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Abstract 

 COVID-19 infection is particularly dangerous for individuals with 

comorbidities such as kidney disease and diabetes due to weakened immunity. While 

the pandemic has impacted people of all ages and socioeconomic backgrounds, those 

with underlying medical conditions are more susceptible to severe outcomes. However, 

the role of vaccination in the co-infection dynamics of COVID-19 among diabetic 

patients is not well-represented in the literature. This study examines the unique 

challenges presented by the co-infection of COVID-19 in individuals with diabetes, 

focusing on disease transmission dynamics. We employ a mathematical modeling 

approach using a seven-compartment model that incorporates vaccination and 

comorbidities like diabetes to analyze the dynamics of COVID-19 outbreaks. Analytical 

investigations were conducted to demonstrate the solutions' existence, boundedness, 

positivity, and sensitivity. After calculating the basic reproduction number, we 

performed a stability analysis of the model's equilibrium points. Our findings indicate 

that when the reproduction number is less than unity, the disease-free equilibrium is 

both locally and globally stable. Furthermore, as the vaccination rate increases, the 

incidence of COVID-19 and its co-infections with diabetes decreases. These results 

suggest that effective disease treatment strategies should consider the potential impact 

of vaccination on the co-infection of COVID-19 in diabetic patients. 

Keywords: COVID-19, Diabetes, Comorbidity, Co-infection, Vaccination 

I.    Introduction   

COVID-19, caused by the SARS-CoV-2 virus, emerged as a significant global 

health threat in late 2019 [XV]. Identified initially in Wuhan, Hubei province of China, 

the disease quickly spread globally, leading the World Health Organization (WHO) to 

declare it a pandemic in March 2020. The virus's origins have been the subject of 
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extensive research, with studies suggesting that it likely jumped from an animal host, 

potentially bats, to humans, possibly with an intermediate host involved [XXII]. The 

primary transmission mode is through respiratory droplets, although contact with 

contaminated surfaces can also result in infection [XII]. The disease manifests 

symptoms from mild cough and fever to severe respiratory distress, with older adults 

and those with underlying health conditions particularly vulnerable [XVII]. Efforts to 

combat its spread have included worldwide vaccination campaigns, the efficacy of 

which has been a primary focus of scientific research and public health initiatives 

[XVI]. While there hasn't been an approved vaccine or antiviral treatment for COVID-

19, many countries and people have adopted non-pharmaceutical measures like 

wearing face masks in public, practicing social distancing, and enforcing lockdowns to 

help curb the spread of the virus. [XX, VIII]. Recent epidemiological research suggests 

that it's important to consider the co-existence of COVID-19 and comorbidities like 

diabetes, lung disease, and heart disease. Individuals with these underlying conditions 

appear to have a heightened risk of contracting the virus [II, XIX]. Bjorgul,        

Novicoff, and Saleh [IV] characterize comorbidities as diseases or medical conditions 

that coexist with the primary diagnosis under consideration while not sharing an origin 

or causal relationship. Diabetes mellitus is a chronic metabolic disorder characterized 

by high blood sugar levels over a prolonged period. It is a major public health concern 

worldwide, affecting millions of individuals and contributing significantly to morbidity 

and mortality. The disease is categorized mainly into Type 1 diabetes (T1D), Type 2 

diabetes (T2D), and gestational diabetes. T1D is an autoimmune condition where the 

body’s immune system attacks and destroys insulin-producing beta cells in the 

pancreas. This form of diabetes is less common, accounting for about 5-10% of all 

diabetes cases. T1D typically manifests in childhood or adolescence [I, VI].T2D is the 

most prevalent form of diabetes, accounting for about 90-95% of all cases. Models play 

a pivotal role in understanding the transmission dynamics of infectious diseases. The 

utilization of mathematical models for examining infectious diseases has seen a marked 

rise in recent periods, as indicated by studies [XIII, III]. Hence, the emergence of a 

branch has been done, which is called mathematical epidemiology. Frequent diagnostic 

tests, the availability of clinical data, and electronic surveillance have facilitated 

mathematical models' applications to critically examine scientific hypotheses and 

design real-life strategies for controlling diseases [XXI]. According to WHO, the 

COVID-19 vaccine is highly effective, but a small percentage of people will still get ill 

from COVID-19 after vaccination [V,XVII,IX].Everybody could also pass the virus on 

to others who are not vaccinated. Mathematical models provided invaluable insights into 

potential transmission dynamics, peak infection times, and the potential impact of 

interventions [XVIII]. These models also identified key parameters like the basic 

reproduction number (R₀) and offered scenarios based on various containment strategies. 

This study investigates the complexities of COVID-19 and diabetes co-infections and 

explores vaccination strategies aimed at mitigating disease severity and spread. Very 

recently Hye, M.A. et al. noted that limited research exists on COVID-19 co-infection 

with kidney disease, highlighting the need for mathematical models to understand their 

interaction [XXIII, XXIV]. Utilizing a compartmental epidemic model with imperfect 

vaccination, we conduct analytical analyses and numerical simulations to compare the 

dynamics of COVID-19 among individuals with and without diabetes mellitus. Our 



    

    

 J. Mech. Cont.& Math. Sci., Vol.-19, No.-11, November (2024)  pp 126-143 

Md. Abdul Hye et al. 

 

 

128 

 

findings underscore the crucial need for focused, comprehensive studies on these co-

infections in the ongoing fight against the COVID-19 pandemic. 

