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Abstract

Life tables are used in many fields in demographic and health research They
represent an important indicator of death in society. There are two types of life tables;
complete life tables are based on the age at death based on single-age categories and
are obtained using a comprehensive survey method. The second type is the abbreviated
life tables which are based on the age at death of five-year age groups and are obtained
by the sample survey method. In this research, the survival function was estimated for
the data obtained from the Central Statistical Organization, social and Economic
Survey of the Family in Iraq (IHSES II) using parametric methods (the principle of
Maximizing Entropy method (POME), and maximum likelihood method (MLE)), as
well as the use of A non-parametric approach, the kernel smoothing method (KS), the
compared between the estimation methods using (RMSE) and (MAPE). One of the most
important conclusions was the emergence of a preference for the (POME) method for
the five-age groups, but in the case of the single-age groups, the (KS) method is the
best.

Keywords: life tables, the principle of maximum entropy method, kernel smoothing
method.

I. Introduction

When the population census for some countries is absent, obtaining an accurate
calculation of the probability of survival through the survival function within the life
tables of single-age groups would extremely be difficult, let alone the problems of
disturbance that require mathematical treatment according to an appropriate statistical
probability distribution that is compatible with the phenomenon of life or death. The
entropy method is a measure of disturbances that affect a specific phenomenon. This
method comes within the framework of information related to the probability
distribution itself. This method is used in many different scientific fields. Entropy can
be defined as a method for estimating probability functions within specific constraints

Hasanain Jalil Neamah Alsaedi

191



J. Mech. Cont.& Math. Sci., Vol.-19, No.-11, November (2024) pp 191-206

that can be expressed by integrating the probability function itself. This principle in
entropy is called the Principle of Maximizing Entropy (POME) (Cropper, 2004).
Demographic data often suffer from behavioral instability and volatility, especially that
related to the survival function of the Iraqi population according to age groups. The
research problem appears in the presence of data with only five-year age groups that
are dealt with and analyzed by the Central Statistical Organization in Irag. To add more,
there is no data on the survival function based on single-age groups, let alone the
existence of a theoretical analytical problem that hinders the issue of estimating the
Generalized Gamma Distribution with three parameters since it involves the
incomplete gamma integral when finding the survival function, which makes the
formulation of the inferential processes more complicated, the traditional method of
estimation is very difficult. (Jowitt, 1979).

In the present research, we will estimate the parameters of the generalized gamma
distribution for a sample of data obtained from the Central Statistical Organization in
Irag from the survey (IHSES-I1 2012), using the maximum likelihood method (MLE),
the principle of maximum entropy function (POME), and the kernel bootstrap method
(Ks). After that, the survival functions for the population for each method and compare
the three methods will be found using the statistical measures of root mean square error
(RMSE), the mean absolute relative error (MAPE), and the Sprague Multipliers will be
used to convert the five-age categories of the population in Iraq, which are (18) ones,
into single-age categories, which will result in (81) single categories.

l.i. General Gamma Distribution
The three-parameter generalized gamma distribution, abbreviated as GG, was found by

Stacy in 1962. He assumed that the location parameter (u=0). The probability function
of the three-parameter GG distribution can be expressed in the following formula:

t
0,600 = Lo 91 e"@ 2 0,k20,6020620 1)

Where the symbol (t) represents the random variable (age), (0) represents the scale
parameter, and the symbols (k,) represent the shape parameters.
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Fig.1. Probability density function of the general three-parameter gamma distribution
for several cases
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which can be expressed in the following figure (2):

Fig. 2. represents the cumulative distribution function of the general three-parameter
gamma distribution for several cases.

The mean value of the variable (t) of the rank (B) is:

0P (k+1
B(eF) = 2080 _ gry ®

The average logarithm of the variable (t) is:

E(nt) =%+1n9 @)
Since:
W) = 2 In(r (k) = =5 (5)

Lii. Survival Function Analysis

Survival function analysis tackles analyzing the time required before the occurrence of
one or more events such as a breakdown in the case of machines or death in the case of
living organisms. Through survival function analysis, we try to an answer to such
several questions (What is the probability of the population that will survive to a certain
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time? How can multiple causes of death be determined? Which age groups can survive?
How do certain conditions reduce or increase the probability of survival?).

