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Abstract

Partial differential equations are essential to every branch of science and
engineering. They are regarded as the fundamental components of the majority of
mathematical and physical simulations with practical uses. Numerous partial
differential equations may be useful in the description of a physical phenomenon that
could help in a deeper comprehension of its behaviour. The importance of PDEs has
drawn more attention in recent years, which motivates researchers to solve these
equations analytically and numerically. In this study, we propose a new hybrid
technique for solving partial differential equations arising during liquid drop
formations. The proposed hybrid technique is the combustion of double Elzaki
transform and the classical Adomian decomposition method. To illustrate the
simplicity and accuracy of the proposed scheme, some experimental work has been
carried out.

Keywords: Double Elzaki transform; Adomian decomposition method; Rosenau
Hyman equations; Test examples.

I. Introduction

Nonlinear PDEs have numerous applications in biology, physics, chemistry,
and engineering. Several analytical, semi-analytical, and numerical schemes have
been established to find the solutions of linear and nonlinear mathematical models. In
this study, a novel technique based on the mixture of double Elzaki transform and the
classical Adomian decomposition method has been established for finding the soliton
solutions of the nonlinear Rosenau-Hyman equation of the form:

U + p(un)x + J(un)xxx =0 (1)

where p and o are arbitrary constants. This equation was discovered by Philip
Rosenau and J.M. Human during the research of compacton solutions in 1993. Such
an equation has been produced during the formation of a liquid drop pattern.
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Sumudu transform-based Adomian decomposition method has been implemented for
solving some of Burger’s equations in [I]. Double integral transform has been used to
find the solutions of a singular system of hyperbolic equations in [I1]. In [I11], double
Laplace transform has been used to find the solutions of Telegraph equations. Elzaki
transform has been introduced in [IV] for solving some applications of sciences and
engineering. Double Elzaki transform has been introduced and implementation of
such transform to find the solutions of some applications of differential equations in
[V]. A combination of the Elzaki transform and the projected differential transform
method has been established in [VI] for solving linear and nonlinear partial
differential equations. A comparison between the Laplace transform and with the
Elzaki transform has been presented in [VII] for solving some differential equations.
Some ordinary differential equations with variable coefficients have been solved with
the help of Elzaki transform in [VIII]. Two techniques based on the Elzaki transform
and the Sumudu transform have been implemented for solving some differential
equations in [IX]. In [X], wave equations have been solved with the help of the
double Elzaki transform and the results are compared with the exact solutions and the
solutions obtained by the double Laplace transform method. The double Elzaki
transform-based Adomian decomposition method has been utilized for solving
nonlinear partial differential equations in [XI]. In [XII], a double Elzaki transform-
based decomposition method has been established for solving third-order Korteweg-
De Vries equations. Convergence of the double Elzaki transform has been
established to illustrate the accuracy and efficiency of the double Elzaki transform-
based technique in [XI]. In [XIV], Adomian polynomials have been used with the
Elzaki transform method for solving third-order Korteweg-De Vries equations. Elzaki
transform-based efficient techniques have been established for solving various
applications of sciences and engineering in [XV-XVIII].

This research paper is constituted as follows: Section Il contains the full information
regarding the double Elzaki transform and its properties. The proposed technique has
been presented in Section Ill for solving nonlinear Rosenau-Hyman equations. In
Section 1V, some computational work has been carried out by using the proposed
technique for solving such equations. In Section V, results and discussion have been
presented. The future scope has been presented in Section VI. Section VII contains
the conclusion part of the research paper.

I1. Double Elzaki Transform and its Properties

In this Section, we discuss about the double Elzaki transform, inverse double
Elzaki transform and various its properties.

I1.i. Introduction to Double Elzaki Transform

Let f(x,t) with x,t > 0 be a function. This function can be expressed in the form of
an infinite series. Therefore, the double Elzaki transform is written as:

o 00

x  t
E, {f(x,t);u,v} =T(u,v) = uvf f flx,t)e —(T?) dxdt,
0

0
whenever integral exists.
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ILii. Inverse Double Elzaki Transform
The inverse of the double Elzaki transform can be written as:
E, YT, v)} = f(x,t), x,t >0

The order of the function f(x, t) is said to be of exponential, if for a > 0,b > 0 in
the region belong to the interval 0 < x < 00,0 < t < oo, 3 a positive constant k such
that

x t
G o)l < k ela*s)
ILiii. Standard Properties of Double Elzaki Transform

In this Section, we will discuss some properties of the double Elzaki
transform:

Linearity Property: If f(x,y) and g(x,y) be two function of x,y > 0such that
[f(x' :V)] = Tl(u) 17) and E2 [g(x) }’)] = TZ(u' 1.7), then

Ey{af(x,y) +b g(x,y)} = a E2{f (x, )} + b E2 {g(x, y)} = a T1(w,v) + bT,(u,v)
Change Shifting Property: If E,{f(x,y)} = T(u,v),
then

Ex{f(ax,by)} = ﬁ T (au, bv)

First Shifting Property :

