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Abstract

The present paper deals with the problem of obtaining a unique spline
function for approximating a polynomial function. We have given values of the
polynomialj; its first derivatives are at the node points and also the third derivatives
are given at the knot points of the unit interval | = [0, 1]. The problem is solved
majorly in two parts, the first part shows the unique existence of the interpolatory
spline function and the second part deals with the convergence theorem and error
bounds. Later we discussed its applications for computer-aided design and image
processing also.

Keywords: Approximation, Computer-aided design, Image processing, lacunary
Interpolation, Modulus of continuity, Spline functions, Taylor’s theorem, error
bounds.

I. Introduction

Techniques of Lacunary Interpolation [111] were initially studied in the early
20th century as part of problems involving sparse or selectively missing data. It was
motivated by practical applications, such as numerical integration and approximation,
where full data sets were unavailable. Afterward, splines were introduced in the
1940s by mathematicians like Schoenberg, who formulated spline functions to
address problems in approximation theory, especially for lacunary data [V].
Schoenberg (1946) popularized B-splines, which laid the groundwork for modern
spline theory. By the mid-20th century, splines became a preferred tool for
interpolation due to their ability to minimize oscillations and provide smooth
approximations. Efforts were made to adapt spline theory to address the practical
need for robust interpolation in engineering and physical sciences. Studies explored
continuity and error analysis in splines under lacunary conditions [VII]. Researchers
like De Boor [VI], Ahlberg, and Nilson [IV] worked on computational algorithms for
spline interpolation.
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The idea of this present research work was initiated from the work of P. Turan’s (0,
2) interpolation problem [I]. Later Burkett, J. and Verma, A.K. [2] worked on a
similar problem and extended the results. It has been observed that the above-
mentioned work shows the construction of spline function when only node values are
given, but does not deal with the situations for knot points. To fill this research gap,
here in this current research we have shown that the construction of a spline is still
possible when we have some data at the knots also i.e. other than the node points.

Here in the present paper we work with the lacunary data (0, 1; 3) in which the
function values and first derivatives are known at the node points and 3 derivatives
are known at any intermediate point in the unit Interval 1 = [0,1]. Using these
lacunary data and interpolatory conditions we obtain a spline function which exists
uniquely and is also shown convergent by finding error bounds. Further, we discussed
its applications in image processing and computer-aided designing. We state the
problem as follows:

Let A:0 =xy <x; <+ <xp_1 <x,=1Dbe a partition of unit interval 1 = [0, 1]
with x4 —x, = h,, k=0, .., n-1 Denote by Sr(lzs) the class of quintic splines

s(x) satisfying the condition that s(x) € C3(I) and is quintic in each subinterval of I.
In the past, this class of splines is used by various authors with different different
interpolatory conditions. In [I1] this class of splines is used to solve the interpolation
problem with the following conditions:

sa(xx) = fi , k=0,....,n;

sa(xi) = fi , k=0,.....,n

sp'(xka1s3) = fitayz: k=0, ..., n-1;
where

1
Xi+1/3 = 3 Xk + Xier1)
sy (x0) = fo'or sy"(x0) = fo" .

Some other authors also solved similar problems with other intermediate points. But
the interesting thing is that here in this paper we solved a generalized problem when

we take%(OS % < 1) as an intermediate point where third derivatives are prescribed.

This paper consists of four sections section 1 gives an introduction to the whole
research work and also consists of relevant history. In section 2 we mention the
theorems of unique existence and their proofs along with the related sub-theorems
and lemmas. Similar work can be seen in [XIV].

In section 3 we obtained the error bounds for showing the convergence of this spline
function. In the last, we discuss the future prospects along with the conclusion.
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I1. Unique Existence Theorem
Theorem 1

Given a partition A of the unit interval 1=[0,1] and the numbers fk Jr k=01, ...
,n-1;

e (0< %s 1),k=0,1,....,n—1;f fo""; there exists a unique spline sa(x) €

52 such that
( sa(xp) = fi, k=0,1,..,n;

sa(xi) = fx, k=0,1,..,n;

< é...g (2'1)
sy’ (Xk+g) =fiy, k=01..n-1

Usio) =f or  si'Gxo) ="

Here

1
xk+1 :E (xk + Xk+1) andhk = Xkg+1 — Xk, k= 0, 1, ...... , N — 1.
5

Proof of Theorem 1

Here we prove the theorem with the initial condition s, (x,) = f; only, for the
condition s, (xo) = f,'' the similar method can be applied.

