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Abstract

Ac=(N, A, o, n) be a anti fuzzy graph. A partition of N(Ag) IT= {D1, D, ..,
Dy} is a regular anti fuzzy partial domatic partition of Ag if (i) for each D;, < Dj> is an
anti fuzzy regular and (ii) D is an anti fuzzy dominating set of Ga The maximum fuzzy
cardinality of a regular anti fuzzy partial domatic partition of Ag is called the regular
anti fuzzy partial domatic number [RAPDN]of Ac and it is denoted by dff(AG). Also
these numbers are determined for various anti fuzzy graph. In this work, random r-
regular anti fuzzy graph, regular partial domatic number in anti fuzzy graphs, regular
partial anti domatic number in anti fuzzy graphs are introduced. Some bounds for anti
fuzzy domatic numbers are discussed.

Keywords: Anti fuzzy graph, Dominating set, Domatic number, Vertex degree.

I. Introduction

The idea of an anti fuzzy structure on a graph from the fuzzy relation started by
Zadeh [XI11] is well known to Muhaamad Akram [I]. The idea of a graph's domatic
number was first presented by S.T. Hedetniemi and E.J. Cockayne [Ill]. Bohdan
Zelinka [XVI] first proposed the idea of a graph's anti domatic number. A. Sasireka
and R. Muthuraj [VIII, XI, 1X] determined the dominance parameters for anti-fuzzy
graphs and demonstrated the generality of specific anti fuzzy graph types. The novel
ideas of regular domatic partition and regular anti-domatic partition in fuzzy graphs
were first presented by K.M. Dharmalingam and K. Valli [V]. The novel ideas of
regular partial domatic number, random r-regular anti fuzzy graph, and regular partial
anti fuzzy number in an anti fuzzy.
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Definition 1.1 [IX]

An anti fuzzy graph [AFG] Ga= (o, p) is a pair of functions 6: V— [0,1] and p:
VxV— [0,1], with p (u, v) > o (u) vV p (v) for all (u, v) e V.

Il.  Random r- Regular Anti Fuzzy Graph

Ac is an AFG with n nodes. Ag is represented as a r-regular AFG on n nodes
and it is denoted by A (n, r). To build a random r-regular AFG at random on the node

set {vi, Vo, ...... , Vn}. To collapse each set {vi1, Vi 2, ...V i into a single node vi by
taking a random matching on the node set {vi1, Va2, ...... V1,1, V2,1, V22......Vn, . Throw
away the generated AFG if it has any loops or more than one arc.

Note

1. d(Ac) =d(4;) is the domatic partition of the complement of AFG.

2. Ag =CyU Cw is a 3- regular graph which forms a cycle that has length even.

3. If Ga = CoU Cw is a 3- regular graph then A is (n — & — 1) regular graph
where § is a minimum degree of an AFG.

I11.  Lower Bound for Anti Fuzzy Domatic Number

Under this part, r > 3 is fixed for finding the anti fuzzy domatic number of a
random r-regular AFG. Consider that the domatic number of a random r-regular AFG
is atleast 3.

Definition 3.1
Let Ac be a 3- regular AFG that is created by adding a perfect matching M to an anti
fuzzy cycle C = va, Vo, ...... , Vi, V1. If viand vi:1 have matching partners v; and vy

respectively, so that the anti fuzzy cycle segments [vj, vi] and [vi+1, vi] are disjoint and
have cardinality 0 (mod 3), then an arc vj, vj+1 of C (indices mod n) is a 3-edge.

Note

To the following theorem consider an Ac = CUM where C is anti fuzzy cycle with
n>9 and n= 0 mod 3.

Theorem 3.2

Let Ag be a random 3-regular AFG. Then

(i) dr (Ac) < dr (Cn) < dr (Cwm)
(i)  d(Cw)<d(Cn) < d(Ac)
(i) d(Ac)>3

Proof

Let's think of Ag as an AFG that is created by adding a random perfect matching M to
a cycle.
That is, Ag = C,UCwm

If C, is a cycle with length n > 9 and n = 0 mod 3. C, has a 3- edge. Consider Vi Vi1 is
a 3- arc of Cy Let vj, vk be their corresponding matching partners respectively. Let D;
be a dominating set of A and Di= {va/n=1mod 3} whenl=1, 2, 3.
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The cycle ¢'= v, Vj, Vjs1, ...., Vo, V1 has length 0 mod 3 if n =1 mod 3. As v1v; has 3-
nodes. In case the length of the cycle ¢"'= vi, vj, Vi1, Vj, .... v1 has length n-|c’|[+2 =0
mod 3. Thenn=1 mod 3.

Since Ag has at least three disjoint dominating set by choosing each node individually
from each cycle ¢’ and ¢”’. Let D; be the dominating set for1=1,2, 3, ...