(a) If Ez{f(x, }’)} = T(u' 17),
then

EZ{ eax+by f(x, y) =T [L L]

1-au’1-bv
(b) If Ex{f (x,¥)} = T (u, v),
then

u v
1—au'1—bv]

I1.iv. Double Elzaki Transform of Partial Derivatives

Ey{ e f(x,y) =T |

In this Section, we provide a double Elzaki transform of some partial derivatives:

8) E; 5 f00y)} = T@wv) —ul(0,v)

b) Er {3 fen} =3 T@wv) = vT(w,0)
0 E (s f))}=5Twv) ~T(0,v) —us T(0,v)
d) By {ar f(63)} =5 T )~ T(,0) v T(w,0)f

&) Bl ) }=ST@v) — L T 0) — £ T(0,0) +ur T(0,0)
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I11.  Proposed Technique for Solving Nonlinear for Rosenau-Hyman Equation
Consider the general PDE with the initial condition of the form:

Lu(x,t) + Nu(x,t)=g(x,t) (2)
with initial condition
u(x,0) = h(x), 3)

here L represents a linear differential operator L = %, N represents the nonlinear
differential operator, and g(x, t) is the source term.

Implementation of double Elzaki transform in Equation (2) and single Elzaki
transform in Equation (3), we obtain

Ey(Lu(x,t)) + E; (Nu(x,t)) = E, (g(x,0) (4)
and

E(u(x,0)) = E(h(x)) = T(u,0) (5)
From Equation (4), we obtain

%T(u, v)—vTW,0) =E, (g(x, t)) —E, (N u(x, t))
This implies

T(u,v) = v?T(w,0) + vE, (g(x,t)) — vE, (N u(x,t))
Or
Ey(u(x,t)) = v? E(h(x)) + v E; (g(x,t)) — {vE;(N u(x, )}
Implementation of inverse double Elzaki transform on Equation (6), we obtain

u(x, t) = G(x,t) — E; {{vE,(N u(x, 1))} (7
where

G(x,t) = E;Y{v? E(h(x)) + v E; (9(x, 1))}
Assume that the solution is of the form:

u(x,t) = Y=o Un(x, t) )
Write the nonlinear term as:
Nu(x,t) = Ynzo An(w), 9)
here A, (u) represents the Adomian polynomials and can be calculated as:
1 dn o .
Ap=——{N(EZoe/y)} _ ,n=0123,..

Substituting the values from (8) and (9) in (7), we obtain
Yamotn(x,t) = SCx, t) — E3 H{vE, (Bizo An (W)} (10)
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From (10), we obtain
uy(x,t) = S(x,t),
uy(x, t) = —E; H{v E,(4p)},
uy (x,t) = —E; H{v E;(4,)},

The approximate solution of the problem is:
u(x,t) = lim Yy ouy(x,t).
n—-oo
IV. Computational Work

In this Section, we perform some test examples to obtain the solutions of
nonlinear PDEs, arising during liquid drop formation.

Example 1: Consider the Rosenau-Hyman equation

up + (uz)x + (uz)xxx =0 (11)
with initial condition u(x, 0) = 1 + x. The exact solution is:
1+x
ulx,t) = 1+2t

Implementation of double Elzaki transform on Equation (11), we obtain

E;(up) = _Ez((uz)x + (uz)xxx)
This implies

ST, v) = v.T(w,0) = —Ep(u?)y + () xxx) (12)
Applying a single Elzaki transform to the initial conditions, we obtain
E(u(x,0)) =T, 0) =E(1+x) = u? +u?
From (12), we obtain
ST(w,v) = v(u? +u?) = B (U?)x + @) )
This implies
T(w,v) = v?(u? + u’) = v. B2 ((W?)x + (U)xax)
Implementation of inverse double Elzaki transforms, we obtain
E; ' (T(w,v) = E3 ' (2 (w? + u?)) — B3 (v Ep(W)x + W xan)

This implies
u(x,t) =(1+x)— Ez_l(v- EZ((uz)x + (uz)xxx))
Applying the Adomian decomposition method, we obtain

Tazoun(x,t) = (1 +x) — E3 ' (0. E2{Z5-0 An (W)
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From the above Equation, we obtain
uy(x,t) =1+x,

uy (x,t) = —E; ' (v. E;{Ao)),
u,(x, t) = —E; (v E,{ALD),

Some of the Adomian polynomials are:
Ay =2(1+x),
A, = —8(1 + x)t,
A, = 48(1 + x)t?,

The values of ugy, uq, u,, ... are given by

ug(x,t) =1+x,
u(x,t) = -2(1 + x)t,
u, (x,t) = 4(1 + x)t?,

The solution is:

ulx,t) =uglx, t) +u (x, t) + uy(x, t) + -
Or

u(x,t) = (1 +x)(1— (2t) + (4t%) — )
The closed-form solution is:

1+x

ulx, ) = 1+2t

6 T T T T

Exact Solution
5r ®  Semi Analytical Solution

Solutions (u)

0 r r r r

0 1 2 3 4 5
X

Fig. 1. Comparison of exact solutions and solutions obtained by double Elzaki ADM
att =0.1
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</\

Solutions (u)
-
!

