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Abstract

To solve differential equations, we utilize an extended Laplace-ARA
transform result that we offer in this work to verify the existence of other pertinent
theorems.
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I. Introduction

Partial differential equations can be solved using integral transforms.
Applications to numerous phenomena in the fields of mathematics, physics,
engineering, and other sciences. The differential equation is used in the writing of this
kind of application [I-VI] [XII-XV]. Integral transforms can be equally utilized to
solve both integral and integral differential equations [V11-XI] [XVI-XX]. Therefore,
this triple integral transform gives us a quick and effective way to convert an integral-
differential problem into an algebraic equation and get precise answers. Integral,
partial, and integral-partial differential equations have all recently been solved using
this technique.

1. ntorder ARA Transform:

A generalization of n" order ARA transform of the continuous function f(t)
on the interval [0, o) is defined as

Golf®)] =Qn,s) = Sf:O t"le Stf(t)dt,s > o,n =1,2,3 (1)
and its inverse
Gt (G (F(D] = T2 [T 65t Q(s)ds = £(8) 2)
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Some basic results of ARA Transform of order n:

(i) Ga[1] = 23

.. '(m+
(il). Gy [t"] = Tt

(iii). G, [e®] = 220

T (s—a)n

(V). Gy [Sin(at)] = (1 + :—22)_;Sl_"f‘(n)Sin(m:an_1 (%))
. _ i i 1 1
1. Triple Laplace-ARA Transform of order one (TL-ARAT)

Here a new integral transform TL-ARAT that combines the Laplace
transform and the ARA transform is introduced. We present some basic results
concerning the existence conditions. We first recall that the ARA transform of order
one of a piecewise continuous function f(t) on [o, «) defined as

Glf (D] =Q(s) =5 e st f(D)dt, s >0 )
On the other hand, the Laplace transform of the function f(x) is defined as
LIf()] = F(s) = [ e™*f(x)dx, s >0 @

In the following, we introduce some basic results of the Laplace transform and ARA
transform.
Letf (x) andg(x) be two continuous functions on the interval[o, «).

Then

Llaf (x) £ bg()] = aL[f(0)] £ bL[g(x)] (5)
LIF (0] = sF(s) — (o) ©)
LOM = 5t ™
L[e*] = ﬁ 8)

Similarly, let f(t) and g(t)be two continuous functions on the interval [o, «), then
ARA transform results are defined

Glaf(t) £ bg(t)] = aG[f ()] £ bG[g(0)] (9)
G[f' ()] = sQ(s) — sf(0)] (10)
G[t" == (11)
Gle™] = = (12)
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Whereaandb are nonzero constants,n = 0,1,2,3

Definition:
Letu (x, y, t) be a continuous function and three positive variables x, y and t .Then
TL-ARAT of u (x, y,t) is defined as
LGluCx,y, 01 = Q,q,8) = gqs [y [, [, e” PP+ D[u(x,y,0)]dxdydt p,q,s > 0 (13)
Clearly, the TL-ARAT is a linear integral transform as shown below:
LG[Au(x,y,t) + Bw(x,y,t)]

~as |

j e~ Px+ay+sti[ Ay (x, y,t) + Bw(x,y, t)]dxdydt
QR0
:Asq_[ fj e~ Px+ay+sy(x, y, t)dxdydt
0
00

+ BSqfff e_(px+qy+5t)[W(X,y,t)]dXdydt
0
00

=ALG [u(x, y,t)]+BLG[w (X,y,1)]
Where A and B are constants and its inverse of the TL-ARAT is defined as
TR, q,9)] =

1 c+ioo 1 d+io 1
2_7Tifc—ioo epxdp (Z_m) fd—ioo eqydq (2_71'1)
TL-ARAT of Some Basic Functions:

(). Letu(x,y,t) =1,x >0,y > 0,t > 0 then
LG = gs [ Jy Jy " ®**@**Vdxdyde =
fgoe‘(px)dx.qfgoe‘(qy)dy.sfgoe‘“dt =1, Re(s),Re(p),Re(q) > 0 (15)

fT+lOO e’

r—io TQ(p q,s)ds = u(x,y, t)(14)

(ii). Letu(x, y, t) = x*yPt¥, x > 0,y > 0,t > 0 anda, B,y are constants.
Then

LG[x%yPtY] = sqf f f e~ Pxray+slyayBev|dxdydt
0 0 0
= Jy eP*[x*1dxq [} e [yF]dys [ e~ [¢"]dt = L[x*]L[y*]G[t"] (16)
Using equations (7) and (14) we get
LG[x*yPtY] = L[x“]L[yP]G[t"] =
> 1,andRe(y) > 0.