Let us set

spa(x) whenxy < x: < x;
splx) = (2.2)

2 - o - o ;
sk(X) = fie + (X —xidfie + Ay + 5 g 2 ks o ks

For determining the coefficients we apply the interpolatory condition (2.1) and the
continuity requirements that s, (x;) € C2(I). Then we have
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(h ) (ho)3 (h ) (h )5
f1—f0+h0f0 —fo' + ; 03+ —= 04"‘ ——ag’s
4 0 )2 (he? = (ho)* o
{0 A= fop thofo' + - ags 5 ags + = ags (2.5)
" o 5h 2
\ fl = a0’3 + 0 5 h’O 04_ + (0 0) aors
5 o
(h ) (ho)® | (h)* 1, (Rp)®
(fesr = fio + hiefi + - aiy + T T il
(h )2 er, (ho)d | (ho)t
) fier = fies + hucticy + Zkl ..... Az + e+, A (2.6)
fklzl = ak3 T 0.5 hyay +——=2- ©s hO) ai’s
5 :
k=12, ..n-2
(
e (hd? e (h)® o
ey = O + hyelly + 5= Qe + 5 aics
and | (2.7)

B h
_ L
a1,2 - fO + h0a0,3 +

20f1’”
Qs =—0.ZI Z(h—fo—hofs =B f) =2~ i~ hofs) + hl (2.8)

8f”,
Gos = 0219“(13—1"0 hofs =B £37) =S (1 = fi = ho§ (2.9)
aos = =02[5F (i~ fo— hofi =)+ 33 (5 = hofs) + £1"| (2.10)

From (2.6) we have,

s = =17 [ ees = fi = i) + 75 Gl = ) + 55 o + 2 175] (2.00)

s = 17[2;";6(fk+1 fie= M) =55 (Fioa = f %;ak,z—%f,;;’;] (2.12)
5

i3 =1.7[ i Fera = fk—hkf,z>+%(f,;+1—f,;>+;iak,2+3f,;'+'1] (2.13)
k k 5

Using values of these coefficients in (2.7) we get

ap =5|f 4+ 3he S5 =3 (= fo—hof) — o = )| (214)

Pankaj Kumar Tripathi et al.

15



J. Mech. Cont.& Math. Sci., Vol.-20, No.-3, March (2025) pp 12-23
146.4

— 7z (e = fie = hiefio)
2.4 I} ’ "
_h_k(fk+1 = fi) + hkfk%

The coefficient matrix of the system of equations (2.14) and (2.15) in the unknowns
ax2 k=12, ...,n-1is seen to be nonsingular and hence the coefficients a; , , k =
1,2, ..., n-1, are uniquely determined and so are, therefore, the coefficients a3,
Aga, Qs ,.k=12,... n-1.

ak+1'2 +5 ak'z =—-1.7 (215)

I11. Theorem of Convergence

Let £ € Cc'(I),l = 5,6. Then for the unique spline sa(x) of Theorem 1
associated with the function f , we have

0(ws(H)), if fec>,
||S§5)(x) _f(S)(x)” { (ws((ég) l'f f 6( ) 3.1)
KsH| | + 0(ws(®), if f€cow),
and if
maxhk <) < ooandH= max hy , then
min hy 0<ksn-1
0(H* %ws(H)), if fecsW),
(@) _f@ 5
”SA (x) f (x)” {K2H6—q”f(6)” + O(Hs_qu(H)), if fe CG(I), (3'2)
q=0,12,34.
Where K, and K;are some constants involving A (0< % <1).

Auxiliary Lemmas

Now we give three lemmas that are used to obtain the proof of the Theorem of
convergence theorem.