II.   Mathematical Model 

We delved into a seven-compartment model for a randomized human 

population. The entire group is split into seven distinct categories, namely susceptible 

population (S), COVID-19 infected(𝐼𝐶), covid-19 vaccinated susceptible (𝑉) diabetic 

sensitive individuals (𝑆𝑑), Co infected Covid-19 and diabetics(𝐼𝑐𝑑), Recover from 

Covid-19 (𝑅𝑐), Recover from Covid-19 but with people with diabetes (𝑅𝑐𝑑). We 

assumed that the recruitment increases the susceptible population at a rate Π. All 

populations in each compartment suffer from a natural death rate μ. The susceptible 

population (S) acquires COVID-19 at the rate 𝑓 =
𝛼(𝐼𝑐+𝛾𝐼𝑐𝑑)

𝑁
, where 𝛼  indicates the 

COVID-19 contact rate, 𝛾  Parameter alteration for higher infectiousness of co-infected 

persons due to comorbidity. Diabetes is becoming more common among people at this 

epidemiological rate at 𝜙  . Diabetes development rate 𝜃 in vaccinated susceptible 

persons. Vaccinated susceptible (𝑉) acquire COVID-19 at a decreased rate(1 − 𝜎)𝑓, 

where 𝜎 is the COVID-19 vaccine efficacy. COVID-19 vaccination rate 𝜏𝑣 from the 

susceptible populations. Diabetic susceptible  (𝑆𝑑) acquire COVID-19 at the rate  𝜔𝑓  
, where  𝜔   accounts for diabetics' greater susceptibility rate. 𝜒1, 𝜒2  indicate recovery 

metrics for COVID-19 based on individual groupings (IC )  and Covid-19 co-infected  

(𝐼𝑐𝑑) respectively. Reinfection rates 𝜂1, 𝜂2 for Individuals recovered from COVID-19 

are in compartments 𝑅𝑐  and 𝑅𝑐𝑑 respectively. 

 

  
Fig. 1. The transmission dynamics of diabetes and COVID-19 co-infection are shown 

in a flow chart. 

  
𝑑𝑠

𝑑𝑡
= Π − 𝑓𝑆 − 𝜏𝑣𝑆 − 𝜙𝑆 − 𝜇𝑆 + +𝜂1𝑓𝑅𝑐                                      (1) 
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𝑑𝑠𝑑

𝑑𝑡
= 𝜙𝑆 + 𝜃𝑉 − 𝜔𝑓𝑆𝑑 + +𝜂2𝑓𝑅𝑐𝑑 − 𝜇𝑆𝑑                                  (2) 

  
𝑑𝐼𝑐

𝑑𝑡
= 𝑓𝑆 + (1 − 𝜎)𝑓𝑉 − 𝜒1𝐼𝑐 − 𝜇𝐼𝑐                                              (3) 

  
 𝑑𝐼𝑐𝑑

𝑑𝑡
= 𝜔𝑓𝑆𝑑 − 𝜒2𝐼𝑐𝑑 − 𝜇𝐼𝑐𝑑                                                        (4) 

  
𝑑𝑉

𝑑𝑡
= 𝜏𝑣𝑆 − 𝜃𝑉 − (1 − 𝜎)𝑓𝑉 − 𝜇𝑉                                               (5) 

  
𝑑𝑅𝑐

𝑑𝑡
= 𝜒1𝐼𝑐 − 𝜂1𝑓𝑅𝑐 − 𝜇𝑅𝑐                                                            (6) 

  
𝑑𝑅𝑐𝑑

𝑑𝑡
= 𝜒2𝐼𝑐𝑑 − 𝜂2𝑓𝑅𝑐𝑑 − 𝜇𝑅𝑐𝑑                                                     (7) 

  

Table 1: Parameter description with values 

Parameter Biological Interpretation Value References 

Π   Recruitment rate to susceptible 

populations 

      630    calculated 

𝜏𝑣 Vaccination rate COVID-19 

(rate of people who are 

vaccinated) 

0.25  [IV] 

𝛼  COVID-19 contact rate 1.2 Fitted 

𝛾 Parameter alteration for higher 

infectiousness of co-infected 

persons due to comorbidity 

0.5776 Fitted 

𝜎 COVID-19 vaccine  efficacy   0.70 [XII] 

𝜂1        The compartment 𝑅𝑐 indicates 

the reinfection rates for    

        individuals recovered from 

COVID-19 

       0.0013 Estimated 

𝜂2        The compartment 𝑅𝑐 indicates 

the reinfection rates for    

        individuals recovered 

from COVID-19 

       0.0013 Estimated 

𝜔 Accounts for diabetics' greater 

susceptibility rate.  

0.60 [XV] 

𝜙 Rate of Diabetes development 

for susceptible humans 

0.0028 Estimated 

𝜃 Diabetes increased rate 𝜃 in 

vaccinated susceptible persons 

0.018 Fitted 

𝜒1 Recovery rates for COVID-19 

within the 𝐼𝑐 compartment. 

0.00014 Fitted 

𝜒2 Recovery rates for COVID-19 

within the 𝐼𝑐𝑑 compartment. 

0.0124 Fitted 

𝜇 Natural death rate 0.000038 calculated 
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Theorem 1.  All the populations of the system with positive initial conditions are 

nonnegative let 𝑆 >  0, 𝑆𝑑 > 0, 𝑉 ≥ 0, 𝐼𝑐 ≥  0, 𝐼𝑐𝑑 ≥  0, 𝑅𝑐 ≥  0, 𝑅𝑐𝑑 ≥ 0, then 

 ( 𝑆, 𝑆𝑑 , 𝑉, 𝐼𝑐 , 𝐼𝑐𝑑 , 𝑅𝑐 , 𝑅𝑐𝑑)  of the system are positive for all time 𝑡 >  0. 

  
𝑑𝑠

𝑑𝑡
= Π − 𝑓𝑆 − 𝜏𝑣𝑆 − 𝜙𝑆 − 𝜇𝑆 + 𝜂1𝑓𝑅𝑐 

By using the technique of variable separation 
𝑑𝑆

𝑑𝑡
 can be reduced to 

  
𝑑𝑆

𝑑𝑡
> −(𝑓 + 𝜏𝑣 + 𝜙 + 𝜇)𝑆 

  
𝑑𝑆

𝑆
> −(𝑓 + 𝜏𝑣 + 𝜙 + 𝜇)𝑑𝑡 

Then, the above equation is integrated to yield the solution below 

        𝑆(𝑡) > 𝑆0𝑒− ∫ (𝑓+𝜏𝑣+𝜙+𝜇)𝑑𝑡
𝑡

0 > 0                                           (8) 

Since the initial value, 𝑆(0), and the exponential functions in equation (8) are always 

positive 

Hence, 𝑆(𝑡)is positive. Using a similar technique to verify other equations of equations 

