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Abstract

This research primarily presents a model involving R-serial service channels
connected to S non-serial service channels. Feedback mechanisms are applied to the
serial queues, while balking and reneging behaviors, triggered by urgent
calls/messages or customer impatience, are analyzed in both serial and non-serial
queues. After developing the queuing model, the system’s differential-difference
equations are formulated in a compact form, and their solutions are derived by
reducing them to the steady-state form for unlimited waiting capacity. Marginal
probabilities and mean queue lengths are calculated to evaluate the system's
performance in this scenario.

Keywords: Differential-difference equations, Exponential, Impatient behaviour,
Poisson, Probabilities, Queue discipline, Service channels, Steady-state, Urgent
message, Waiting space, .

I. Introduction

Queuing theory is an extensive field, with numerous researchers contributing
significantly, as highlighted in the references. Building on these various studies, a
more realistic and generalized queuing model has been developed.
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I1.  Model description

A queuing model (Fig. 1) consists of R serial service channels
M,,M,,M,,..., M. ,, M., each with its respective servers D,, D, , D,, ..., Dy ,, Dy
. The last channel Mg in the serial queue is connected to S non-serial service channels

M,,,M,,,My,.... M, ,,M,, Which also have their respective servers

11°»
D,,,D,,,Dy3,..., Ds,, D . Customers arrive at these service channels in a

Poisson stream, with the arrival rates at serial and non-serial channels denoted as &,

and respectively. If new customers choose not to enter any queue, the Poisson

input rate becomes —— . 1 , Where N_ is the number of customers in the queue at the
+

a

a™ channel. Similarly, if customers hesitate to join non-serial queues, demonstrating
balking behavior, the arrival rate at the non-serial queue is oy, /mb +1, where mp is

the number of customers in queue M.

The service times for the servers Da (a =1, 2, 3,..., R)and Dy (b =1, 2, 3,..., S)
follow mutually independent negative exponential distributions, with rates ,Ba and
,Blb, respectively. After completing service at Da, a customer may leave the a®"

service channel with probability ga, proceed to the next channel with probability
Pa

a+l

. (a=123..,R-1) , or return to a previous channel for re-service with

probabllltles

(| 1,2,3,..,a-1) , whereg, + Pa 1+2 _1(a=1,2,,..,R—1)
I1n|

a a+l
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. Once service at Dg is complete, a customer either exits the system with probability

Or, returns for re-service with probabllltles—R'l(I =12,..,R-1) , or joins a non-serial
n +

queuie MIb(b = 1, 2, 3,.., S) with probability Lbl . where
m, +
9R+Ri du < 9 _, . Occasionally, customers receive an important call or
= n+1 9=om +1

message while waiting in line, causing them to renege immediately, regardless of the
queue length. In such cases, the average reneging rate in the a™ serial service channel

due to urgent calls/messages is denoted as @, , and the rate due to customer

*ﬁaTOa
impatience after a waiting period Toa is defined as Be ™ . Likewise, the
a

A]a - ’ﬂaTOa
[1_6 ) J

reneging rates in non-serial queues are expressed as @, and due

a !

—PinTob
B, e Mo . . .
A, = 1b to urgent calls and impatience, respectively.
bm, B Tob
1-e ™

It is assumed that service begins as soon as a customer arrives at an available service
channel. The present queuing model is analyzed under the assumption of unlimited
capacity. The steady-state marginal probabilities and the mean queue length of the
system are computed for unlimited capacity under a first-come, first-served
discipline.

For instance, consider the hierarchical structure of a district administration, with
various officers such as Patwaris, Kanoongos, Sadar Kanoongos, Sub-Tehsildars,
Tehsildars, SDMs, ADMs, and DMs representing the servers in the model. People
may approach these officers directly or move up the hierarchy to address their issues.
Balking and reneging are common in such administrative setups. Senior officers may
send individuals back to lower-level officers for re-service if some information is
missing. Typically, the officers call people in a random order for hearings. The final
authority, such as the DM, may direct individuals to other departments (like
Education, Health, or Electricity) if their issues pertain to those areas, corresponding
to the non-serial servers in this model.

