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Abstract

This paper presents a novel approach for solving 2D mathematical models
arising in applied sciences, specifically focusing on 2-dimensional time-fractional
order Klein-Gordon (TFKGE) and sine-Gordon equations (TFSGE) using the
Sumudu transform-homotopy perturbation method (STHPM). The amalgamation of
the Sumudu transform with the homotopy perturbation method provides an effective
analytical technique for tackling these time-fractional order partial differential
equations. The solutions obtained illustrate the precision and efficiency of the
method, offering valuable insights for modelling complex physical systems. In this
study, we also solve the same numerical problems using the variational iteration
method and perform a comparative analysis of the results. This study advances the
application of fractional calculus methods to challenging problems in theoretical and
applied physics.

Keywords: Homotopy Perturbation Method, Klein-Gordon Equation, Sine-Gordon
Equation, Sumudu Transform, Test Examples, Variational Iteration Method.

I. Introduction

Fractional calculus enhances traditional calculus by dealing with derivatives
and integrals of fractional (non-integral) orders. This mathematical framework is
effective for modeling systems with memory effects and hereditary properties. This
has led to increased interest in fractional versions of classical differential equations,
as they offer a more comprehensive understanding of complex dynamical systems.
The time-fractional Klein-Gordon (TFKGE) and time-fractional sine-Gordon
equations (TFSGE) are important partial differential equations with widespread
applications in various domains like physics, applied mathematics, and engineering.
The time-fractional Klein-Gordon equation is crucial in quantum mechanics and field
theory for describing scalar fields. In contrast, the time-fractional sine-Gordon
equation is notable for its role in studying solitons, nonlinear optics, and condensed
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matter physics. Due to their numerous applications, researchers are highly motivated
to find solutions to these equations. Various analytical and semi-analytical techniques
are devised to tackle time-fractional Klein-Gordon equations, including the 3D
Laplace method [II], a lie group approach [VI], wavelet method [XVI], Elzaki
transform homotopy perturbation method [XXI], reduce differential equation [XXII],
guadruple Laplace transform [XXIII], meshless numerical analysis [XXVI],
homotopy perturbation Shehu transform method [XX]. Whereas the time-fractional
sine-Gordon equation is employed with the reduce differential transform method [IIT],
Mesoscopic lattice Boltzmann BGK model [VII], space-time spectral method
[XXIV], finite difference scheme [XXV].

2D time-fractional order Klein-Gordon equation:
2 92
Dfxu(&y, E) - (@ + Tyz) U(X;Y; ;) + g(u(&.}’; ;)) = f()S:yn E):
xy)€eQ=[01]x[01], t>0 1<a<?2 Q)
Subject to initial conditions
uxy,0) =g1(xy), w(xy0 =gxy), %y €Q,

2D time-fractional order sine-Gordon equation:

2a a 92 | o2
Defu(x,y,9) + Dfu(x,y, 0 — (@ + Tyz) u(x%y,9 -

. dB
pGsy) sin(uGsy, D) +v L = f(5,5.9),

x,y) € Q=1[0,1] x [0,1], t>0, 0<ac<s1 2
With initial conditions

u(xy,0) =g:xy), wXxy 0 =g,xy), xy) €Q,

a
where Dfu = ZT;‘. In particular, if @ = 1, equation (1) becomes a 2D Klein-Gordon
equation, whereas equation (2) becomes a 2D sine-Gordon equation.

The Sumudu transform invented by Watugala (1990), is applied to handle differential
equations like nonlinear heat-like equations, fractional PDEs, and control engineering
problems in [I], and [X]. The properties of the sumudu transform are discussed in
[IX]. Among the wide range of numerical schemes available, the homotopy
perturbation method stands out as a versatile approach suitable for tackling fractional-
order PDEs, this method was initially developed by J.H. He in 1999, [XI], [XII] and
presented its efficacy by applying it on various PDEs in [XIII] and fractional PDEs in
[V], [XIV], [XV], [XVII], and [XVII]. In this study, we employ the sumudu
transform-homotopy perturbation method (STHPM) to solve the 2-dimensional time
fractional Klein-Gordon equation (TFKGE) and sine-Gordon equations (TFSGE).
This hybrid scheme is also applied to solve various time-fractional PDEs in [IV], and
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[VIII]. Our approach highlights the efficiency and accuracy of this hybrid scheme by
applying TFKGE and TFSGE, providing new insights into the dynamics of these
equations. The method’s convergence is discussed in [XIX]. In XXVII variational
iteration method is discussed.