To answer these questions, we must define a (time of life) in the case of biological
survival, and death is a fact, but mechanical failures and reliability may not be clear-
cut in the industrial aspect, for example, and some events (such as the failure of an
organ system) may have the same ambiguity (Suleiman and Farhan, 2014).

The survival function can be defined as the probability that an event (death) has not
occurred yet according to time (t), thus (T) denotes the time until death, and the symbol
s (t) denotes the probability of survival, since:

t)=1—-F({t)=P(T >t),vt >0 (6)
Let us assume that the probability of the injured person remaining alive at time (0) is

equal to one, i.e. S (0) = 1, and that the survival function is non-increasing and
continuous on the right side, i.e. :

Sw<St) ,ifu>t
The probability of survival approaches zero as the organism's age increases.
St) >0 as t->»

That is, the survival time cannot be negative, and the survival function for a continuous
distribution is:

® =pT>t) = ["pt)dt 9)

Thus, the survival function of the generalized gamma distribution can be expressed by
the following formula (Qamruz & Karl, 2011):

_16(Rk)

Sea(®) =1-—2 (10)

Liii. Maximizing the Place Function

The maximum likelihood method is considered one of the important and
commonly used methods in estimation since it includes good properties, including
consistency, and inversion, and is often unbiased. The principle of this method lies in
finding an estimation of the parameters that make the likelihood function at its
maximum limit, in addition to the fact that it keeps pace with all samples. Since the
maximum likelihood estimators are characterized by the property of stability, i.e. if
T=g(0) is a function in terms of the variable (0), let us assume that (6" n) is the
maximum likelihood estimator of the variable (0), then T"_n=g(6"_n) is the maximum
likelihood estimator of the function (T). Thus, the likelihood function of the general
gamma distribution with three parameters (0, k, ) can be expressed by the following
equation: (Chen & lio, 2009):
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To convert the possibility function in equation (10) to linear form, we take its natural
logarithm:

n 4B
ImnL=nnp-nfklnb-ninl'k)+ (Bk—1) Y-, Int; — ‘;1;‘
n ¢B
=nilnpB-npk n@-ninl"(k) + kY-, Int; =Y Int; — Z‘?‘;‘ (13)

By finding the partial derivatives of the parameters in equation (11), and setting each
partial derivative equal to zero, we obtain the estimated values of the parameters (6, k,
B) that maximize the possibility function (Tan & Drosses, 1975)

,when 6 & f§ are constant (14)

~n ] i
0 = (exp(=¥ (k) + Bzh%))ﬁ ,when k & 5 are constant

(k) = L in(r () = % (15)

The estimated value of the parameter (B) is extracted using the Newton—Raphson
method, where we obtain the estimator of the survival function for the general three-
parameter gamma distribution through the stability property as in the following

formula:
16( (£ B,fc
Sec®) =1-— % (Reshi et al., 2014) (16)

liv. Entropy Maximization Principle

The Shannon Entropy function is defined for a continuous random variable (t) with a
probability distribution f(t,0), where the symbol (0) represents the vector of distribution
parameters, and it can be mathematically formulated as follows:

H(f) =—[% f(t,0)Inf(t,0) dt (17)

The symbol H(f) represents the entropy function of the function f(t,0) and it is fulfilled
with the following condition:

IZ ft,e)dt =1 (18)
The Entropy function can be written as follows:
H(f) = E(=Inf(¢,0)) (19)

The entropy function is characterized by that in case of maximizing it for a given
distribution, it will produce a less biased estimate of that distribution’s function, and
this is called the Principle of Maximizing Entropy. In other words, by maximizing H
(F), an estimate of the probability distribution will be extracted (Jaynes, 1959).
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The principle of maximum entropy (POME) is also regarded as a testing method. It
tests the probability function f(t,0) after subjecting it to several constraints from which
a distribution estimation method can be derived to best represent the behavior of the
variable (t). One of these constraints is the use of Lagrange multipliers when estimating
the parameters as found in the case of checking the optimization problem. (Jowitt,
1979).