I11. Methodology

The difference-differential equation approach is preferred for this study, and
iterative methods, generating functions, and linear operators will be used to solve the
equations.
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“Defining the probability P(n,n,,n,,...n;;m,m,,m;,..mg;t) at a time ‘t’ such that
n, customers (either leave the queue or after service by a™ service channel either get

out of the system or enter the next phase or join back its any previous service
channel) waiting in the a™ service channel before the server Di(a=1,2,3,...,R-1) , nr
customers (either renege or after getting service from the R™ service channel either
leave the system or join back all its previous channels or join any non-serial service
channels) waiting in R™ service channel in front of server Dr ; m, customers (which
leave the system after service) waiting in My before the server Diy(b=1,2,3,...,S)”

“The Equations of the system are considered in the compact form by using the

operators X,., X.,, and X

a’ ‘a,a+l"

on the vector A=(Nn,,N,,N;,....N5 ) defined by

Xa.(ﬁj:(nl,nz, ..... N, —l,....nR);X.a(ﬁj:(nl,nz, ..... N, +1..,ng);

I11.i. Differential-difference Equations

These types of equations of the system are as under

d
—P(f,m;t) =
dt
aq a
- [ G175y T Zho15 ey T 26-16(na) (Ba + wa + Aang) + X1 50mp) (Bup +

wyp + Albmb)] P(#i,;t)g

R
+ (ﬁaga+Aana+l+ a)P(X'a (ﬁjam,t
a=1
R a-1 d
+Zﬁa _alp((nl’ n2""nl—17"’n| _1’ nl+l"'1na +1""nR)’m;tj
a2 1= N

1)

QS:ﬂqup(nl, N, Ny +1 X, (M);t) + Z(ﬁm + A 1+ B )P(ﬁ; X, (mM);t)

S
b=1 'y b=

"n,>0,m >0; (a=12,...R;b=12,..,9S)"

LN

where

1 if 0
5(na):{ if n =

0 if n,=0
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P(fi,m;t)=0

And “if any of the arguments is negative”.

I11ii. Steady-State Equations

The equations obtained from (1) by equating the time derivative to zero in the
differential-difference Equation are as under:

_i al y }Wﬂm+

aa N, + b m, +1

zR:é'(na (ﬂ +o, + A, )+i_5(mb)(ﬂ1b+wb+Aibmb)j|P(ﬁ’m)

R-1

f, xb[(m)j+z

a=1 n

(o

8 P((nl,nz,...n,_l,..,nI ~1L,Nn., N +1,.,00), rﬁj

=

Pa

a+l

=}

).m)

P(XDaa+1D(

Il
2
> |w

o

—_
>
Q0
Py
=
ol
=
SN—
_I_
Mw
&
> A

2
S S
FY B (1, +1 X, () + Y + A + 03 JPT X, ()

bt My b=t

cor >0,m 20;(a=L2,..,R;b=12,..,5)"

I11.iii. Steady-State Solutions

These equations (2) are satisfied by the following Steady-State solutions

R M
{al +Z ﬂadalpa J
1

p(rm) =P (0,0) L e T T R

nl! ﬁ(ﬂl_'_Aia_'_wa)
a=1
o ﬁl plpl ZR: IBadazpa N
1 U ° m+mm+@+&w) T (N, +D(B, + o, + A, 1)

n,!

]:[(ﬂZ +a)2 + A2a)
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a0 .+ ﬂm Pr_1Pra N ﬂRdR,R—lpR "
1L My DBy + Oy + Ay ) (e +D(Bet 0 + A, )
n,,! Th-t
! H(,BR—l + AR—l,a t wR—l)
a=1

. + PraPra1Pra
R
1 (g, +D(Pry + @, + Ar_in, 1+1)

ng! ]j(ﬁR_'_AR,a_'_wR)
P LY " o 4 Brleapr "
AU DB+ 0 + Ay ) 1L (g DB + g+ Ay )
| m, ' 7| m,
m H(ﬂn + A+ ‘011) e H(ﬂu + Ay + wu)
o PrrlrsPr ' @+ Brrs P "
U7 (0 DB + 0 + A ) LU (D0 + o+ A )
| moo T 7| Mg
s H(ﬂle + Ay, + a’m) s H(/Bm + Ag, + wls)

for . "n,>0,m >0;(a=123,..,R;b=123,...,9)"

Here,
3 d
"pl:al+z ﬂa a1Pa
a=2 (na +1)(ﬁa + Wy + Aana+1)
— B1p1p1 R BadazPa
P2 = 2t G D Brtwr A | 20 it DBt watAangrn)
Doy =0y + B2 Pr-2Pr-2 Brlrr1Pr

(s *D (s + 0y + Avgn 0) (M + DB+ 00 + Ay

Pr1PriPra
(Npy +D(Bry + @y + AR—1,nR,1+1)

Pr =0Cg +
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(4) R-equations

For the sake of simplicity, we take

kab = P (@a=123,..,R-1)
(na +1)(ﬁa + Aana+1 + a)a)
and
h,=(n, +D(B, + @, + A, 1) (@=123,.,R)
in result (4)
Then,

p=0y +Kyp, + Kaos + Ko, +..+ Ksz,lprz + KR—l,lpR—l + KR,lpR

Ap.p
P, =0, + % +Kgp 05 + Ky o+ kaz,szfz + kR—l,ZpR—l + kR,sz

B, 0, p,
P3=05+ + K0y +Kegp5 +.+ kR—2,3pR—2 + kR—1,310R—1 + kR,ng
)
B2 Pr_2Pros
Pra =gy T h + kR,R—lpR
R-2
On =y + B PraPra
hR—l

(5) R-equations p, p, p;  pPr_4 Pr are solved with the help of (5) R-equations

Sangeeta et.al.