(1) to (7), this shows that 

  𝑆 >  0, 𝑆𝑑 > 0, 𝑉 ≥ 0, 𝐼𝑐 ≥  0, 𝐼𝑐𝑑 ≥  0, 𝑅𝑐 ≥  0, 𝑅𝑐𝑑 ≥ 0 

Theorem 2. The dynamical system (1) to (7) is positively invariant in the closed 

invariant set   Ζ1  =  {( 𝑆, 𝑆𝑑 , 𝑉, 𝐼𝑐 , 𝐼𝑐𝑑 , 𝑅𝑐 , 𝑅𝑐𝑑)𝜖ℝ+
7 ∶  𝑁 ≤

Π

𝜇
 } 

To obtain an invariant region that shows that the solution is bounded, we have 

   𝑁 = 𝑆 + 𝑆𝑑 + 𝑉 + 𝐼𝑐 + 𝐼𝑐𝑑 + 𝑅𝑐 + 𝑅𝑐𝑑 

  
𝑑𝑁

𝑑𝑡
=

𝑑𝑆

𝑑𝑡
+

𝑑𝑆𝑑

𝑑𝑡
+

𝑑𝑉

𝑑𝑡
+

𝑑𝐼𝑐

𝑑𝑡
+

𝑑𝐼𝑐𝑑

𝑑𝑡
+

𝑑𝑅𝑐

𝑑𝑡
+

𝑑𝑅𝑐𝑑

𝑑𝑡
  

                                           
𝑑𝑁

𝑑𝑡
= Π − 𝑁𝜇    

The general solution of the equation  𝑁(𝑡) =
Π

𝜇
+ (𝑁(0) −

Π

𝜇
) 𝑒−𝜇𝑡, where 

   𝑁(𝑡)  =  𝑁(0) 𝑎𝑡 𝑡 =  0. 

We can follow that 𝑁(𝑡)  →
Π

𝜇
 as 𝑡 → ∞. Thus, it can be concluded that 𝑁(𝑡) is 

bounded as 0 ≤  𝑁(𝑡)  ≤
Π

𝜇
 . 

Hence, the feasible region of the model in the nonnegative region is defined as 

        Z =  {( 𝑆, 𝑆𝑑 , 𝑉, 𝐼𝑐 , 𝐼𝑐𝑑, 𝑅𝑐 , 𝑅𝑐𝑑) ∈ ℝ+
7 +∶  𝑁 ≤

Π

𝜇
 }                                                 (9) 

III.  Analytical Analysis of Co-infection Model 

              We compute the equilibrium and provide conditions for their existence. We 

also determine the reproduction number of the model and use it to study the stability of 

the computed equilibria and the sensitivity of the model. 
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III.i.   The disease-free steady-state Equilibrium Points of the Model 

The disease-free equilibrium of equations (1) to (7) is given by 

    𝐼𝑐 = 0,  𝐼𝑐𝑑 = 0, 𝑅𝑐 = 0, 𝑅𝑐𝑑 = 0  

  
𝑑𝑆

𝑑𝑡
=

𝑑𝑆𝑑

𝑑𝑡
=

𝑑𝑉

𝑑𝑡
=

𝑑𝐼𝑐

𝑑𝑡
=

𝑑𝐼𝑐𝑑

𝑑𝑡
=

𝑑𝑅𝑐

𝑑𝑡
=

𝑑𝑅𝑐𝑑

𝑑𝑡
= 0 

  𝑆 =
Π

(𝜏𝑣+𝜙+𝜇)
 

  𝑆𝑑 =
Π𝜙(𝜃+𝜇)(𝜏𝑣+𝜙+𝜇)+𝜃𝜏𝑣Π

𝜇(𝜏𝑣+𝜙+𝜇)2(𝜃+𝜇)
 

  𝑉 =
𝜏𝑣Π

(𝜃+𝜇)(𝜏𝑣+𝜙+𝜇)
 

Hence, the disease-free equilibrium point (DFEP) of the COVID-19 co-infection model 

is 

  E0 = (
Π

(𝜏𝑣+𝜙+𝜇)
,

Π𝜙(𝜃+𝜇)(𝜏𝑣+𝜙+𝜇)+𝜃𝜏𝑣Π

𝜇(𝜏𝑣+𝜙+𝜇)2(𝜃+𝜇)
,

𝜏𝑣Π

(𝜃+𝜇)(𝜏𝑣+𝜙+𝜇)
, 0,0,0,0)                  (10) 

 

III.ii.   The basic reproduction number 𝑹𝟎 

                                                                 

            𝐹 = (

𝛼𝑆+(1−𝜎)𝛼𝑉

𝑁

𝛼𝛾𝑆+(1−𝜎)𝛾𝛼𝑉

𝑁
𝜔𝛼𝑆𝑑

𝑁

𝜔𝛼𝛾𝑆𝑑

𝑁

) ,  𝑉 = (
(𝜒1 + 𝜇) 0

0 (𝜒2 + 𝜇)
)  

  𝐹𝑉−1 = (

𝛼𝑆+(1−𝜎)𝛼𝑉

𝑁

𝛼𝛾𝑆+(1−𝜎)𝛾𝛼𝑉

𝑁
𝜔𝛼𝑆𝑑

𝑁

𝜔𝛼𝛾𝑆𝑑

𝑁

) (

1

(𝜒1+𝜇)
0

0
1

(𝜒2+𝜇)

)  

  = (

𝛼𝑆+(1−𝜎)𝛼𝑉

𝑁(𝜒1+𝜇)

𝛼𝛾𝑆+(1−𝜎)𝛾𝛼𝑉

𝑁(𝜒2+𝜇)

𝜔𝛼𝑆𝑑

𝑁(𝜒1+𝜇)

𝜔𝛼𝛾𝑆𝑑

𝑁(𝜒2+𝜇)

)  

 

  𝐹𝑉−1 − 𝜆𝐼 = (

𝛼𝑆+(1−𝜎)𝛼𝑉

𝑁(𝜒1+𝜇)
− 𝜆   

𝛼𝛾𝑆+(1−𝜎)𝛾𝛼𝑉

𝑁(𝜒2+𝜇)

𝜔𝛼𝑆𝑑

𝑁(𝜒1+𝜇)

𝜔𝛼𝛾𝑆𝑑

𝑁(𝜒2+𝜇)
− 𝜆 

)  

 

The largest eigenvalue is the basic reproduction number.   