Lemma3.1.1. LetAy, = ag, — fi -
Then we have for k=1,2, ... n-1.

0o ws(h), if f € C(D)
|Ak2| =
K hif© + 0(E5z5 hywe (), if € CO(D
Where K; = —0.005

ProofFrom (2.15) we have
Apyr1z + 0545, = (agp12 — fih1) +0.5Cax, — fi') = ax(say), k=12, ...... ,n-2. (3.1.1)

ap =

2.4 2.4
o _ _ h li o I _ ! h nr " "
_1_7l nz (frs1 — fx ifie) » (fesr — fi) + kfk+§ — [, +5 £
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If f € C5(I)then by Taylor’s formula

Similarly if if f € C>(I), then
ae = KihE i + 0(hitwe(hy)) (3.1.3)

Also from (2.14)

0(h3ws(h,)), if f € C>(I)
|A12]= [ a1z = fi'] = (3.1.4)
Koh3f© + 0(hdws(hy)), if f € C*(I)Wherek, = —0.005
From (3.1.1) and (3.1.2) and the derivatives for «a; we have

0(Zkzindws(hy)), if f € C3()
|Ar2| =

Kihif® + 0(htws(hy)), if f € CE()
This proves the assertion of lemma.

Lemma 3.1.2.

_ @ maxhi _ ) 5 _
Let Aga = ags— f;; "and in g = 02< o, H (Jnax hy .
Then we have for

0(ws(H)), if feC>()

k=0,1,...,n1 |4 = -
KoH2[f O + O(Hwg(H)) , if f € C5()
Where K, = %
Proof From (2.9) and (2.12) we see Ay, = 0, then

4) 156
Ara = Qs —f )=h—iAk,2+ B, k=0,1,...,n1 (3.1.5)

273.6 43.2 93.6 24
Tz Ui = fe = hiefid = 55 Ui = fi) =37 fid' = h—kfk';'%

Whereg, = —1.7

Bi = O(hws(H)), if f€C>U). (3.1.6)

IffeCo), then B.17) By = Kh2f® + 0(hZwe(hy)) , where K,=0.2

Using Lemma 3.1, we have for k =0,1, ... , n-1.
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k-1
1
" (o (h—zz hsa)s(hv)> +O(hws(h) ,  if £ € (D)
Ak,4 = i k v=0

K,h2 O + 0(h2wg(hy)), if f € CO(I)

The result clearly holds for k=0. Hence if Mﬁ 02< o, H= max h,
min hy 0<ksn-1

we have from (3.1.5) to (3.1.7)
[ olwstm), if fecom)
|| = b k=0,1,...,n-1.
iKZH”f(é)” + O(Hwg(H)), if f € C5(D)
This proves Lemma 3.1.2.
Lemma3.l3let  Ags= ags— £

Then we have for k=0,1, ... ,n-1

O(ws(H)), if fec®)
|Ars| =
KH||F O + 0(Hwe(H)), if f €COU)
Where K, =0.2

Proof: Following a similar method we can get the results for |4, 5| hence we omitted
the proof.

IVV. Proof of Theorem 2

Let x =[xy, xx41], k=01, ...... ,n-1
Then from (2.3) we have
s (x) = ays (4.1)
and Sés)(x) =agst+ (X —xk) ags (4.2)

Therefore
|57 G = O] =[s7 @)~ 15 + 15 = FO0)

2| aes = 1|+ [0 - FO ).
If f € C5(I) then using Lemma 3.1.3, we have

|57 = F O )| = 0(ws (1), (43)
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Again from (4.2)

P = FB@) = (@a—fD) + (x—x)(as — ) = [FP@) - £2 -
(x — x)f] (4.4)

= Aa +0c = 1) As — (X — 0 )FP ) = ) e <me < x
Thus,
|57 = FO@)| < | Aral + H| Aes| + Hos ().
Now applying Lemma 3.1.2 and 3.1.3 we get,
[s£2G0) = F@O )| = 0(ws () +H O(ws()) = 0(ws()).  (45)