D1 ={v1, Va4, V7, ..., Vi2} U {Vn2, Vis, ..., Vjs1}

D2 ={vo, Vs, Vg, ..., Vi1} U {Vn-1, Vs, Vv, ..., Vjs2}

Ds; = {V3, Vs, Vo, ..., Vj} U {Vn, Vn-3, Vn6y «-.es Vj}
Any one of Dy’s are minimal dominating set of Ag.

If n=2 mod 3, then k =j =1 (mod 3). We select a three disjoint dominating set of
AFG Ag by choosing, for the same collection, all three nodes of the anti fuzzy cycle
except vi and va.

D1 ={V4, V1, ..., Va5, Vno} U {vi}
D, ={vs, Vs, ..., Vna, Vo1 } U {2}
D3 = {vs, Vs, Vo, ..., V-3, Vn}

Each of the dominating sets D1, D2, and D5 are disjoint minimal dominating sets of Ac.
which yields a domatic partition of Ag. DP = {D1, D2, D3}. D(Ag) = 3.

If Ac = ChUM with C, has length < 9. Then Ag has atleast 3 dominating sets which
forms a domatic partition of Ac.

d(Ac) >3 and d(C») < d(Ac) 1)
By the results in [14] d (C,) > 3.
Let Cw be a graph which consider the node set attained by adding a random

matching M to an even — order cycle C = vy, Vo, ....... Vi, V1. At least two components
and one dominating set larger than the cycle C, are present in Cp.
d(Cwm) < d(Cy) )

From (1) and (2) we get, d(Cwm) < d(Ch) < d(Ag).
Similarly, the anti fuzzy value of these graphs has the inequality as,
dat (Ac) < dar (Cn) < dar (Cr).

IV. Regular Partial Domatic Number on Anti Fuzzy Graphs

In this section, the concept of a regular partial domatic number on an anti fuzzy
graph [AFG] is defined in this section. We explore the associated outcomes and
theorems.

Definition 4.1

Let Ac = (N, A, o, u) be an AFG. A partitionIT={D4, Do, ...... , Dn} of N(Ag) is called
regular anti fuzzy partial domatic partition [RAPDP] of Ag if (i) for each Dj, < Di > is
an anti fuzzy regular and (ii) D; is an anti fuzzy dominating set of Ga The maximum
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fuzzy cardinality of a regular anti fuzzy partial domatic partition of Ag is called the
regular anti fuzzy partial domatic number [RAPDN]of Ac and it is denoted by

d’ (Ag).
Example 4.2

0.1 0.2 uy

0.2 Us

0.3 uz 0.1 us
Figure 1 Anti Fuzzy Graph Ac

From Figurel.

dy,(u)=01+05=056
dy,(u)=05+03=08
dy,(u3)=01+06+04=11
dy,(uy)=03+06+02=11
dy,(us)=02+04=06

dpg(uy) = dyg(us) =06

dAG(u3) = dAG(u4) =11

D; = {us, us} is a dominating and anti fuzzy regular.
D, = {us, us} is a dominating and anti fuzzy regular.
IT = {D1, D2} is a regular anti fuzzy partial domatic partition of Ac. Therefore
d¥ (Ac) = 2.

Remark
All anti fuzzy graphs have no regular anti fuzzy partial domatic partition.
Example 4.3

Q) K:1U K has no partial regular anti fuzzy domatic partition

(i)  Any anti fuzzy graph Ac # K,, of order > 3 with an isolated node has
no partial regular anti fuzzy domatic partition.
Note

i) If Agis aregular AFG with n nodes, then dff(AG) >1.
i) d¥ (Ac) < daf(Ag).
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Theorem 4.4
Let A be an AFG with a pendent node. Then §,7(4¢) < dff(AG) +1.
Proof
Suppose IT = {D;, Da, ....,Dd?f(AG)
Assume that u is a pendent node with support v. Without loss of generality, let ueD;.

} is a regular anti fuzzy domatic partition of Ac.

If veD;, then the node in D, cannot dominate u. If v € D, then any node in Vi, i > 3
cannot dominate u. Therefore, |DP| > 2.

Case(i)

If |T1|= 1, then Ag is anti fuzzy regular. If Ag has a pendent node, then all the pendent
nodes should be contained in any one Di Therefore, &qr(Ag) < dff(AG) +1.
Case(ii)

If |TT] > 1 then the minimum fuzzy degree values of 5,5 (G,) is at least 0.1. In such case
d* (As) = 1. Therefore, 8,,(Ag) <d¥ (Ac) + L.

Note

If Ag has no pendent node, then the result is not true.