 𝑅0 = 𝑀𝑎𝑥 (
𝛼Π(𝜃+𝜇+𝜏𝑣−𝜎𝜏𝑣)

𝑁(𝜒1+𝜇)(𝜃+𝜇)(𝜏𝑣−𝜎𝜏𝑣)
,

Π𝜙(𝜃+𝜇)(𝜏𝑣+𝜙+𝜇)+𝜃𝜏𝑣Π

𝜇(𝜏𝑣+𝜙+𝜇)2(𝜃+𝜇)
)                                   (11)                                

III.iii.   Existence of Endemic equilibrium points  

For the equilibrium points of the equations (1) to (7), 

 
𝑑𝑆

𝑑𝑡
=

𝑑𝑆𝑑

𝑑𝑡
=

𝑑𝑉

𝑑𝑡
=

𝑑𝐼𝑐

𝑑𝑡
=

𝑑𝐼𝑐𝑑

𝑑𝑡
=

𝑑𝑅𝑐

𝑑𝑡
=

𝑑𝑅𝑐𝑑

𝑑𝑡
= 0                                                       (12) 

Let, 𝐸∗ = (𝑆∗, 𝑆𝑑
∗ , 𝑉∗, 𝐼𝑐

∗, 𝐼𝑐𝑑
∗ , 𝑅𝑐

∗, 𝑅𝑐𝑑
∗ ) represents the disease equilibrium point. The 

components of 𝐸∗ are the positive solutions of the nonlinear system of equations 
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   𝑆∗ ==
Π

(𝑓∗+𝑘1)
 

  𝑆𝑑
∗ =

𝜙Π

(𝑓∗+𝑘1)
+

𝜃Π𝜏𝑣
(𝜃+(1−𝜎)𝑓∗+𝜇)(𝑓∗+𝑘1)

(𝜔𝑓∗+𝜇)
  

  𝐼𝑐
∗ =

𝛼(𝐼𝐶
∗ +𝛾𝐼𝑐𝑑

∗ )

𝑁
𝑆∗+(1−𝜎)

𝛼(𝐼𝐶
∗ +𝛾𝐼𝑐𝑑

∗ )

𝑁
𝑉∗+𝜂1

𝛼(𝐼𝐶
∗ +𝛾𝐼𝑐𝑑

∗ )

𝑁
𝑅𝑐

∗

(𝜒1+𝜇)
  

  =
𝑓∗𝑆∗+(1−𝜎)𝑓∗𝑉∗+𝜂1𝑓∗𝑅𝑐

∗

(𝜒1+𝜇)
  

  𝐼𝑐
∗ =

(𝜇+𝜂1𝑓∗)

(𝑘3(𝜇+𝜂1𝑓∗)−𝜂1𝑓∗𝜒1)
(

𝑓∗Π

(𝑓∗+𝑘1)
+

(1−𝜎)𝑓∗𝜏𝑣Π

(𝜃+(1−𝜎)𝑓∗+𝜇)(𝑓∗+𝑘1)
)                      

  𝐼𝑐𝑑
∗ =

(𝜂2𝑓∗+𝜇) 

(𝜔𝑓∗+𝜇)(𝑘2(𝜂2𝑓∗+𝜇)−𝜂2𝑓∗𝜒2)
 (

𝜔𝑓∗𝜙Π

(𝑓∗+𝑘1)
+

𝜃Π𝜏𝑣

(𝜃+(1−𝜎)𝑓∗+𝜇)(𝑓∗+𝑘1)
)  

  𝑉∗ =
𝜏𝑣Π

(𝜃+(1−𝜎)𝑓∗+𝜇)(𝑓∗+𝑘1)
  

  𝑅𝑐
∗ =

𝜒1𝐼𝑐
∗

(𝜇+𝜂1𝑓∗)
  

  𝑅𝑐𝑑
∗ =

𝜒2𝐼𝑐𝑑
∗

(𝜂2𝑓∗+𝜇)
                                                        (13) 

Where, 𝑘1 = 𝜏 + 𝜙 + 𝜇, 𝑘2 = (𝜒2 + 𝜇), 𝑘3 = (𝜒1 + 𝜇) 

Substituting the above expressions into the force of infection, at a steady state, gives 

the following polynomial 

  𝐷1(𝑓∗)5 + 𝐷2(𝑓∗)4 + 𝐷3(𝑓∗)3 + 𝐷4(𝑓∗)2 + 𝐷5𝑓∗ + 𝐷6 = 0                   (14)                               

Where, 𝐷1 = 𝜂2𝑘2𝜔 𝜙Π𝜂2𝛾𝜃𝜂1𝜒1 + (1 − 𝜎)𝜔𝑘2𝜂2 − 𝜂2𝜒2(1 − 𝜎)𝜔 

𝐷2 = 𝜃𝜔𝑘2𝜂2 + 𝜇𝜔𝑘2𝜂2 + 𝑘2𝜂2𝑘1(1 − 𝜎)𝜔 + 𝑘2𝜂2𝜇(1 − 𝜎) + 𝑘2𝜇(1 − 𝜎)𝜔
− 𝜃𝜔𝜂2𝜒2 − 𝜂2𝜒2𝜇𝜔 − 𝜂2𝜒2𝑘1(1 − 𝜎)𝜔 − 𝜂2𝜒2𝜇(1 − 𝜎)
− 𝛼𝜇Π𝜔(1 − 𝜎)𝜂2𝜒2 − 𝜔𝜂2𝑘2𝜂1𝛼(1 − 𝜎)𝜏𝑣Π
+ 𝜂2𝜒2𝜔𝜂1𝛼(1 − 𝜎)𝜏𝑣Π − 𝜔𝜙Π𝜂2𝛾𝑘3𝜂1(1 − 𝜎)
+ 𝜔 𝜙Π𝜂2𝛾𝜂1𝜒1(1 − 𝜎) 