This paper is organized as Section (sec.) II outlines the overview of fractional
calculus and the Sumudu Transform. The homotopy perturbation method is discussed
in Sec. III. The details of the hybrid Sumudu transform-based HPM, along with its
convergence and error analysis are explored in sec. IV. Sec V contains the basic idea
of the variational iteration method. The comparative analysis of numerical
experiments is presented in sec. VI . And sec. VII contains the results and discussion.
Sec.VIII offers a conclusion and suggestions for future research.

II. Some Basic Definitions from Fractional calculus and Sumudu Transform

Fractional differential equations generalize classical differential equations by
incorporating non-integer order derivatives. This approach offers enhanced modeling
capabilities for complex systems in diverse scientific and engineering disciplines.

Definition: (see [IV]) A real function g(t) € C,for { > 0 andu € R if there exist a
real number g € Rand g > p, such that g(t) = t%m(t), where m(t) € C[0, o) and
g ecy ifg®ec, neN.

Definition: The caputo fractional order derivative of the function k() is (see [IV]):

n

2 h(@) = 10—
ot«

oath

1 [ —a—1pn

whereh€C',,n—1<a<nneN,t>0.

Definition: As defined in [IV], The Mittag-Leffler functions with two parameters a
and b is: By (r) = Zikormrys) @b >0
I1.i. The Sumudu transform

Watugala pioneered the Sumudu transform which is applicable to a specific set
of functions (see [X]):

It

X = (g(©I13N, Ay, A,> 0,1g(®)] < Ne¥, if € (=1)) x [0,0)},

the formula of the Sumudu transform is:

Slg®] = J,” guetdt,  u€E (A,A,)
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(a) The Sumudu transform in terms of Caputo fractional derivative is:

a(x
- — — <
S{atah(r)}— , n—1<k<n

u u

n-1
S{h(D} N h*(0)
a ; a—-k

(b) The Sumudu transform of several functions are:

1. S[1]=1,

th _ .
2. § [F(n+1)] = us
3. S[e®] =—

4. Slaf(® + bg(®] = aS[f (O] + bS[g(D].
I11. The Homotopy Perturbation Method

J.H.He is acknowledged for pioneering the development of the Homotopy
perturbation technique [XI] in the course of his research. To understand the basic
concept of the method, suppose a nonlinear partial differential equation:

Yy =g(@), reX 3)
with boundary conditions as :
ou
B(u2) =0, (@)

Break ¥(u) as p(u) and o (u), where
p(u) = Linear operator,
o(u) = Non-linear operator,
Then, (3) can be written as:
pw) +a(u)—g(r) =0,

In the topology, two continuous functions from one topological space to another are
said to be homotopic if one can be continuously deformed into the other. The
homotopy technique and its application are discussed in [XI], [XII], [XIII], and
[XIV], the homotopy is defined as:

w(r,b):Xx[0,1] > R,
which satisfies

H(w,b) = (1= b)[p(w) — p(ug)] + b[Y(w) —g()] =0, be01],
rex

Or
p(w) — p(ug) — bp(w) + bp(ug) + blp(w) + a(w) — g(r)] =0,
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Or
H (w,b) = p(w) — p(ug) + bp(ug) + blo(w) — g(r)] =0, (5)
Here, b is the embedding parameter, b € [0, 1]

Consider the initial guess as ug, and it adheres to the boundary conditions, from (4),
we have

H(w,0) = plw) — p(ue) =0
and
H(w,1) =ypw)—gr)=0

as b € [0, 1], the function (7, b) changes from u,(r)to u(r), and this is known as a
deformation in topology. So the quantities p(w) — p(uy) and Y(w) — g(r) are
termed as homotopy. Equation (3) can be solved and expressed as power series:

w = wy + bwy + brw, + -
If b = 1, then the approximate solution of (1) is:

u=limw =wy+wy +w, + -
b-1

IV. Proposed Scheme: Hybrid Sumudu Transform-based Homotopy
Perturbation Method [IV]

To address the procedure of the hybrid Sumudu transform-homotopy
perturbation method, let’s examine a general time-fractional non-linear PDE of the
following form:

Diu(x,y, D = Luxy,p) + Nu(xy,0) + x5, D, (6)
withn — 1 < a < n, the subject to initial conditions

ux,y,0) = fxy), u®y 0 =gxy),
where

Dfu(x,y,t) = caputo fractional derivative,

Lu(x,y,t) = linear term,

Nu(x,y,t) = Non-linear term,

q(x,y,t) = Source term.
Applying Sumudu transform (denoted as S) on each side of (6)