al Bly!

m ,Re(a) > 1,Re(ﬁ)

(ii). Let u(x,y,t) = e@+By+¥) x>0, y >0, t > 0 anda, B,y are constants.
Then

LLG = [eax+By+yt] = Sqf j f e (ax+By+yt) [e—(px+qy+st)] dxdydt
o Jo Jo

= fw[e“x]e_pxdxq fw[eﬁy]e_qydys fw[eyt]e_Stdt = L[e®™]L[efY]G[e"!]
0 0 0
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From the above equation (8) and equation (12) we get

LLG[e®**+Ay+7t] = TR iﬁ)(s ) ,Re(a) + Re(B) + Re(s) > 0,

Similarly,

i(ax+By+yt)] — S
LLGle = wa-—we-m
Using the property of complex analysis, we have
(p* + a®)(q* + B2 (s> +v?)
_s(pq — ipB + iaq — af)(s + iy)
(P2 +a?) (@ + BA(sE+y?)
_ s(pgs + ipqy + ipPs — pBy + iaqs — aqy — afs — iafy)
B (p? + a?)(q? + B2)(s2 +v?)
_ (pqs® + pBys — aqsy — aBys?) + i(pqsy + pBs® + ags® — aBys)
B (% + a®)(q? + B2)(s? +v?)

Using the Euler’s formulas:

. ix _ e—ix p eix + e—ix
inx = andcosx = ——
2 2
and the formulas:
] eX¥ —e™* eX+e*
Sinhx = Tand coshx = >

Therefore, we conclude with the following results:

LLG[sinCax + By + )] = (j,ipjy;)’gff N e ‘i‘fﬁi)
LLG[cos( ax + By +1)] = (;?f;;gfl g ‘fji)
LLGlsinh(ax + By + o)) = gt PEE SRS A
LLGleos h (ax + By +y0)] = P TP C Z

cloys =as [ [ [ w050 ar
0 0 0

= | DoeDe P dxg [ Do(ay5Dle ey s [ Jo(ay0]e e

© 3
= qsf esa te Stdt
0
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From equation (12) we get

t
LLG[Jo (A/x0)] = s + ]

(V). Letu(x,y,t) = f(x) g(t),x > 0,t > 0. Then

LLG [f{0)gCOR()] = sq f i f i f emprrayest (g (x)h(x)] dxdy dt
0 0 0

[ee} 0

e P[g(x)]dy. sf e St[h(x)]dt

0

- fo eIl [

0

= L[fex) L[g(x)] G[h(x)]
IV. Existence of TL-ARAT:

Letu(x,y, t) be a function of exponential order a, B,and y.Then it is defined as x —
o,y = coandt — oifthereexistsa + veNsuchthatVx > X,Vy >Y andt > T, we
have |u(x,y,t)| < Ne®**+By+rt

We can writeu(x, y, t) = o(e®**FY+rt) gsx — o0,y — wandt - o, p > a,q >
Bands > vy.

Theorem (1): Let(x, y, t) be a continuous function of exponential order o, Band y.
Then LLG [u(x,y,t)] existsforp, qandsprovided Re(p) > a, Re(q) >
pandRe(s) >y

Proof: Using the definition of TL-ARAT, we have

1Q(p,q,5)| = Sqf f f e~ PX+ay+s dxdydt
< sq f f f e~ Px+ay+st) |y(x, y, t)|dxdydt
SNf e~ - “)xdxqf e~(a@- B)ydysf e~6Ntge
0 0 0
Ngs

= mRe(p) > a,Re(q) > BandRe(s) >y .

Theorem2: Let u(x, y, t)be a continuous function and LLG [M] =Q(p,q,s).

Then LLG[e@*AY*1Dy(x,y,t)] = —=—Q(@ —a,q — B,s —¥)

(q- ﬁ)(S Y)
Proof: We have

LLG[e ax+By+ytu(x, y, t)]
= sq f j j e~ - OX-@-BY=(-Nt [y (x, y, 1) dxdydt
0 0 0
o« Bs—v)
=————Q@-aq—Bs—vy
CE e R
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Theorem (3): Let LLG[u(x,y,t)] exists where u (x,y,t) is a periodic function of
periods a, fandysuchthat

ux+a,y+p,t+y) =ulx,y t)vx,y,t
Proof: Using the definition of TL-ARAT, we get
LLG[u(x,y, )] =sq []" [ [ e @ D+sO[u(x,y, 0)|dxdydt (17)

Using the property of improper integral of the above equation (17) can be written as