𝐷3 = 𝑘1𝜃𝜔𝑘2𝜂2 + 𝑘2𝜂2𝑘1𝜇𝜔 + 𝑘2𝜂2𝜇𝜃 + 𝑘2𝜂2𝜇2 + 𝑘2𝜂2𝜇𝑘1(1 − 𝜎) + 𝜃𝜔𝑘2𝜇
+ 𝑘2𝜇2𝜔 + 𝑘2𝜇𝑘1(1 − 𝜎)𝜔 + 𝑘2𝜇2(1 − 𝜎) − 𝜂2𝜒2𝑘1𝜃𝜔
− 𝜂2𝜒2𝑘1𝜇𝜔 − 𝜂2𝜒2𝜇𝜃 − 𝜂2𝜒2𝜇2 − 𝜂2𝜒2𝜇𝑘1(1 − 𝜎)
− 𝛾𝜇𝜔𝜙Π𝑘3𝜂1(1 − 𝜎) + 𝛾𝜇𝜔𝜙Π𝜂1𝜒1(1 − 𝜎) + 𝜔 𝜙Π𝜂2𝛾𝜇𝜂1𝜒1

− 𝜔 𝜙Π𝜂2𝛾𝜃𝑘3𝜂1 + 𝜔 𝜙Π𝜂2𝛾𝜃𝜂1𝜒1 − 𝜔 𝜙Π𝜂2𝛾𝑘3𝜇(1 − 𝜎)
+ 𝜂1𝛼(1 − 𝜎)𝜏𝑣Π𝜂2𝜒2𝜇 − 𝜂2𝑘2𝜇𝜂1𝛼(1 − 𝜎)𝜏𝑣Π
− 𝑘2𝜇𝜔𝜂1𝛼(1 − 𝜎)𝜏𝑣Π + 𝜂2𝜒2𝜔𝛼(1 − 𝜎)𝜏𝑣Π𝜇
− 𝜂2𝑘2𝜇2𝛼(1 − 𝜎)𝜏𝑣Π − 𝜔𝜂2𝑘2𝛼(1 − 𝜎)𝜏𝑣Π𝜇
+ 𝛼Π𝜂2𝜒2𝜇2(1 − 𝜎) + 𝛼𝜇2Π𝜔𝜂2𝜒2 − 𝜔(1 − 𝜎)𝑘2𝜇2𝛼Π
+ 𝜔𝜃𝑘2𝜂2𝛼𝜇Π − 𝜔(1 − 𝜎)𝑘2𝜂2𝛼𝜇Π − 𝑘2𝜂2𝜔𝜇2𝛼Π
− 𝑘2𝜂2𝜇2(1 − 𝜎)𝛼Π 
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𝐷4 = 𝑘2𝜂2𝜇2𝑘1 + 𝑘2𝜇𝑘1𝜃𝜔 + 𝑘2𝜇2𝑘1𝜔 + 𝑘2𝜇2𝜃 + 𝑘2𝜇2𝜇 + 𝑘2𝜇2𝑘1(1 − 𝜎)
− 𝜂2𝜒2𝜇𝑘1𝜃 − 𝜂2𝜒2𝜇𝑘1𝜇 − 𝑘2𝜂2𝜃𝜇2𝛼Π − 𝑘2𝜂2𝜇2𝛼𝜇Π
− 𝜔𝜃𝑘2𝜇2𝛼Π − 𝜔𝜇3𝑘2𝛼Π − 𝛼Π𝑘2𝜇3 (1 − 𝜎) + 𝛼𝜇2Π𝜃𝜂2𝜒2

+ 𝛼Π 𝜇3𝜂2𝜒2 − 𝑘2𝜇2𝜔𝛼(1 − 𝜎)𝜏𝑣Π + 𝜂2𝜒2𝜇2𝛼(1 − 𝜎)𝜏𝑣Π
− 𝑘2𝜇𝜂1𝛼(1 − 𝜎)𝜏𝑣Π − 𝑘3𝜇𝜃𝜔 𝜙Π𝜂2𝛾 − 𝜔 𝜙Π𝜂2𝛾𝑘3𝜇2

− 𝛾𝜇𝜔𝜙Π𝜃𝑘3𝜂1 + 𝛾𝜇𝜔𝜙Π𝜃𝜂1𝜒1 − 𝛾𝜇𝜔𝜙Π𝑘3𝜇(1 − 𝜎)
− 𝛾𝜇𝜔𝜙Π𝜇𝑘3𝜂1 + 𝛾𝜇𝜔𝜙Π𝜇𝜂1𝜒1 − 𝑘3𝜂1𝜂2𝛾𝜃Π𝜏𝑣 + 𝜂1𝜒1𝜂2𝛾𝜃Π𝜏𝑣 

𝐷5 = 𝑘2𝜇2𝑘1𝜃 + 𝑘2𝜇2𝑘1 + 𝜇𝑘1𝜃 − 𝑘3𝜂1𝜃Π𝜏𝑣𝛾𝜇 + 𝜂1𝜒1𝜃Π𝜏𝑣𝛾𝜇 − 𝑘3𝜇𝜂2𝛾𝜃Π𝜏𝑣

− 𝛾𝜇𝜔𝜙Π𝑘3𝜇2 − 𝑘3𝜇𝜃𝛾𝜇𝜔𝜙Π − 𝜇𝑘3𝜂1 − 𝛼Π𝑘2𝜇4 − 𝜃𝑘2𝜇3𝛼Π 

  𝐷6 = 𝛼Π 𝜇3𝜂2𝜒2 + 𝑘3𝑘2(1 − 𝜎)𝜇2𝜃Π𝜏𝑣𝛾(1 − 𝑅0)                     (15) 

 

The components of the EEP are determined by solving for 𝑓∗ from the polynomial in 

equation (14) and substituting the positive solutions into the expressions in equation 

(12). Additionally, from equation (15), it is clear that the coefficient 𝐷1 is always 

positive. Meanwhile, D6 is positive if R0  is less than one and negative if 𝑅0 is greater 

than one. The following conclusions can be drawn: 

The system of (1) has (i) four or two endemic equilibriums if 𝐷3 > 0, 𝐷4 < 0, 𝑄4 > 0 

and 𝑅0 < 1 

 (ii) two endemic equilibrium if 𝐷3  >  0𝐷4 >  0, 𝐷5  <  0 and 𝑅0  <  1  

(iii) no endemic equilibrium otherwise, if  𝑅0  <  1. 