S[Du(xy, D] = S[Lu(xy, D) + Nu®x,y,9) + ¢y, D],
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Using differential property of sumudu transform and initial condition,

n-1
u™oS[ulx,y, D] — Z u @Dy B (xy, 0 = S[Luxy, D + Nuxy, 0 + ¢x.y D],
k=0
This implies
n—-1
S[u(x,y, D] = Z uBf(xy) + usS[Luxy, v + Nuxy, D + x5, 0]
k=0

Applying the inverse Sumudu on each side
n-1

u(xy,) = S Zu(")fk(x.y)

k=0
+STH uS[Lu(xy, D + Nux,y, D + 9y, DI},
Now, apply the homotopy perturbation technique, on each side
Yo P un (3, D) = STHE o u® fs )] +
pSTH{ utS[L(Zilo P uy (5,3, D) + N(ZpZop"Hy () + ¢y, D]} (7)

Matching the similar powers of p on both sides,

p° =up =SYThou®f )],

p" =u, = S‘l{ u’s [L (Z P u,(%,y, ;)) +N <Z p‘-‘Hn(u)> +q9(,y, E)B-
n=0 n=0

whereH, (u) is He’s polynomial

Hn(uOJul'uz: ) = ! [6p (N(Zl ob u ))] ’

By using the values of uy, u4, .... in equation, the approximation for the solution of eq.
(4)is

u(y 0 = lmEop un(xy, 0 = oty +uy +--
This solution generally converges rapidly.

IV.i. Convergence Analysis

This Section contains some theorems to showcase the error analysis and
convergence analysis of the suggested method:

Theorem: Let w(r, t) and w, (7, ©) be defined within the Banach space,
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w(r, ) = XpZo b"wy(r, D), (8)

converges to the solution of the (6), if 3 y € (0, 1) such that
wasa [l < xllwal
See the proof of the theorem in [XIX].

Note: The greatest absolute truncation error of the series solution, given as:
WD) = o wie(r, D] < 2= 1wl
V. Variational Iteration Method [XX VII]
Consider an initial valued differential equation
Lu(t) + Nu(t) =g(t), t>0, 9
u®) = ¢, k=0,1,.m-1,

Where Ldifferential operator of the highest order is, N is the non-linear operator, g(t)
is a known function.

The correction functional for (9) is

Urr (@) = w4 (@) + [ 2D [ (L (1) = Ny (1) — g(©)]d, (10)

Here A(t) is the Lagrange multiplier corresponding to Caputo derivatives. For
fractional derivatives of order a, the Lagrange multiplier is taken as

(_1)m (T _ t)a—l — (T_t)a_l

A = Ila]

(11)
Then the series solution is u(t) = I}im u (t).

VI. Numerical Experiments

In this section, a few numerical experiments are discussed to show the
efficiency and efficacy of the proposed method by comparing the results with the
variational iteration method.

Example 1. Consider the 2-D time-fractional Klein-Gordon equation
3% | 92
Dfu(xy,© - (@ + ;yz) uxy, D +u® = x%y*t, (12)
subject to initial conditions

u(’S’y; 0) = 0' ut()S'y' O) =Xy, ()S'y) € ‘Q" (13)
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The exact solution is:

u(x,y,t) = xyt, fora =2

(a). Solution by STHPM: Applying Sumudu transform on both sides of (12)

a2 92

s[pfutey. 0] = 5[(55 + ) Gs3:0 — v + 570,

By the differential property of the Sumudu transform

- - _ a2

wS[u(xy, O] —uTu(x,y, 0) —ul " "u (x,y,0) = S [(a—)sz +
i) u( t) _uz + 2 th]
ayz) WA YL Xy

Using the initial condition we obtain

SluCx.y, O] = wy + uS | (55 + 25) uGxy, 0 — u? + 2]

Applying the inverse Sumudu transform on each side of the above equation
2 62
— -1 2
u,y,t) = txy + S uS [<a_>s2 + E) u®x,y, D —u? +x%y°%t ]
Applying the homotopy perturbation method on each side of the above equation
ZitoP Uy = Xyt +S7'uS [(;7 + :?) 0"y — Bizo P Hy () + x2y%E],

whereH, (u) is He’s polynomial

Hy (uo, uq, Uy, ) = [ap"( (Zl oDy ))]

Here some of the He’s polynomials are :