Now,

5260 = £ @) = [ 15820 = FOOe]< (¢ = 302|500 = FO@)

sk’ () = f""" () |=(Hws (H)) (4.6)
Set h(xk) = h(xk+1) =0.
So by Rolle’s theorem, there exists a

Hic s X < pe < Xpqq o SUch thath’ () = s/ () - £ (i) = 0.
This gives|sy (x) — £ (o)l = [ [ [ (8) — £ (©)]de]< (c — mo)lsi’ () = £ ()]
= 0(HHws(H))

sk (x) = f"" () |= (H*ws(H)) (4.7)
Again using interpolatory conditions (2.1) we can write

Is(6) = (01 = | [ [s (®) = £ (©)]de]

|5k () = £ () |=(H3 w5 (H)) (4.8)

Similarly

[ [sk® = f£(©0)dt| = (H*ws(H)) (4.9)

This proves the theorem for f € C5(I). Next we consider the case when f € C°(I).
Then from Lemma 3.1.3

[s7C0 = FO0| = [(aws = £O) + G- xfD @] 3 < < x
< K £ + 0t ().

Again
_ 2
SO = FO) = Aga + (2 = 1) As + S FOEY 0 < & < x
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Which on using Lemma 3.2 and Lemma 3.3, gives

[s5700) = F@@)| < KsH||f©|| +(Hog(H)) . (4.10)
From (4.10) on using the method of successive integration we at once have
56760 - F@E| < KO +(H 0w (1), = 1234, (811)

This proves the theorem of convergence for f € C6(1).
V. Results and Discussions

The present paper dealt with the (0,1;3) lacunary interpolation problem

for which we have found a unique spline 51(125) (1.1) which can interpolate the given
function. Also, the Error bounds (4.10) have been found and shown that this spline
function is convergent (4.11). Dealing with such types of problems we can conclude
that a similar approach can be applied for other lacunary data provided the function

exists uniquely also there would be a need for some interpolatory conditions.
V1. Future Prospects and Applications

As discussed in [XXI] spline functions can be used to find numerical
solutions to differential equations and to obtain quadrature formula for a given curve.
Splines are used to approximate solutions to partial differential equations in physics
and engineering simulations. Because of flexibility and smoothness spline functions
are useful in other fields, like Computer Science, Image processing, Mechanical
Engineering, BioSciences, etc. Splines (especially B-splines and NURBS) are used in
CAD software to create smooth, flexible curves and surfaces. In computer graphics,
splines are used for keyframe interpolation, ensuring smooth animations in movies
and games. Spline interpolation helps in reconstructing and filtering signals while
maintaining smoothness.

Spline interpolation can be used in Terrain models to generate smooth elevation
models from scattered data points. Also, they help in mapping and remote sensing
applications to estimate missing or sparse data points. Presently Data Science,
Machine Learning, and Artificial Intelligence are fast-growing fields, Spline
regression methods (e.g., cubic splines, B-splines) provide Deep Learning Integration,
Combining spline interpolation with neural networks (e.g. spline-based activation
functions) can improve interpretability and efficiency. They can be used in the field
of Biomedical and Genomic Data Analysis. They can help in reconstructing complex
3D molecular and cellular structures from experimental data. Spline-based
interpolation can assist in modeling complex genetic interactions for personalized
treatments. We can say that the Spline function interpolation technique can be used in
so many other fields not only in Mathematics.

VIIl. Conclusion

In this research, we investigated the (0,1;3) lacunary interpolation problem

and successfully derived a unique spline function s,(fg which is capable of

interpolating the given function. Additionally, we established the error bounds (4.10)
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and demonstrated the convergence of the spline function (4.11), ensuring the
reliability and accuracy of our approach.

The findings indicate that the proposed method is effective for handling lacunary
interpolation problems and can be extended to other cases with similar data
structures. However, the applicability of this approach requires the existence of a
unique interpolating function, along with appropriate interpolatory conditions. Future
studies may explore generalized lacunary interpolation frameworks and their
applications in various domains, further enhancing the scope and efficiency of spline-
based interpolation techniques.
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