III.iv.    Global Stability of DFE and the EE point 

   𝑇 = 𝑆 − 𝑆∗ − 𝑆∗ ln (
𝑆

𝑆∗) +
1

2
𝐼𝑐

2 

   
𝑑𝑇

𝑑𝑡
= (1 −

𝑆∗

𝑆
)

𝑑𝑆

𝑑𝑡
+ 𝐼𝑐

𝑑𝐼𝑐

𝑑𝑡
 

= (1 −
𝑆∗

𝑆
) [Π − (𝑓 + 𝜃 + 𝜇)𝑆] + 𝐼𝑐[𝑓𝑆 − 𝑃1𝐼𝑐]      

= (1 −
𝑆∗

𝑆
) [Π − (𝑓 + 𝜃 + 𝜇)𝑆] + 𝐼𝑐

2[
𝛼𝑆

𝑁
− 𝑃1]  

At the COVID-19 free equilibrium point (CFE) we have the following form 

   
𝑑𝑇

𝑑𝑡
= −

(𝑓+𝜃+𝜇)(𝑆−𝑆∗)2

𝑆
+ 𝐼𝑐

2(
𝛼𝑆

𝑁
− 𝑃1) 

   ≤ −
(𝑓+𝜃+𝜇)(𝑆−𝑆∗)2

𝑆
+

𝐼𝑐
2

𝑃1
(𝑅0𝑐 − 1) 

Hence, 𝑇 < 0 if and only if 𝑅0𝑐 ≤  1. Therefore, L is a Lyapunov function for the 

system (1) to (7). It follows by La Salle’s Invariance Principle [XIII], that the CFE of 

the model (1) to (7) are globally stable. 

The Lyapunov function is defined as 

  𝐿 =
1

2
[(𝑆 − 𝑆∗) + (𝑆𝑑 − 𝑆𝑑

∗) + (𝑉 − 𝑉∗) + (𝐼𝑐 − 𝐼𝑐
∗) + (𝐼𝑐𝑑 − 𝐼𝑐𝑑

∗ ) +

               (𝑅𝑐 − 𝑅𝑐
∗) + (𝑅𝑐𝑑 − 𝑅𝑐𝑑

∗ )]2 
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The function 𝐿 needs to be proven to determine whether the Lyapunov function is 

valid or invalid for Ψ∗ 

  𝐿(Ψ∗) = 𝐿(𝑆∗, 𝑆𝑑
∗ , 𝑉∗, 𝐼𝑐

∗, 𝐼𝑐𝑑
∗ , 𝑅𝑐

∗, 𝑅𝑐𝑑
∗ ) 

  𝐿(Ψ∗) =
1

2
[(𝑆 − 𝑆∗) + (𝑆𝑑 − 𝑆𝑑

∗) + (𝑉 − 𝑉∗) + (𝐼𝑐 − 𝐼𝑐
∗) + (𝐼𝑐𝑑 − 𝐼𝑐𝑑

∗ ) +

               (𝑅𝑐 − 𝑅𝑐
∗) + (𝑅𝑐𝑑 − 𝑅𝑐𝑑

∗ )]2 

 

It is proven that  𝐿(Ψ∗) = 0  

  𝐿(Ψ) =
1

2
[(𝑆 − 𝑆∗) + (𝑆𝑑 − 𝑆𝑑

∗) + (𝑉 − 𝑉∗) + (𝐼𝑐 − 𝐼𝑐
∗) + (𝐼𝑐𝑑 − 𝐼𝑐𝑑

∗ ) +

                (𝑅𝑐 − 𝑅𝑐
∗) + (𝑅𝑐𝑑 − 𝑅𝑐𝑑

∗ )]2 

 Because ∀ (𝑆, 𝑆𝑑 , 𝑉, 𝐼𝑐 , 𝐼𝑐𝑑, 𝑅𝑐 , 𝑅𝑐𝑑) ≠ (, 𝑆𝑑
0, 𝑉0, 𝐼𝑐

0, 𝐼𝑐𝑑
0 , 𝑅𝑐

0, 𝑅𝑐𝑑
0 ), so that it is shown 

that 𝐿(Ψ) > 0. 

𝑑𝐿

𝑑𝑡
= [(𝑆 − 𝑆∗) + (𝑆𝑑 − 𝑆𝑑

∗) + (𝑉 − 𝑉∗) + (𝐼𝑐 − 𝐼𝑐
∗) + (𝐼𝑐𝑑 − 𝐼𝑐𝑑

∗ ) + (𝑅𝑐 − 𝑅𝑐
∗)

+ (𝑅𝑐𝑑 − 𝑅𝑐𝑑
∗ )] +

𝑑

𝑑𝑡
[𝑆 + 𝑆𝑑 + 𝑉 + 𝐼𝑐 + 𝐼𝑐𝑑 + 𝑅𝑐 + 𝑅𝑐𝑑] 

= [(𝑆 − 𝑆∗) + (𝑆𝑑 − 𝑆𝑑
∗) + (𝑉 − 𝑉∗) + (𝐼𝑐 − 𝐼𝑐

∗) + (𝐼𝑐𝑑 − 𝐼𝑐𝑑
∗ ) + (𝑅𝑐 − 𝑅𝑐

∗)
+ (𝑅𝑐𝑑 − 𝑅𝑐𝑑

∗ )][Π − 𝜇(𝑆 + 𝑆𝑑 + 𝑉 + 𝐼𝑐 + 𝐼𝑐𝑑 + 𝑅𝑐 + 𝑅𝑐𝑑)] 

Let  

Π = 𝜇(𝑆∗ + 𝑆𝑑
∗ + 𝑉∗ + 𝐼𝑐

∗ + 𝐼𝑐𝑑
∗ + 𝑅𝑐

∗ + 𝑅𝑐𝑑
∗ )] 

Now,= [(𝑆 − 𝑆∗) + (𝑆𝑑 − 𝑆𝑑
∗) + (𝑉 − 𝑉∗) + (𝐼𝑐 − 𝐼𝑐

∗) + (𝐼𝑐𝑑 − 𝐼𝑐𝑑
∗ ) + (𝑅𝑐 − 𝑅𝑐

∗) +
(𝑅𝑐𝑑 − 𝑅𝑐𝑑

∗ )] × [−𝜇((𝑆 − 𝑆∗) + (𝑆𝑑 − 𝑆𝑑
∗) + (𝑉 − 𝑉∗) + (𝐼𝑐 − 𝐼𝑐

∗) + (𝐼𝑐𝑑 − 𝐼𝑐𝑑
∗ ) +

(𝑅𝑐 − 𝑅𝑐
∗) + (𝑅𝑐𝑑 − 𝑅𝑐𝑑

∗ )] 
= −[(𝑆 − 𝑆∗) + (𝑆𝑑 − 𝑆𝑑

∗) + (𝑉 − 𝑉∗) + (𝐼𝑐 − 𝐼𝑐
∗) + (𝐼𝑐𝑑 − 𝐼𝑐𝑑

∗ ) + (𝑅𝑐 − 𝑅𝑐
∗)