Fig. 2. Physical behavior of solutions of Example 1

Figure 1 shows the comparison of the solutions found by the double Elzaki transform-
based Adomian decomposition method (taking the first ten terms of an infinite series)
and exact solutions at t = 0.1 and different values of x. Figure 2 shows the
dynamical and physical behavior of analytical solutions obtained by the double Elzaki
transform-based Adomian decomposition method at different ranges of x and t.

Example 2: Consider the nonlinear Rosenau Hyman equation
Up = Ully + Ullyyy + 3Uy Uy (13)

with initial condition

u(x,0) = —gcos 2 G)

The exact solution is:

u(x, t) = —gcos 2 (xT_t)

Implementation of double Elzaki transform on Equation (13), we obtain

E, (ut) = -k, (uux T Ullyyy + 3uxuxx)
This implies
%T(u, V) —0.T(u,0) = —E; (Ully + Ullyyy + 3UylUsy) (14)

Taking a single Elzaki transform to the initial conditions, we obtain

8 4 2+8
E(u(x,0)) =T(u,0) = —E <§ cos 2 (2)) _ _§{u2 <ZZ ’ 4)}

From (14), we obtain
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1 4 (,(u*+8
;T(u,v)z—gv u 21 — Ey (Ut + Ullypy + 3UyUyy)

This implies

4 (., u’>+8
T(u,v) = 3V WM\ ) Ey (Ut + Ullypy + 3UsUyy)
Implementation of inverse double Elzaki transforms, we obtain

u?+8
u2+4

E; (T (u,v)) = E5t (—gvz {uz ( )}) — E5 (v, By (utty + Ul + 3Uytyy))

This implies

8 x
u(x, t) = — 3 oS 2 (Z) - Ez_l(v. Ey (utty + Uty + 3Uyliyy))

Using the Adomian decomposition method, we obtain
Z u, (x,t) = —3cos 2 (Z) - E;1 <v. E, {Z An(u)})
n=0 n=0

From the above Equation, we obtain

ug(x,t) = —gcos 2 (E)

uy (x, t) = —E; ' (v. E;{Ao)),
u,(x, t) = —E; (v E,{A.)),

Some of the Adomian polynomials are:

2 . (x

Ag=—2 m(—)

0 35 )
X

1
Ay = =cos (—) t,
3 2
The values of ug, uq, u,, ... are given by
up(x, t) = 5cos “(7),
2 . X
u(x, t) = — 3sin (5) t,

1
uy(x, t) = - cos (’2—6) t?,
The solution is:

ulx, t) =uglx, t) +uy(x, t) +uy(x, t) + -+
Or

u(x, t) = —gcos2 G) —gsin (;ﬁ)t +%cos G) t2 + oo
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0.5 T T T T

0.5

Solutions (u)

Exact Solution
- Semi Analytical Solution | .|

0 2 4 6 8 10

X

Fig. 3. Comparison of exact solution and solution obtained double Elzaki ADM at
t=0.5

'
w

Solutions (u)

Fig. 4. Physical behavior of solutions of Example 2

Figure 3 shows the comparison of the solutions found by the double Elzaki transform-
based decomposition method (taking the first three terms of an infinite series) and
exact solutions at t = 0.5 and different values of x. Figure 4 shows the dynamical
and physical behavior of solutions obtained with the help of the double Elzaki
transform-based Adomian decomposition method at different ranges of x and ¢.

V. Results and Discussion

Figure 1 and Figure 2 show the comparison study of the solutions obtained
with the help of proposed technique (taking first ten terms) and the exact solutions
for different values of x and t. Figure 3 and Figure 4 show the comparison study of
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the solutions obtained with the help of proposed technique (taking first three terms)
and the exact solutions for different values of x and t. The above numerical and
graphical representations show that the semi-analytical solutions obtained by the
double Elzaki transform-based Adomian decomposition method are very accurate and
closer to the exact solutions. The numerical procedure based on the double Elzaki
transform and Adomain decomposition method is very simple and fast for solving
these partial differential equations.

VI. Future Scope

This technique is very easy to apply and can be used to solve a wide range of
fractional and nonlinear differential equations and systems of differential equations
including algebraic equations, ordinary differential equations, partial differential
equations, and integral equations. This technique helps to break down complex
problems, fosters collaboration, improves understanding, and lends robustness to the
completed work. So this technique will be applicable for solving linear, nonlinear as
well as fractional applications in the form of ordinary differential equations, partial
differential equations, and integral equations.

VII. Conclusion

From the above computational data, it is concluded that the double Elzaki
transform is a powerful mathematical tool, when combined with the Adomian
decomposition method to find the solutions of Rosenau Hyman-type equations arising
during the liquid drop pattern formation. The solutions are closer to the exact
solution, when the terms of an infinite series may vary. For the future scope, this
technique will be used to find the semi-analytical solutions of fractional nonlinear
partial differential equations, which are arising during various applications of
sciences and engineering.
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