HO = uoz, H1 = Zuoul, HZ = u12 + ZuOul, H3 = ZuluZ + 2u0u3, ey
Compare the like powers of p on both sides,

p° =uy = xyt,

pl =U = S_luaS[(uO))g)g + (uo)yy - HO + )S2y2§2] = 0;

pZ =Uy = S_luaS[(ul))g)g + (ul)yy - Hl] = 0:

p3 =Uuz = S_luag[(uz))g)g + (uz)yy - HZ] = O:
and so on. The series solution is

Uy, = XpZoun = Xyt
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which is required exact solution.
(b) Solution by VIM: The solution of 2D TFKGE by variational iteration method.
The initial guess u, = xyt,

From equation (10), we have

t(r — t)a—l
u, (1) = up (1) + f Tl [Dfug — (g + Uoyy) + Ui — X2y?72]dr,
0

By using the properties of Caputo derivatives we get

uy (D) = xyt (1 + r[a1+1])’

)2_ 2242 T3]

_ 1
U2 (D) = Xyt (1 + et I X Tlarsy

— 1\ 5 53 T3 1
us (D) = xyt (1 + F[a+1]) XY Faa) (1 + F[a+1])'
And so on. The series solution for the variational iteration method is
uy, D = lim un (3,1,

For a = 2, the exact solution is u(x,y,t) = xyt.

Solutions

Solutions

Fig.1. Fig. 2.
Example 2: Consider the 2-D time-fractional order Klein-Gordon equation
Dfu(x,y,t) — (% + %) uxy, D +u® =2x%y% - 2x°¢% - 2y*° +xMyMt, (14)
subject to initial conditions
uxy,0 =0, uKy0 =0, x.y) €, (15)
The exact solution is:

u(x,y,t) = x2y?t?, fora =2
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(b). Solution by STHPM: First of all apply the Sumudu transform on each side of
(14), then apply the differential property of the Sumudu transform and initial
condition (15), after applying the inverse Sumudu transform

a2 92
u(x,y,t) = S"1uss [(@ + @) u(x,y,t) —u? + 2x%y? + 2x2¢2% —

Zyztz + >S4y4§4]»

Applying the homotopy perturbation method on each side of the above equation

Z p"u, =S"1u’s <ﬁ + ﬁ) Z p U, —
n=0 3 4 n=0

- 2y°t% + Xty |,

o

p"H,(w) + 2x%y* + 2x2t2
=0

n

whereH, (u) is He’s polynomial. Here some He’s polynomials are
HO = U.OZ, H1 = Zuoul, H2 = u12 + 2u0u1, H3 = 2u1u2 + 2u0u3, oy

Compare the same powers of p on both sides

p° =uy =0,
Pl =u; = STIUS[(ug) s + (Uo)yy — Ho + 2%2y% + 2x212 — 2y*t2 + xty*tt]
a 2+a 2+a 4+
= 2%y — 5 T(3)E——— — 2I(3)y% —= F(5)xty* ——
XY rarn O 3y Oy g T TORY r s

pz =Uy = S_luag[(ul))g)g + (ul)yy - Hl]
2a 2a g2a+2 2a+4

£ Ay P(3) 4 12T(5)KPyt e
rear D T Y Taar D T Ptaar3 T HOXY ot

2a+4

= 4)S2

4,2 ~
+ 12 (5)x*y —F(Za T 5y

and so on. The series solution is given by
u(xy, D = Xihouy = X2y%t, fora =2
which is required exact solution.
(b). Solution by VIM: The solution of 2D TFKGE by variational iteration method.
The initial guess u, = 0,

The values of various iterations from equation (10)
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u (t) _ ZXZyZEO( _ ZXZEOH-Z _ 2y22a+2 2x4y4ga+4
1R% [la+1] Tla+3] T[a+3] T[a+5]

u (t) _ ZXZyZEO( _ 2x2;a+2 _ 2y22a+2 2x4y4;a+4
23% [la+1] Tla+3] TC[a+3] Tla+5] ’

u (t) _ ZXZyZEO( _ 2x2;a+2 _ 2y22a+2 2x4y4;a+4
3\% [la+1] Tla+3] TC[a+3] Tla+5] "

And so on. The series solution for the variational iteration method is

uxy, P = lim up (33,0,

For a = 2, the exact solution is u(x,y, ) = x2y?t>.

oy

v
i
0
0L s
e
i

N
.
!

Solutions

-
|

e

rno
P2

Fig. 3. Fig. 4.