C

LLG[u(x,y.t)]=sq

O ==y R

B 7
jje‘( PX-+0y+st) [u(X, y,t)]dxdydt
00

00 00 00

+sq] [ Je P u(x, y,t)dxdydt (18)

apy

Puttingx = a + p,y = B + @andt = y + t on the second integral in equation (18)
we get

Q. a,5) = sq fy [V [¥ e~ av+sOu(x, y, 0)]dxdydt +
sq fgo fgo f(;”e—(p(a+p)+q(ﬂ+<p)+s(y+r) (u(a +p, B + @, v +1))dpdodr (19)

Using the periodicity of the function u(x, y, t) the above equation (19) can be written
as

a rB rv
0. 4.5) = 5q f f fe-<vx+qy+5f>[u(x,y.t)]dxdydt+
0 0 0

e~Patabrsisq [° [° [ " e~ ®PraetsD[y(p, o, 7)]dpdepdt (20)
Using the definition of TL-ARAT we have

a B rv
Q. q,8) =sq f f f e~ PX+ay+sOy(x, y, t)]dxdydt +
0 0 0

e—(pa+qy+st)Q(p’ q, s) (21)
Then the equation (21) can be simplified into

1 a B ry
.0.9) = e 0 | | [ e O,y 0ldudydo),
0 0 0

Theorem (4). Let LLG [u(x,y,t)] exist and LLG [u(x,y,t)] = Q(p, q, s) then

LLG [u(x = 8,y — p,t = §)] = e~ @30+ (p, q, 5) (22)
Where

H(x — 6,y — p,t — {)is the Heaviside unit step function defined as

1,x>6,t>¢

Hx—=68y—pt=0) ={0,0therwise
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Proof: Using the definition of TL-ARAT, we get

o o - —(px+qy+st) _ _ _
LyLyGlu(x — 8,y —p,t —&)] = Sqf f fo e (ux—-8,y—-pt—9%
0 70 H(x —d,y — p,t — §))dxdydt
=sq f(;’o f;o foooe—(px+qy+st) (u(x —8y—pt— E))dxdydt (23)
Puttingx — 8 = p, y — p = pandt — & = t in the above equation (23) we get

LxLyGt[u(x - 5;}’ —pt— E)H(x - S'y —p,t— f)] =
sq fy o Jy e PPt =T Dy (p, o, 1)dp, dg, dr (24)

Then (24) can be simplified into
LxLyGt[u(x - 6,}/ —pt— E)H(X - 6'}} —pt— E)]
= e‘p‘s‘q""sfsqf f f e~ PP—qp—s¢ (u(p, (p,r))dp, do,dt
0o J0 Y0

= eP079975%Q(p, q,9).
Theorem (5):
LetL,L,G[u(x,y,t)] and L,L,G[w(x,y,t)]are exists and

LxLyGt[u(x' Y, t)] = Q(p' q, S)
LyLyGw(x,y,0)] = W(p,q,s)
Then

LiLyGe[w=x w(x,y,0] = - 00,4, )W (9,4, 5) (25)

X ry rt
S uxw(x,y,t) = f f f u(x—p,y—@,t —t)wip, ¢, 1)dp,de,dt
0 Jo0 “o
Where the symbol ** denotes the triple convolution w.r. tox, yandt

Proof: Using the definition of TL-ARAT, we get
LyLyGelu =+x w(x,y,t)] = sq f f f e~ PX+aY+SD (3 sk w(x, y, t) ) dxdydt
o J0 YO

=sq [ Jy J e PO [° [Tulx — p,y — ¢, t — 1) wlp, 9, T)dxdydt (26)

Using the Heaviside unit step function the above equation (26) can be written as

LxLyGt[u***W(x:y:t)]=f f fW(p,qo.T)dp.d%dT
0 0 0
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(Sqf f f e PCHP=aG+P)=s(t+D) g (x — p,y — @, t
0o J0 Y0

—1)H(X —p,y — @, t — 1) dxdydt

= f f f W (p, 9, 7)dp, do, dt(e"P*=97=5DQ(p, q, 5))
0 0 0

o0 o0 o0 1
=Q(p.q,5) f f f e PPTI9™STw(p, @, T)dp, dp,dT = QQ(p,q,s) W(p,q,s)
0 0 0

Theorem (6):
Let u(x,y,t) be a continuous function and

LyLyG, [au(;'ty‘t)] = Q(p, q, s). Then we get the following result:
. ou(xy,t
(I)' LxLyGt »%] = SQ(p' q'S) - SL [u(x' y' 0)]
(D). LelyGe [*229] = pQ(p,q,5) - G [u(o,y, )]
[02u(x,y,t ou(x,yot
(). LelyG [0 = 52Q(p, q,5) — s?Lu(x, y,0)] — sL [ &2