Suppose that there are m independent linear constraints C i such that i=1,2,...m

ci=[w; f(t,0)dt (20)

Since (w_i) are known functions defined on 1(t,0), the constraints C_i will be applied
to maximize the function H(f) which will produce the following probability function:

f(t,0) = e LZiawi® | yi=12 .m (21)
Since (a_i) are Lagrange multiples, by substituting equation (20) into equation (18) we
get:

H(f) = ay + 2% aic; (22)
Thus, the probability density function can be formulated in terms of entropy using the
following formula:

f(t,0) =e ") (23)
By substituting the probability function of the general gamma distribution as in
equation (1) in equation (16), the constraints are extracted, where: (Singh & Guo,
(1995):

ag=mrk)—InB+kBinod

-1

a;=—-(kf—-1)=1-kp
According to equation (20), the probability function in terms of Lagrange multipliers
will be:

a

f(t) — e—ao—altﬁ—az lnt) (24)

By solving equation (23), we obtain the survival function f( [ta] 1,a 2.,B):

| ( B 1—a2)
=T
S(t'aliaZI.B) =1 _allfaz

(%)

When estimating the parameters (a_l,a 2,8) we estimate the survival function
according to the formula: (Singh & Fiorentino, 1992):

IG( tB 1—a2>
A A a. v B
$(t,ay,858) =1 - —2_—21 (26)

o

(25)
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l.v. Core Smoothing Function

All statistical applications are represented by being acquainted with the special
distribution and its characteristics for the community to be studied in order to represent
the community well by using common statistical methods. Each probability distribution
has a probability density function f(t) with a random variable (t), when collecting a
random sample containing (n) observations taken from the study community, as that
community is expressed by the probability density function f(t), which is used to
identify the characteristics of the studied society. The probability density function
represents a basic concept in statistics, and determining the function provides us with
a description of the distribution since the probabilities associated with (t) can be
determined through the following relationship:

pla<t<b)=['f(t)dt ,Va,beR 27)

Assuming that a set of data points that are assumed to represent a sample drawn from
a probability density function is available, then, the goal is to estimate a function from
the sample observations [ [{t] _i}] _(i=1)n which can be considered as
independent random variables with an identical distribution (i.i.d). A kernel estimator
is used to estimate the nonparametric probability density function f(t) for the random
variable (t) in the following form: (Lagos et al., 2011)

t—t;

f(&) = =2m k(=5 (28)

Where (K) represents the kernel order, and k(u) represents the kernel function that
satisfies the following conditions:

1-A continuous function with real nonnegative values.
2-The function k(u) is a probability density function, i.e.: | [k(u)du=1

3-It is a symmetric function about zero, which leads to the value of the first moment
being equal to zero, while the value of the second moment being finite,

1y (k) = fulk(wdu <

Many of the kernel functions satisfy the above conditions, including the Gaussian
function, which will be used in this research.
2

k(u) = \/% e 7 [(—00, ) (29)

t—t;
Where u = TL

significant effect on the estimation process, as the variance decreases and the bias
increases with increasing bandwidth and vice versa. Therefore, this parameter affects
the degree of smoothing of the curve and its closeness to the true curve. The bandwidth
according to the normal scale distribution rule is:

, and (h) is the smoothing parameter or bandwidth, which has a
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h =1.06(s)n"1/° (30)
Where the symbol (s) represents the standard deviation. (Rao, 1983).
l.vi. The Golden Ratio Method for Estimating the Bandwidth

The golden ratio method is based on two basic ideas. The first idea is that every two
numerical values achieve the golden ratio if the ratio between the larger of the two
numbers and the smaller of them equals the ratio between the sum of these two numbers
and the larger of them, and the first to determine the golden ratio was the scientist
Leonardo Fibonacci through a sequence (Fibonacci number). The golden ratio is
represented by the number (1.618034). It is calculated in two ways (Calot & Sardon,
2004):
-The first way:
1+/5
o="3) (31)

-The second way:

¢ = 2cos (36%) (32)
When dividing the value of h™as in the equation ((29) by the golden ratio, we get (h)
as an ideal and as follows:

~ R
h =
GR ™ 1618034

(33)

After estimating the probability density function, the survival probability is calculated
using the following formula (Qiao & Tsokos, 1994):

n

§O) =p(T>t)=[7fT)dT == T, % k(wdu (34)
h
l.vii. Comparison criteria
1-Root mean square error (RMSE):

It is one of the statistical criteria used to measure the accuracy of the resulting
estimators to estimate a parameter. If (0) is a parameter of distribution and ((6_( 1)
)5(0.2)75(0_3,)"..,(06_n)") are (n) estimators of the parameter (6), where (R) represents
the number of iterations of the generated sample size and the general formula for the
root mean square error (RMSE):

~ 1 A \2
RMSE() = JE Y. (6 -6) (35)
2- Mean absolute relative error (MAPE):

This error can be calculated by calculating the absolute average of the difference
between the actual value achieved and the predicted value. The general formula for
(MAPE) is:
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(36)

MAPE() =<3, |ﬂ|

0;
I1. Research-Data Description

Research data under study were obtained from the lragi Central Statistical
Organization - Household Social and Economic Survey (IHSES Il 2012), which
provides detailed information about the living conditions of every Iragi citizen and
family. To add more, it also presents an objective picture of the development of living
conditions in various fields such as spending and income, demographic status, housing,
etc. The sample was made of about (25488) families from all Iragi governorates, with
(216) families from each district. It is worth mentioning here that the whole number of
districts in Iraq is (118) ones. The number of clusters reached (2832) ones, and each
cluster includes (9) families distributed among the districts and governorates and in the
rural and urban environments.

The mortality numbers for the survey (IHSES Il 2012) were not collected by single age
groups since the data were found in the form of five-year age groups for the number of
deaths. Since we need the number of deaths and the population, a mathematical method
was used that leads to the results based on Sprague multipliers in order to derive the
death toll or population numbers by single age within given five-year age groups using
the death toll or population numbers in these age groups and adjacent five-year groups.
The survival function will be estimated using five-year and single-year data, and the
survival function will be compared using the three methods in the case of five-year and
single-year data (Irag Household Social and Economic Survey, 2012).

I1.i. Testing Research Data

The five-class data was tested using the statistical program (Easy fit). It was found that
the data had followed the general gamma distribution ((GG) and because the general
gamma distribution is one of the exponential distributions used to describe the human
mortality rate, the general gamma distribution was used to estimate the survival
function.

e Test hypothesis

H_0: The data follow the general gamma distribution (GG)
H1: The data do not follow the general gamma distribution (GG)
The results obtained from the data were:
2 _vn (0i—E)* _ 0 _ _
X°=2iz1— = 071613, p —wvalue = 0.69903

So, the null hypothesis is accepted, that is, the population data follows the general
gamma distribution. When testing the single-class data, the p-value reached (0.31866),
which indicates that the null hypothesis is accepted, that is, the population data follows
the general gamma distribution.
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I1.ii. Analysis of Survival Function Estimates for Five-year Age Groups

The demographic data resulting from dividing the number of deaths by the population
m(x,n) for each age group for the year (2011-2012) were input to extract the survival
function for the five-year groups. The methods for estimating survival functions were
compared, the maximum likelihood (mle), with the entropy method (ent), and the
kernel bootstrap method (ks), and the following table (1) shows the results: (United
Nations, 2013)

Table 1: Results of survival function estimation methods for the five-category
IHSES Il survey data - urban and rural

The behavior of estimating the survival function when using the three methods can be
seen in table (1) above. This behavior starts with the probability of survival begins to
drop below (0.5) at the true function at age (80 years and above), while the maximum
likelihood method begins to drop at the age group (55-59), and the entropy method
begins to drop at the age group (70-74), and finally the nonparametric method at the
age group (50-54), as the method is the best the older the person gets and the probability
of his survival is higher than (0.5).

