za[(d) >0

and e, Nz, =0. Since, ¢ is sZa-compact in fuzzy Hausdorff space ((/ p),

then it clearly shows that Zzgf(d) >q forall d €&, ie {z:d €,} isan
d

open sXu-shelter of ¢ in (¢/, p) and hence {z:d €&,} has a finite s3o-
subshelter, say {z - :d e&,} (Re 7,) such that Yz, (d)>o forall d €&, .
kR d” 13

Now, let e= edl N edz G I N e([n and z= zdl U zdz Ueenen. U Zdn :
Hence, we observe that ¢,Zz€ p, as ¢ and z are the finite intersection and union
of open fuzzy sets, respectively. Moreover, e(g) >0, as edé (g) >0 for each k
and &, = z(0, 1].

Finally, we have to show that ez =0. Since edk mzdk =0 = emzdﬁ =0,
by distributive law, we have ez =en (ZD[I Vzp U Uz, )=o0.

To observe the reverse, consider </ ={a, b}, T=[0,1] and 0 <a <1I. Presume
e, e,, e;e I7 is defined with e,(a) = 0.01, e,(b)=0.00; e,(a) = 0.00,
e,(b)=o0.02 and eg(a)z 0.01, 33(6): 0.02. Put p={0,¢e,e,, e, 1},
then ((/ p) is a fuzzy Hausdorff space. Presume ¢ e J¢ is defined by
&la)=0.06, &(b)=0.00,then &, ={a} and b e &, . Here ¢,, e, € p, where
e,(b)> o and (0, 1] ={a}. Therefore, &, ce;'(0,1]. Take a=0.04.
Thus ¢ is not sZu-compact in (¢, p), as %ek(a)«x, where aeé&,, for

k= 1, 2, 3. Thus, the theoretical discussion is not generally true everywhere.
Theorem 3.9: Presume ((/ : p) is a fuzzy Hausdorff space and &, Q2 are fuzzy sets
in &/ when ¢, Q, /. If & and Q are disjoint SXa-compacts in (<7, p), after

that there exist e, zep such that ¢, ce’(o,1], Q,cz'(o,1] and
ez =0. Conversely, it is not true everywhere.

Proof: Let d e ¢, - So, itis clear that deQ ,as & and Q are disjoint. Since, Q
iIs SXo -compact in fuzzy Hausdorff space ((/ : p), then by theorem (3.8), there
exists e, z, € p such that e([(d) >0 and Q, c Z{}(O, 1] and e, Nz,  =0.

Since, ed(d)>0 and ¢ is SXa-compact in ((/ p), then it is clear that
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%ed(d)Za forall d €&, and hence, {fe :d e&,} isan open sZu-shelter of

¢ and so fe,:d ef} has a finite sZa-subshelter, say
leg :d eéof (Re.z,) such that Eedk(d)m(ée]h) for all d €¢,.

Again, since Q is sXo-compact in (7, p), so {2, :g€Q,} has a finite $Xa-
subshelter, say {Z‘f@ :geQ,} (ke 7,) such that %z@ (g)za (ke z,) for

all geQ,, as Q, gzc';é (0, 1] because of each k. Now, suppose e:edl U
er Y....... U e([n and z = zdl N 26[2 [ W N zdn . Hence, we observe that
&, cel(o,1] and Q, = z(0,1] . Thus e,ze p,as e and z are union and the
finite intersection of open fuzzy sets serially.

Finally, we will demonstrate that ez =0. At the beginning, we notice that
edk mZdE =0 owing to each kR = edé M Z =0, by distributive law, we have

enz=(e; ve, U.... ve, )Nz =o.

To observe the reverse, presume fuzzy Hausdorff space in the context of the theorem
(3.8). Presume ¢, Qe I¥ defined with &(a)=o0.00, &(b)=0.09 and

Q(a)=0.08, Q(b)=o0.00, then ¢, ={b}, Q ={a}. Now e, e, ecp,
because of €;'(0, 1] ={a} and e}!(0, 1] ={b}. Thus, we see that &, = e;'(0, 1],
Q, ce'(o,1] and e, e, =0, where ¢ and Q are disjoint. Choose o =0.07 .
Hence, we notice that £ and Q are not SXo-compacts in ((/ p), since
%eé(ﬁ)«x, where beé, and %ek(a)«z, where aeQ, because of

R =1, 2, 3. Therefore, the theorem's opposite is not always true.

Theorem 3.10: Presume ((/ ()) is a topological space, ((/ w((')//)) is an fts,
along with ¢ is a fuzzy set in ¢/ where {, /. If £ is SXa-compact in
(¢, (")), after that &, is compact in (¢/, ). On the contrary, it is not right
everywhere.

Proof: Assume ¢ is SXa -compact in ((J o fz)/’/)). Presume the open cover of ¢,

in (e, )is @ = {lel, :ie. 7 }. After that for each, ﬂi there is a 61’ cew(t))

such that A = 61,'1(0, 1] . Thus, @ = {51,'1(0, 1] :ie. 7 }. But, the collection

F = {6i :ie. 7} isanopen sZu-shelter of & in ((/ co((')/)) ie. Zﬁi(g)Za
1
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for all ge,. Since, < is an open cover of ¢, in (c/ )7), then there is
& . =p1
J’Zlio € ¢ suchthat g EALO . But J’Zlio Eio (0, 1] for some Eio e w(®) ). Thus,

ge Ei':(o, 1/ which shows that 61-0 (g) > 0 and hence, Zﬁi() (g) = a. Since, ¢ is
1

S2a -compact in ((/ ol @/)), therefore, .7~ has a finite 2o -subshelter, say

{5i ke 7, }. Thus, {51,'1(0, 1] :ke_7, } construct a finite subcover of < and
[3 kR

so &, is compactin (7, ).

We provide the following example to illustrate the opposite.

Presume « ={a, b, ¢}, I=/o,1] and o<a<l. Consider
(f)//""z{{a},{ﬁ},{a, b}, ¢, (/} After that (7, ) ") is a topological space. Again,
presume e,, e,, e, € I is defined by e,(a)=0.03, e,(h)= 0.00, e,(c)=
0.00; e,(a)=o0.00, e,(b)=0.02, e,(c)=0.00 and e3(a)= 0.03,
e3(6)= 0.02, e, c)=0.00. So, () )={e, e, e;0,1} and
((/ , o (;)/)) is an fts. Furthermore, presume ¢ e J¢is defined with
&a)=0.08, &(b)=0.09, &(c)=0.00, after that &, ={a, b}. Clearly &,
is compact in ((/ ﬂ)/”'). Now, choose a =0.07 . So, & is not SXo -compact in
((/ a)((ﬁ)/)), as %eﬁ(a)«x where a e&,, because of R=1,2, 3. So the

contrary of the theorem is not right everywhere.
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