+ (𝑅𝑐𝑑 − 𝑅𝑐𝑑
∗ )] × [𝜇((𝑆 − 𝑆∗) + (𝑆𝑑 − 𝑆𝑑

∗) + (𝑉 − 𝑉∗) + (𝐼𝑐 − 𝐼𝑐
∗)

+ (𝐼𝑐𝑑 − 𝐼𝑐𝑑
∗ ) + (𝑅𝑐 − 𝑅𝑐

∗) + (𝑅𝑐𝑑 − 𝑅𝑐𝑑
∗ )] 

Based on the description above, it can be concluded that 
𝑑𝐿

𝑑𝑡
< 0 if 𝑅0 > 1 and 

𝑑𝐿

𝑑𝑡
= 0 

if 𝑆 = 𝑆∗, 𝑆𝑑 = 𝑆𝑑
∗ , 𝑉 = 𝑉∗, 𝐼𝑐 = 𝐼𝑐

∗, 𝐼𝑐𝑑 = 𝐼𝑐𝑑
∗ , 𝑅𝑐 = 𝑅𝑐

∗, 𝑅𝑐𝑑 = 𝑅𝑐𝑑
∗ . Hence, by 

LaSalle’s invariance principle, it means that the endemic equilibrium point in the 

spread of COVID-19 is globally asymptotically stable if 𝑅0 > 1. 

III.v.   Sensitivity Analysis 

The sensitivity index quantifies the relative variation in a state variable in response to 

a parameter modification and is determined using sensitivity analysis. Using the 

method developed by Mousquer et al. [XI], we calculate the sensitivity indices of  𝑅0 

to the model parameters.  

   𝛽𝑙
𝑅0 =

𝜕𝑅0

𝜕𝑙
×

𝑙

𝑅0
   

  𝛽𝛼
𝑅0 =

𝑆+(1−𝜎)𝑉

𝑁(𝜒1+𝜇)
∗

1
𝑆+(1−𝜎)𝑉

𝑁(𝜒1+𝜇)

= +1 

  𝛽𝜎
𝑅0 =−

𝜎𝜏𝑣

𝜃+𝜇+𝜏𝑣−𝜎𝜏𝑣
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  𝛽𝜏𝑣

𝑅0 =
−𝜏𝑣𝜎(𝜃+𝜇)

(𝜏𝑣+𝜙+𝜇)(𝜃+𝜇−𝜏𝑣−𝜎𝜏𝑣)
  

  𝛽𝜃
𝑅0 ==

−𝜃(𝜏𝑣−𝜎𝜏𝑣)

(𝜃+𝜇)(𝜃+𝜇+𝜏𝑣−𝜎𝜏𝑣)
   

  𝛽𝜒1

𝑅0 = −
𝜒1

(𝜒1+𝜇)
   

 

 

                                                                                  

   Table 2: Sensitivity indices of 𝑹𝟎       

 

Fig. 2: Effects of parameter variation on 𝑅0. 

 

Sensitivity analysis was conducted using the partial rank correlation coefficients 

(PRCCs) combined with the Latin hypercube sampling to assess the influence of each 

model parameter on the initial spread of the disease, represented by 𝑅0 . Figure 2 

illustrates the PRCCs, highlighting the ramifications of altering input parameters on the 

basic reproduction number,𝑅0. Parameters that have positive PRCCs enhance the initial 

transmission rates, whereas those with negative PRCCs curtail 𝑅0. a closer look at 

Figure 2 helps pinpoint the most impactful parameters. Table 2's sensitivity indices 

reveal that when the values of α, ω, and γ surge, and other parameters remain constant, 

there's an uptick in 𝑅0, suggesting increased disease endemicity due to the positive 

indices. Conversely, when the parameters 𝜎, 𝜏𝑣 , 𝜃, and 𝜒1 drop and other values remain 

unchanged, 𝑅0 diminishes, indicating a decline in disease endemicity given the 

negative indices. The contact rate 𝛼  and the higher infectiousness of the co-infected 

person's rate 𝛾 are the most sensitive parameters. 

IV.   Parameter Estimation 

      The population of Bangladesh, as cited in source [XV], is approximately 

170000000. Considering the first infected in Bangladesh, we try to explore the 

dynamics of worldwide daily and cumulative cases from April 2020. The data is 

retrieved from the World Health Organization (WHO)’s website [XV]: 𝑆(0) = 0.93 * 

170000000: This represents the initial number of susceptible individuals without 

comorbidities, calculated as 93% of the total population.𝑆𝑑(0) = 0.07 * 1700000: This 

denotes the initial number of susceptible individuals with comorbidities at 7% of the 

Parameter Sensitivity index 

𝛼 +1.0000 

𝜎 −0.1605 

𝜏𝑣 −0.4240 

𝜃 −0.1068 

𝜒1 −0.9482 

𝜔 +1.0000 

𝛾 +1.0000 
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total population.𝐼𝑐(0) = 412320: This indicates the initial number of COVID-19 cases 

without comorbidities. 𝐼𝑐𝑑(0) = 0: This is the initial number of recovered individuals 

from COVID-19 without comorbidities. 𝑅𝑐 =  0: This signifies the initial number of 

COVID-19 cases with comorbidities. 𝑅𝑐𝑑(0) = 0: This represents the initial number of 

recovered individuals from COVID-19 with comorbidities. In our analysis, two 

optimization algorithms were utilized for data fitting purposes. The objective function 

is root mean error square = √∑ (𝑰𝑪 𝒂𝒄𝒕𝒖𝒂𝒍(𝒕𝒊) − 𝑰𝑪 𝒎𝒐𝒅𝒆𝒍(𝒕𝒊))𝟐 𝒏
𝒅𝒂𝒕𝒂 𝒊 .The first was the 

genetic algorithm (GA), and the second was the fmincon algorithm, as documented in 

references [XIV].  