Example 3: Consider the 2-D time fractional sine-Gordon equation

2a a 9 | o7
Defu(x,y, D) + Dfu(x,y, 1) — (@ + ;yz) u(xy, 0+

2sinu — 2 sin[e %1 — cos mx) (1 — cosmy)] + m2e~{[cos mx + coswy —

2 cosmxcosmy] = 0, (16)
0<ac=<sl1
subject to initial conditions
u(x,y,0) = (1 — cosmx)(1 — cosmy),
w (x%,y,0) = —(1 — cosmx)(1 — cos my), (x,4) €Q, @an

The exact solution is: u(x,y,t) = e %(1 — cos x)(1 — cos my).

Note that if ¢ = 1, then the 2-D time fractional sine-Gordon equation becomes the 2-
D sine-Gordon equation.

(a). Solution by STHPM: First of all apply the Sumudu transform on each side of
(16), then apply the differential property of the Sumudu transform and initial
condition (17), after applying the inverse Sumudu transform
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—t -1 uZDt aZ
ux,y,t) = e *(1 —cosmx)(1 —cosmy) + S {ES (ﬁ +

2
;?) u(x,y,t) — 2sinu + 2 sin[e ™*(1 — cos tx) (1 — cosmy)] —

Apply homotopy perturbation method

® u2a 92 92 had had

anu =§1 S|l —+— Zp’-‘u —ZZp‘-’H (w)
n 1+u 0x2  Oy? n n

n=0 n=0 n=0

+ 2sin[e %1 — cos x) (1 — cosy)]

— m?e Hcosx + cosmy — 2 cos wx cos my] |,

whereH, (u) is He’s polynomial. Here some He’s polynomials are

2
. Uy .
Hy =sinuy, H; =uycosuy, H,=-— <T> sinug + u, cosug,
uy 3 .
Hy = — ) COSUo + uqu, sinug + Uz CoS Uy,

And so on. Comparing the like powers of p on both sides,

p° = ug = e 51 — cosmx)(1 — cosmy),

2a
pt=u, = S i,_us[(uO)xx + (ug)yy — 2Hp + 2 sin[e (1 — cos mx) (1 —

cosmy)] — m2et[cos X + cosmy — 2 cos wx cos my]],

>u =0,

Loy, = s1ig 2H,} =0
p=uU; = 1+u {(ul))g)g + (ul)yy - 1} =Y

U,3 = O,U,4 = 0, ceey
The series solution is given by

u(x,y, P = XpZouy = e H(1 — cosmx)(1 — cosmy).
which is required exact solution.

(b). Solution by VIM: The solution of 2D TFKGE by variational iteration method.
The initial guess uy = e *(1 — cos x) (1 — cos y),

This question yields the same type of solution as the previous questions.
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For a = 2, the exact solution is: u(x,y,t) = e "*(1 — cos x)(1 — cos my).

Mh»

;s *'o’ ‘\\ t!\\“
;/// \\\\ ‘\\v \\\\‘,

=
o

Solutions
-

Fig. 5

VII. Results and discussion

The findings demonstrate that the Sumudu Transform Homotopy
Perturbation Method (STHPM) vyields quicker convergence and requires simpler
computations for time fractional PDEs, making it more efficient than the
computationally intensive Variational Iteration Method (VIM). Several diagrams
have been generated utilizing the Sumudu Transform Homotopy Perturbation
Method. Figure 1 and Figure 2 show the physical and dynamic behavior of the
solutions of example 1 at different values of t. Figure 3 and Figure 4 show the
physical and dynamic behavior of the solutions of example 2 at different t. Figure 5
and Figure 6 show the physical and dynamic behavior of the solutions of example 3
at different values of t.

VIII. Conclusion

In this study, we employed the sumudu transform-homotopy perturbation
method (STHPM) to solve the 2-D time fractional Klein-Gordon and the 2-D time
fractional sine-Gordon equations. By tackling the challenges posed by the time
fractional components, our approach contributes to a deeper understanding and more
effective analytical handling of these problems.

Our findings indicate that STHPM delivers precise and efficient solutions, accurately
reflecting the physical phenomena described by these equations. This method
simplifies the computational process while ensuring convergence to the exact
solution, highlighting its potential for broader applications in the field of fractional
differential equations.

Future research could explore the application of STHPM to higher-dimensional
fractional differential equations and more complex coupled systems. Comparative
studies with other numerical and analytical methods could further validate and
enhance the robustness of the Sumudu transform-homotopy perturbation method.
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In conclusion, the application of STHPM to the 2D-TFKGE and 2D-TFSGE
demonstrates its effectiveness and opens new pathways for its application in solving
fractional differential equations.
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