Table (2) and Figure (3) as well show that the entropy method is the best among the
other methods in estimating the population survival function - urban and rural - and for
the two criteria (RMSE, MAPE):
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Table 2: Statistical measures for the estimation methods of the survival function
for the five-category (IHSES I1) survey data - urban and rural

Fig.3. The estimation methods diagram of the survival function for the five-category
(IHSES 1) survey data- urban and rural

ILiii. Analysis of survival function estimates for single age groups

The survival function for single groups was found out, and the methods for estimating
survival functions were compared, the kernel bootstrap method (ks), the entropy
method (ent), and the maximum likelihood (mle), and the results were as follows:

Table 3: Results of survival function estimation methods for single-category
(IHSES 1) survey data - urban and rural
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The results given in Table (3) show that the behavior of estimating the survival function
using the entropy method begins with the probability of survival falling below (0.5) for
the true function at age (51), while the entropy method begins to fall at age (70), the
maximum likelihood method at age (54), and the kernel function method at age (48).
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The following Table (4) shows the statistical measures (RMSE, MAPE) to compare the
estimation methods for the data under study.

Table 4 : Statistical measures for the estimation methods of the survival function
for the single-category IHSES Il survey data - urban and rural

We note that the nonparametric method, the pulmonary method, is the best for the
criterion (RMSE, MAPE) despite the low probability of survival in newborns.

i 1 L L L L 1
0 10 20 30 40 50 60 70 80 90
Age

Fig. 4. The estimation methods diagram of the survival function for the single-
category IHSES Il survey data - urban and rural

An application for one-and-five dimensional survival functions for categorical data
using entropy can significantly enhance performance as well as reliability for
microstrip devices, cybersecurity protocols, mathematics and amplifiers. In microstrip
devices, these survival functions can be utilized to analyze failure rates of various
components under different operational conditions, thereby optimizing design
parameters and improving longevity. Via assessing the entropy of categorical data
related to device performance, engineers can identify critical factors that contribute to
reliability, leading to more robust designs. In cybersecurity, an application for these
survival functions allows for a better understanding of threat patterns and
vulnerabilities over time. Via categorizing cyber incidents and analyzing their survival
probabilities, security analysts can prioritize resources and develop strategies to
mitigate risks effectively. For amplifiers, employing one-and-five dimensional survival
functions can aid in evaluating the performance degradation over time due to various
environmental factors or usage patterns. This analysis can guide a selection for
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materials as well as design choices that maximize efficiency and minimize failure rates
[XV-XXIV].

I1l. Conclusions

e Via the application of the theoretical formulas of the methods used in
estimating survival probabilities using data with five categories, it was concluded that
it is better to use the principle of maximum entropy function (POME) estimation
according to both comparison criteria (RMSE, MAPE) despite the sensitivity of the
latter criterion.

e Comparing the estimation methods using single-category data, paves the way
for the result that the kernel bootstrap method (ks) is the best in estimating survival
functions based on the comparison criteria (RMSE, MAPE)

e Concerning the five-year age groups, the survival function rate is observed
to be lower than the probability (0.5) for the (mle) method, as the ages range between
(55-59), while for the entropy (POME) method, the ages range between (74-70), and
for the bootstrap (ks) method, the ages range between (49-45), (54-50), (59-55). As far
as the single-year age groups are concerned, the survival function rate is observed to
be lower than the probability (0.5) for the principle of the greatest entropy function
method at ages (69), (70), (71), as the highest survival probability that a human being
reaches through the entropy method.

IV. Recommendations

e It is advisable to use the bootstrap (ks) method for estimating the survival
function for single-age groups instead of five-age groups because it is more sensitive
to which age group is most at risk of mortality and at the sex level. It is also
recommended to use the POME method for data for five-age groups.

e [t is also recommended that the management of the survey implementation
should take into consideration the single-age categories, as they can be combined and
become five-age categories instead of the method of breaking up the five-age data and
converting it to one-age, which reduces the accuracy of the results.

e What is also recommended is the extension of the search throughout
obtaining a new entropy function restricted to other distributions by introducing new
constraints, then optimization problems can be employed to estimate the parameters
and then estimate the survival functions.
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