Result

If Ag,and Agare two AFG’s for which d*(Ag,) and d¥ (4g,) exist. Then,
dff(AG1 U Ag,) exists iff there exists partition ITy = {Dy, Do, ..., Ddff(AGI)} and IT,
= {Uy, Uy, ..., Udff(Agl)} such that (i) if the anti fuzzy regular domatic number
d‘rlf(Acl) = dff(AGZ) then for each D; there exists U; such that D; and U are having
the same anti fuzzy regularity for each i, 1<i < d/ (4¢,) = di’ (Aq,)- (i) if 4% (Ag,)
< dff(AGZ) then Di and U; are having the same fuzzy regularity for each i, 1<i <
da (4¢,) and D%’ (Ag,) +1, ...... , Dd%f (4g,) must have the same anti fuzzy
regularity with any one Dy, Do, ...., Ddff(AGl).

V. Regular Partial Anti Domatic Number in Anti Fuzzy Graphs

The idea of a regular partial anti domatic number in an AFG is defined in this
section. Results and theorems in correspondence are given.

Definition 5.1

Let Ac= (N, A, o, p) be an AFG. A partition I1 = {Dy, Do, ...., Dk} of N(Ag) is called
regular partial anti fuzzy anti domatic partition of Ag if (i) for each Vi, <Vi>is anti
fuzzy regular and (ii) V; is a non anti fuzzy dominating set of As. The minimum
cardinality of regular anti fuzzy anti domatic partition is called the regular anti fuzzy

anti domatic number of Ag and is denoted by dff (A¢) -
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Example 5.2
0.3 m 0.3 0.2 u:
0.4 0.2 0.2
0.1 ug 0.3 0.1 us 0.1 0.1 us
0.2 0.3 0.3
0.1 uy 0.2 0.2 us

Figure 2 Anti Fuzzy Graph Ac
From Figure2.

dy,(u)=03+04=07
dy,(uz)=03+02+02=07
dy,(u3)=03+02+02+03+01=11
dy,(uy)=04+02+03=09

dAG (us) =0.1+03=04
dy,(ug)=02+03+03=0.8
dy,(u7)=02+02=04

dag () = dag (u2) = 0.7

D; = {us, uz} is a non-dominating and anti fuzzy regular.
dAG (us) = dAG (u;)=0.4

D, = {us, u7} is a non-dominating and anti fuzzy regular.

Therefore, IT= {D4, D,} is a regular anti fuzzy anti domatic partition of Ac.

Therefore, |TI|= d*/ (45)= 2.
Definition 5.3

An anti domatic partition of an anti fuzzy graph Ag is a partition of N(Ag) into non
dominating sets. The minimum cardinality of an anti domatic partition of an anti fuzzy

graph Ag is called anti fuzzy anti domatic number of Ag and it is denoted by c?ff (Ac).
Remark
Let Ac = (N, A, o, ) be an AFG.

Q) If Ag has a full degree node, then Ag has no regular partial anti fuzzy
anti domatic partition. Since Ag has non dominating sets. Therefore,
A has no full degree node. Suppose Ag has full degree node, all nodes
dominate each other nodes of Ag and anti fuzzy regular. Therefore, A
has no regular partial anti fuzzy anti domatic partition.
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(i) Let N(Ag) = {N1, No, ...... , Nn}. Then TI={{N1}, {N2}, ...... , {Nn}}
is a regular anti fuzzy anti domatic partition of Ag.

Theorem 5.4
Let Ag be any AFG without full degree node, then Tiff (Ag) > 2.
Proof

Suppose dff(GA)zl. Then IT={D}is an anti fuzzy regular and not dominating. N(Ag)
is a regular anti fuzzy anti domatic partition which is contradiction to our assumption.

Therefore, d* (Ag) > 2.
Definition 5.5 [V]

The distance d (u, v) between two vertices u and v in an anti fuzzy graph Ag is the
length of a shortest u-v path in Ag. The diameter of a connected anti fuzzy graph Ac is
the length of any shortest u-v path and it is denoted by diam®' (4;).

Theorem 5.6

If diam® (Ag) =3 and x, y € N(Ag) such that d (x, y) = diam® (4;)with N[x] and
(N-N[x]) are anti fuzzy regular. Then J,‘ff (Ag) = 2.

Proof

Let diam®™ (Ag) > 3. Let x, y € N(Ag) such that d (x, y) = diam® (4;)and N[x] and
(N - N[x]) are anti fuzzy regular. Clearly, N[x] and (N - N[x]) are anti fuzzy dominating

sets. Therefore, c?ff (Ac) = 2.

Theorem 5.7

If A is a disconnected AFG with k components Ag,, A, ..., Ag,. Then i/ (Ac) = 2
if and only if for some i, 1 <i<k -1, A; ,Ag,, ...., Ag,are anti fuzzy r, - regular and
Ag AGyyr o , Ag,, are anti fuzzy r, -regular.