35



J. Mech. Cont.& Math. Sci., Vol.-19, No.-11, November (2024) pp 29-43

R-equations are elucidated for o, (using determinants), we get

aRAR71 + pRhlﬂRl aR,lAR,Z + pRhlﬂRl . pRhZﬂRZ R,ZAR,:; + ..
R-1 R-1 R-2
{ Pesfes Pezbos Pushas Dby Pobs Alj
hR—l hR—Z hR73 h3 h2
_’_[ prlﬂR—l pR72ﬁR72 pR—SﬂR—S p3ﬁ3 pZﬁZ plﬂl a j
p _ hR—l hR—Z hR—3 h3 h2 hl
=
AR,J_ _ pRI’—]lﬁR—l -kRYR,lAR,Z _ pRl:]lﬂR—l . per—-]ZﬂR—Z -kR'R,zAR,3 _
R-1 R-1 R-2
_ pR—lﬂR—l pR—ZBR—Z p2ﬁ2
. . Ke A,
hRfl hR*Z h2 ’
_( PesBes Paoles  Pofs P, ]
. . Ke s
hR—l hR72 h2 hl
where
1 _k21 _k31 _kR72,1 _KRfl,l _kR,l
LJJB:L 1 _k32 _kR72,2 _kal,Z _kR,Z
h
0 %Zﬂz 1 . —Keps Kess  —Kes
2
0 0 %sﬁs _kR—2,4 _kR—1,4 _kR,4
3
A =
0 0 0o . 1 Kparo —Keno
0 0 0o .. Profre 1 K g s
hr_»
0 0 o . 0 “Prafra
hR—l
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Then
1 _kZ,l _k3,1 _kR—Z,l _kR—l,l
—P.A
f 1 _k3,2 _kR—Z,Z _kR—l,z
—P.p
0 % 1 v —kKpag —Kg_13
2
— P/
0 0 % o —Kpoa —Kg_14
3
Apy =
0 0 0 _kR—Z,R—S _kR—l,R—S
0 0 0 1 —Kg_1ro2
0 0 0 —Pr-2,r2 1
he >

Continuing in this way

1 —Kon kg 1 —k,,
A3= _plﬂl 1 —k32 , AZ = _plﬁl 1 ,Al =|1|=1
n | h,
0 - p2ﬂ2 1
h2

“Since the value of R has already been calculated, we can determine Pr
by substituting PR into the final equation of (2.8). Similarly, we can compute
Pr-2 by inserting the values of Pr-1and PR into the second-to-last equation
Pr-31Pr-2r" " "1P31 P21 gng Pr-

All the parameters 0,, 0,,05,———, Pr_1» Pr have been calculated except
P (6 6) which can be determined by normalizing conditions.

M

P(f,m)=1

=1
1T
Ol oy,
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and with the restriction that “the traffic intensity of each service channel of the system
is less than unity”.

Thus,

L ~ =\ 1 )™
P(n,m):P(0,0) —| = ()
t H B+ A +o)
i ()"

1+ A )

n3 "R-1
1 (py) 1 =)
It = Ting Y|
H (ﬂ3 + A3a + (03) H (ﬁR—l + AR—l,a + a)R—l)
a=1 a=1
mi
<a11+ BRAR1PR >
L ( (pR)nR ) L (nR+1)(BR+(‘JR+ARTLR+1)
' <nR! HZil (Br+ARatwR) ) my! H;,n:ll(ﬁn"'Anb"'wn)

m, L]
BrUz: Baas P
o, t Ot
1 (ng +)(B; + o, + ARnRA) 1 (ng +1)(B; + o, + ARnR+1)
m, ! s | m,! i

H(/)’u +hAy +a)12) H(ﬂlz + Ay +0y)

y=1 b=1

a4+ Baes e S
1 (nR +1)(ﬁra top ARnRA)
mg ! o

H (ﬂls +Ag 0 )

y1
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"n,20,m >0;(a=123,..,R;b=123,..,S)"

has been determined completely.