. [92u(x,y, du(oy,
(V). LybyGe [0 = p2Q(p,q,5) - pGlulo,y, t)] — G [£22)]
Ll
W) LelyGe [ 2022] = pasQ(p, a.5) — pasGlu(o,y, )] - pasLlu(x,y,0)] +
sG[u(o,0,0)]
Proof (i).Now

ou(x,y,t Qe re ou(x,y,t
LxLyGt I:%:I = Sqf f f e_(px+qy+5t) I:%:l dxdydt
o Jo Jo

Ju(x,y.t)
at

= [, e P¥dx. q [ e ¥dy. sfowe‘St[ ]dt (27)
Using the integration by parts we get
Let u = e 5t = du = —se~Stdt

dp = [au(x, y,t)

ot ]dt:p=u(x,y,t)

Thus

dt

du(x,y,t)
at

= u(xy,t N
S_f e—St (M) dt = s(—u(x,y,0) + Sf €_Stu(x. y, t)dt
o 0

- LyLyGe [Z522] = 50(p,q,5) - sL[u(x,y,0)] (28)

.. du(x,y,t) 0 O OO _ du(x,y,t)
(ii). LxLyGt[ u;cxy ]= sqf, J, I, e (px+qy+st) [%] dxdydt

0 0 0 9 Yt
= sf e St dt. qf e_qydy.f e Px [MJ dx
0 0 0 0x
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Using integrating by parts, we get

Letu = e P* = du = —pe P*dx
du(x,y,t
=%dx =>v=u(xy,t)
Then
© _rdu(x,y,t) ©
j e PX (—) dx = (—u(o,y,t) + pf e P u(x,y, t)dx
0 0x 0
)
s LeLyGe [M€29] = pQ(p, q,5) — Glu(o,y,t)] (29)
(iii). LyL,Ge [a OO = 5q [y J) g emxravtsy [d 20| dxdydt

o) 0 0 azu X, ,t
=f e PXdx. qf e‘qydysf e st # dt
0 0 0 ot

Using integrating by parts, we get

Letu = e™5t = du = —se~Stdt
2
dp = 9 ua(fzy ) dt =>p= —au(;;y't) . Thus

© 0%u(x,y,t) ou(x,y,0) 0 ou(x,y,t)
—st — _ —st
Sfo e <—6t2 >dt s[ T ] + SJ;) e ( R )dt)

Using equation (28) we have
LiLyGe [Z4529) = 520(p,q,5) - s?L[u(x,y,0)] — sL [2C22]  (30)

(iv). Ly Ly G, [a u(xyt) = sq fooo fooo fgoe‘(p”qy“t) [—azua(f;y’t)] dxdydt

0 0 © aZu x,y,t
= sf e Stdt. qf e‘qydyf e PX # dx
0 0 0 0x

Using integrating by parts, we get

Letu = e P* = dx = —peP*dx

dy = d%u(x,y,t) P du(x,y,t)
VT o2 TEVE T

© [0%u(x,y,t) du(o,y,t) e (ulxy,t)
Joep[ dx? ] ( dx pjoep< ox )dx

Thus
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Using the equation (29) in above, we have

02 du(oy,
LyLyGe [25529] = p2Q(p,,5) — pGlulo,y,0)] - 6 [2222] (31

Bulxy.t) - Bulxy.t)
(V)'LxLyGt[ 61;6};33/15] 5q f f f € (px+qy+5t)[ auaxgt ]dxdydt

oo —St 3 © 3 ©
d°u(x,y,t) d°u(x,y,t)
= _ -qy | _—__~ " 7 —-px
Sfo ¢ < dxdyat dtqfo ¢ < oxayar ) ? fo e dx

Using integrating by parts, we get

3u(x,y,t)
—(px+qy+st) ’
sqf f j < Ixdy ot )dxdydt

e J‘ au(o Y, t)) gt

N jw —ay (au(x 0 t))d
e —
0 dy Y 5
0 0 o0 : , t
0o J0 YO ot

and using equation (28) and (10) we have

3ulxy,t)
LelyGe | SGrom| = pasQ(p, a,5) — psaGlu(o,, 6)]

—pqsLlu(x,y,0)] + sG[u(o,0,0)] (32)
V. Conclusion

This type of work introduces a new triple transform method termed Laplace —
ARA transform. The theory and the properties of the TL-ARAT are disclosed. This
innovative approach has shown remarkable efficiency in solving integral equations
and achieving a much higher degree of integral equations.
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