Proof

Let Ag be disconnected anti fuzzy graph with components A , Ag,, ..., Ag, - SUppOSse
Ag, Ag,» ..., Ag, are anti fuzzyri-regular and Ag,, , Ag,,, - - ,Ag,,, are anti fuzzy

r-regular, for some i, 1 <i <k — 1. Let IT = {N( A¢,)UN( 4g,) U...... Udg,, U
N(4g,,,)U N(4g,,,) U........ UN(A4g,,,)}-Then IT is a regular partial anti fuzzy anti
domatic partition of Ag. Therefore, dﬁf (Ag) = 2. The converse is obvious.

Theorem 5.8

Let Ac be an AFG without full degree nodes. If u is a node of degree 5% (4;)
such that N - N[u] is an anti fuzzy regular. Then d% (Ac) < 6% (4;) + 2.

Rengasamy Muthurajet al.

213



J. Mech. Cont.& Math. Sci., Vol.-19, No.-11, November (2024) pp 207-216
Proof

Let u be a node of degree §% (4;)and N - N[u] is an anti fuzzy regular. Let N[u]= {u,
Vi, Vo, ..., Var}. Let TT = {V - N[u], {u}, {vi}, ....,} {Vss}. ThenII is aregular anti fuzzy
anti domatic partition of Ac.

Therefore, d* (Ac) < |TT| = 6% (4;) + 2. Hence d* (Ac) < 69 (4¢) + 2.

Theorem 5.9

If Ag is an uninodal AFG without full degree nodes. Then cfﬁf(AG) =nifandonlyifn
isevenand Ac =k, @ k ..... (g) times.

Proof

Suppose nis even and Ac =k, @ k, ..... (g) times. Then d* (Ac) = n. Conversely,

suppose c?ff (Ga) = n, every node in Ga is an anti fuzzy regular and which form a non
dominating set. Since Ag is an anti fuzzy regular. Then Ag is uninodal anti fuzzy graph.

Result

The sum of the regular partial anti fuzzy domatic number and regular anti fuzzy anti —
domatic number is greater than equal to two.

Thatis, d¥ (G,) + d*/ (Ga) > 2.
Theorem 5.10

Let Ag be a disconnected anti fuzzy graph with no isolated nodes. Thend (4;) <d (4;)
if and only if Ag has exactly two components as anti fuzzy cycle each with same
domatic number.

Theorem 5.11
If A is a disconnected graph of two components of cycle with n nodes, then
d(4g) = {3 if n =0mod 3

2 otherwise
where n; and n. are number of nodes in two components (ni= ny). d (4¢) = 1.
Theorem 5.12
Let L [A¢] be an anti fuzzy line graph of n> 3. Then d[L(Ag)] = 2.
Proof
Let L [Ag] be an anti fuzzy line graph. D, is a dominating set of Ac.

Case (i): Suppose n is the odd number of nodes. Consider u e Dais adjacent to at least
two vertices in L [Acg]. Then L [Ac] - D1 € N (L [Ac ]) does not dominate with L[Ac].
That is, the number of nodes of an anti fuzzy line graph required to dominate all the
nodes. Suppose there exists another dominating set, which cover all nodes in L [A¢] -
D:. The anti fuzzy line graph Ga has atleast one minimal dominating set and has two
domatic partition. Therefore d [L (Ga)] = 2.

Case (ii): Suppose n is the even number of vertices in anti fuzzy line graph. Let Diand
D, be two dominating sets with equal number of vertices. That is both dominating sets
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are minimal. Therefore, the domatic partitions becomes Di= {vi, v, ....... Vn-1} and
Do={va, Vs, ....... Vn-2}. Hence d [L (Ga)] = 2.

VII. Results and Discussion

In path anti fuzzy graph, y (Ag) +d (Ac) < B] +2.

1) In cycle anti fuzzy graph, y (Ac) + d (Ac) < [g] + 2.
2) In complete anti fuzzy graph, y (Ac) + d (Ag) =n+ 1.
3) Inany anti fuzzy graph, v (Ac) + d (Ac) < E] + 2.
4) If Ac is an anti fuzzy wheel graph of order n, then d (Ag) =
{4 ; ifn =1mod4
3 ; otherwise

VII. Conclusion

The definitions of regular partial domatic number and regular partial anti
domatic number in anti fuzzy graphs are given in this paper. Lower bound for anti
fuzzy domatic number is discussed. A vast array of issues may be solved with the help
of the regular partial domatic and regular partial anti domatic numbers. This will result
in an anti fuzzy graph with a new notation. For graphical research, the regular anti
fuzzy domatic number and regular anti fuzzy anti domatic number are very useful for
solving very wide range problems. We can impose additional restriction. This will lead
us to a new notation for anti fuzzy graph. Also, the regular fuzzy domatic number and
the regular anti fuzzy anti domatic numbers are useful to solve Transportation
problems.
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