Additionally, since the current queuing model is analyzed under steady-state
conditions and the derivative P(ﬁ rﬁ) does not rely on any particular queue
discipline, in the long run, customer reneging due to impatience becomes constant. As
a result, the reneging rates are represented as A, for the serial queues, and Aipms
simplifies to A, for the non-serial queues. Putting the difference-differential
equations (1), in equations (2), and the solutions (3) and (6), we get solutions in
steady-state as under

P(f,m)=P(0,0) i V[Lf_p Y
| B rA+e)) [ (B+A +e,)

1 Ps b 1 Pra o
N1 (Bs + A+ @3) Ny '\ Bra + Ars + @r 1) '

my
a, + BrUe Pz
1 Pr A 1 (g +D(Br + @ + Ay 1)
N '\ (Br + Aga + @) |m! ml(ﬂn‘*‘Anb"‘wn)

@+ Brropr Z o N "
107 (4B v + Ay, ) 107 (e +D(By + 0+ A )
— - 1 | e
: H(ﬁlz +A,, +a)12) ’ H(ﬂm + Ay +w13)
Brrs Pr "
s t+
i (ng +1)(f + @5 + ARnR+1)
M ﬁ(ﬂﬁ +Ag, +w1s)
n,20,m >0 (@=123,..,R:b=123...S) ™
Where,
X ﬂada Pa
pL=a+ Z :
a=2 (na +1)(18a + W, + Aana+1)
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R
p2 =0!2 + :Bl plpl +Z ﬂadazpa
(nl +1)(ﬁ1 + a)l + A1n1+1) a=3 (na +1)(ﬂa + a)a + Aana+l)
R
,03 :a3 + IBZ p2p2 _I_Z ﬂada3pa

(N, + (B, + 0, + Ay ) (0 + DB, + 0, + A, L)

_ Br 2 Pr aPr s ﬂRdR,R—lpR
Pra=0pyt +
(e +D(Bey t0py + Asz,anzu) (ne + (B + @, + ARnR+1)
Pn =y + Br1 ProaProa

(N DBy + @y + ARfl,nR_lJrl)

As discussed earlier, we can find p; from above R-equations with the help of

determinants or O can be derived easily directly by taking

K, = Oan s (b=12,3,...,R-1)

(n, +1)(,B‘,:1 +A +a)a)

and
h, =(n, +1)((8 + A +o,))(@=123,.,9)
in results (6) and (7) and in the values of Ag_,,...., A5, A,

Using the normalizing condition, P(ﬁ, 6) can be calculated as under

=0 =0y W +C +a

n=0
L [ P J gL L ps
oM\, +C, +a, oo N1 1 +C5 + oy
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o M ) m o M, Mg
oM, +C, m=0\th1 ) m=0\ o )] m=0\ Fh3 Hyy
Where,
BrPrARD
= aqp + ,b=1,23....,S
Pb = b T e 1) (Br + wr + Ag)
Therefore,

1= (() ()) He[(ﬁawwj He[(ﬁlb+zi+%)]

Thus,

P(0,0)" - He[(ﬂa+Aa+wa J ﬁe(wmjﬁwm)] (13)
b=1

Thus P (n, m) has been calculated completely.
I1liv. Steady-State Marginal Probabilities
“The steady-state marginal probability of the service channel P; having M, customers

waiting for service before the server D; denoted by P (nl) , iIs determined as under “

i (lenl
- 1
P(n)= > Pﬁm:m.ﬂ+§+@
nrf]27:0=n3 ..... =ng e(ﬂﬁAﬁaﬁ]

Similarly

Pa )
e\Bat+Agtwg

fora=234,...,.R—1,R

and
P(m,)=(pu)"™ (1-pp), b=12,3,4,..,S

Sangeeta et.al.

41



J. Mech. Cont.& Math. Sci., Vol.-19, No.-11, November (2024) pp 29-43

IV. Mean Queue Length

Marginal mean queue length before the server I:’1 is derived by

nl( A1 th
:inlp(n i ! ﬂl["'Ai"'a)l _ PL
n=0
e

m=0 ﬂ1+A1+a)l] _131"'A1+a)1
Similarly
L=— P  a-=123..R
ﬂa + Aa +a)a
L, =— 2% b=1,23,..,S

By + @y + A

Therefore, the Mean queue length of the system =

V.

VI.

p S plb
L= ZL +b21:L1b Zlﬂ +A +o, +bz=1:,31b+w1b+'°&b

Concluding Remarks

(i) The important concept of balking and reneging has been introduced in the
present study because balking occurs either due to heavy rush at the service
station or due to the limited capacity of the system and reneging either due to
urgent call or due to impatient behaviour of the customer have a bearing
effect on the direct as well as indirect cost of the business.

(ii) If feedback is limited from each service channel to its previous service
channel in the present model, then its results would resemble the results of
the queuing model discussed by

(iii) This model is efficient in various service stations, toll plazas, and places
where services are connected with different fields such as health care, and
business setups.

(iv) More the service rate, the better the efficiency of the system.

(v) By analyzing various customers’ behaviour at servers, desired results are
found such as mean queue length is satisfactorily within the limit.
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