This led to the calculation of the natural mortality rate per month as the inverse of life 

expectancy, resulting in a value of 𝜇 =
1

72.72×365
= 0.000038. Furthermore, the 

recruitment rate was approximated by manipulating the ratio of 
𝛻

𝜇
 to yield the initial 

population, resulting in 𝛻 = 630 individuals per day. Due to limited data on co-

infections, we estimated certain co-infection-related parameters, while others were 

deduced from actual data. During the estimation process, the initial conditions of the 

state variables were set as delineated in Table 1. 

 

Fig. 4.  Fitting the cumulative number of confirmed cases of COVID-19 

Figure 4 demonstrates a strong fit between our model's projections (red line) and the 

actual cumulative COVID-19 infection data in Bangladesh from April 3rd to 

September 30th (blue line), indicating that the model effectively captures the real-world 

scenario. 

V.     Numerical Result and Discussions 

 We visualized the model's analytical outcomes through numerical simulations 

using MATLAB's ODE113 solver and parameter values from existing literature. 

Simulations under vaccination treatments examined how key factors affect COVID-19 

transmission among diabetics and non-diabetics. When the effective reproduction 

number 𝑅0 < 1, the post-vaccination model reaches a locally asymptotically stable 
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disease-free equilibrium, suggesting COVID-19 can be eradicated if initial conditions 

approach this point. The findings indicate that immunization primarily enhances the 

COVID-19 recovery rate. 

 
 

Fig. 5.  Simulated population dynamics over 200 days with basic reproduction 

number  𝑅0 > 1. 

 

In  Figure 5 simulations over 200 days with a basic reproduction number greater than 

1 show declining susceptible populations, increasing infected and co-infected 

individuals, and vaccination rates surpassing recovery rates. Without vaccination or 

appropriate treatment, infections continue to rise but can be managed through physical 

distancing, increased vaccination, and self-immunity measures. 
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Fig. 6. Comparison of COVID-19 only and co-infection with diabetes: (a) Infected 

individuals; (b) Recovered individuals. 

 

Fig. 7. (a) Increase in 𝑅0 with diabetes rate 𝜃 among vaccinated susceptibles; (b) 

Decline in 𝑅0 with COVID-19 vaccine efficacy rate 𝜎. 

Fig. 6 illustrates simulation outcomes without a vaccination strategy. In Fig. 6(a), the 

number of inpatients co-infected with COVID-19 and diabetes increases more rapidly 

than those infected with COVID-19 only. Fig. 6(b) shows that individuals infected with 

COVID-19 only recover more swiftly than those co-infected with diabetes. Figure 7(a) 

shows that increasing the diabetes rate (θ) among vaccinated susceptibles exponentially 

raises the basic reproduction number (𝑅0), indicating continued disease presence. Figs. 

7(b) and 8(a) demonstrate that higher vaccine efficacy (σ) and increased vaccination 

rate (𝜏𝑣) significantly reduce 𝑅0. Fig. 8(b) illustrates that 𝑅0 increases linearly with the 

COVID-19 contact rate (α). 
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Fig. 8. (a) Decline in 𝑅0 with increasing COVID-19 vaccination rate 𝜏𝑣 ; (b) Basic 

reproduction number 𝑅0 in relation to COVID-19 contact rate 𝛼. 

V.i.   The Influence of Vaccination 

Fig. 9(a) shows that without vaccination (𝜏𝑣 = 0), COVID-19 cases continue to rise. 

As the vaccination rate increases, there is a gradual decline in infections. Notably, at a 

moderate vaccination rate (𝜏𝑣 = 0.10), infections among diabetic individuals still 

increase slightly. However, a higher vaccination rate (𝜏𝑣 = 0.20)leads to a significant 

reduction in cases, as illustrated in Fig. 9(b). 

 

 

Fig. 9: (a) Simulations of infected case and (b) Co-infected case for different 

vaccination rate 𝜏𝑣. 
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Fig. 10(a) demonstrates that increasing vaccine efficacy (𝜎) results in a marked 

decrease in COVID-19 infection cases, particularly at 𝜎 = 0.70. Similarly, Fig.10(b) 

indicates that higher vaccine efficacy reduces the number of co-infected cases of 

COVID-19 and diabetes over time. These findings underscore the crucial role of 

effective vaccination campaigns and high-efficacy vaccines in controlling the 

pandemic and protecting vulnerable populations. 

 

Fig. 10. (a) Simulations of infected cases effect of COVID-19 and (b) Co-infected 

cases of COVID-19 for various vaccine efficacy 𝜎. 

 
Fig. 11. Simulations of incidence case effect of vaccination 
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Fig. 12. (a) Role of vaccination on COVID-19 infected population(𝐼𝐶); (b) Role of 

vaccination on COVID-19 co-infected population (𝐼𝐶𝑑) 

Fig. 11 illustrates that as vaccination rates increase, COVID-19 infections and co-

infections with diabetes decrease; conversely, decreasing vaccination rates lead to 

higher infection numbers. Fig. 12 confirms that higher vaccination rates significantly 

reduce both COVID-19 cases and co-infections with diabetes, underscoring the crucial 

role of vaccination in disease control. 

VI.   Conclusions 

          In conclusion, we developed a mathematical model to assess the impact of 

vaccination on individuals co-infected with COVID-19 and diabetes. The study 

emphasizes the significant threat COVID-19 poses to public health and highlights the 

vital role of vaccination in controlling disease spread. Our findings reveal that higher 

transmission rates can lead to persistent outbreaks, even with substantial vaccination 

coverage, particularly if vaccine efficacy is low. Vaccination was shown to reduce the 

incidence of COVID-19 and its co-infections with diabetes, demonstrating an inverse 

relationship between vaccination rates and disease spread. Although co-infections were 

present, the severity of the interaction between COVID-19 and diabetes did not 

intensify. Sensitivity analysis confirmed the importance of transmission rates in disease 

progression. These results underscore the need for widespread vaccination, especially 

among diabetic patients, and show how simulation models can assist in managing the 

complexities of co-infection. Future studies should investigate the effectiveness of 

different vaccine doses across diverse populations. 
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