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Abstract 

To solve differential equations, we utilize an extended Laplace-ARA 

transform result that we offer in this work to verify the existence of other pertinent 

theorems. 

Keywords: ARA transform, Laplace transform, Triple Laplace-ARA transform, 

Volterra Integral equation, Volterra-integrodifferential equation, and integro-partial 

differential equation  

I.    Introduction 

 Partial differential equations can be solved using integral transforms. 

Applications to numerous phenomena in the fields of mathematics, physics, 

engineering, and other sciences. The differential equation is used in the writing of this 

kind of application [I-VI] [XII-XV]. Integral transforms can be equally utilized to 

solve both integral and integral differential equations [VII-XI] [XVI-XX]. Therefore, 

this triple integral transform gives us a quick and effective way to convert an integral-

differential problem into an algebraic equation and get precise answers. Integral, 

partial, and integral-partial differential equations have all recently been solved using 

this technique. 

II.   nth order ARA Transform:  

A generalization of nth order ARA transform of the continuous function f(t) 

on the interval [0, ∞) is defined as 

  𝐺𝑛[𝑓(𝑡)] = 𝑄(𝑛, 𝑠) = 𝑠 ∫ 𝑡𝑛−1𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡
∞

𝑜
, 𝑠 > 𝑜, 𝑛 = 1,2,3   (1) 

and its inverse 

𝐺𝑛+1
−1 [𝐺𝑛+1(𝑓(𝑡)] =

(−1)2𝑛

2𝜋𝑖
∫ 𝑒𝑠𝑡𝑄(𝑠)𝑑𝑠 = 𝑓(𝑡)

𝑐+𝑖∞

𝑐−𝑖∞
    (2) 
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Some basic results of ARA Transform of order n: 

(i). 𝐺𝑛[1] =
Γ(𝑛)

𝑠𝑛−1 

(ii). 𝐺𝑛[𝑡𝑛] =
Γ(𝑚+𝑛)

𝑠𝑚+𝑛−1 

(iii). 𝐺𝑛[𝑒𝑎𝑡] =
𝑠Γ(n)

(𝑠−𝑎)𝑛 

(iv). 𝐺𝑛[𝑆𝑖𝑛(𝑎𝑡)] = (1 +
𝑎2

𝑠2 )
−

𝑛

2
𝑠1−𝑛Γ(n)Sin(𝑛𝑡𝑎𝑛−1 (

𝑎

𝑠
)) 

(v). 𝐺𝑛[𝑆𝑖𝑛ℎ(𝑎𝑡)] =
𝑠

2
Γ(n)

1

𝑠n [
1

(1−
𝑎

𝑠
)

n +
1

(1+
𝑎

𝑠
)

n] 

III.    Triple Laplace–ARA Transform of order one (TL-ARAT) 

Here a new integral transform TL-ARAT that combines the Laplace 

transform and the ARA transform is introduced. We present some basic results 

concerning the existence conditions. We first recall that the ARA transform of order 

one of a piecewise continuous function f(t) on [𝑜,∞) defined as 

  𝐺1[𝑓(𝑡)] = 𝑄(𝑠) = 𝑠 ∫ 𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡, 𝑠 > 𝑜
∞

𝑜
       (3) 

 On the other hand, the Laplace transform of the function 𝑓(𝑥) is defined as  

  𝐿[𝑓(𝑥)] = 𝐹(𝑠) = ∫ 𝑒−𝑠𝑥𝑓(𝑥)𝑑𝑥, 𝑠 > 𝑜
∞

𝑜
     (4) 

In the following, we introduce some basic results of the Laplace transform and ARA 

transform. 

Let𝑓(𝑥) 𝑎𝑛𝑑𝑔(𝑥) be two continuous functions on the interval[𝑜,∞). 

Then  

𝐿[𝑎𝑓(𝑥) ± 𝑏𝑔(𝑥)] = 𝑎𝐿[𝑓(𝑥)] ± 𝑏𝐿[𝑔(𝑥)]     (5) 

𝐿[𝑓 ′(𝑥)] = 𝑠𝐹(𝑠) − 𝑓(𝑜)       (6) 

𝐿(𝑥𝑛) =
𝑛!

𝑠𝑛+1        (7) 

𝐿[𝑒𝑎𝑥] =
1

𝑠−𝑎
         (8) 

Similarly, let 𝑓(𝑡) and 𝑔(𝑡)be two continuous functions on the interval [𝑜,∞), then 

ARA transform results are defined  

  𝐺[𝑎𝑓(𝑡) ± 𝑏𝑔(𝑡)] = 𝑎𝐺[𝑓(𝑡)] ± 𝑏𝐺[𝑔(𝑡)]     (9) 

𝐺[𝑓 ′(𝑡)] = 𝑠𝑄(𝑠) − 𝑠𝑓(0)]       (10) 

𝐺[𝑡𝑛] =
𝑛!

𝑠𝑛         (11) 

𝐺[𝑒𝑎𝑡] =
𝑠

𝑠−𝑎
         (12) 
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Where𝑎𝑎𝑛𝑑𝑏 are nonzero constants,𝑛 = 0,1,2,3 

Definition: 

 Let 𝑢 (𝑥, 𝑦, 𝑡) be a continuous function and three positive variables 𝑥, 𝑦 𝑎𝑛𝑑 𝑡 .Then 

TL-ARAT of 𝑢 (𝑥, 𝑦, 𝑡) is defined as 

       𝐿𝐺[𝑢(𝑥, 𝑦, 𝑡)] = 𝑄(𝑝, 𝑞, 𝑠) =  𝑞𝑠 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)[𝑢(𝑥, 𝑦, 𝑡)]𝑑𝑥𝑑𝑦𝑑𝑡 𝑝, 𝑞, 𝑠 > 0
∞

0

∞

0

∞

0
 (13) 

Clearly, the TL-ARAT is a linear integral transform as shown below:  

  𝐿𝐺[𝐴𝑢(𝑥, 𝑦, 𝑡) + 𝐵𝑤(𝑥, 𝑦, 𝑡)] 

= 𝑞𝑠 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)[𝐴𝑢(𝑥, 𝑦, 𝑡) + 𝐵𝑤(𝑥, 𝑦, 𝑡)]𝑑𝑥𝑑𝑦𝑑𝑡
∞

0

∞

0

∞

0

 

= 𝐴𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)[𝑢(𝑥, 𝑦, 𝑡)𝑑𝑥𝑑𝑦𝑑𝑡
∞

0

∞

0

∞

0

+  𝐵𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)[𝑤(𝑥, 𝑦, 𝑡)]𝑑𝑥𝑑𝑦𝑑𝑡
∞

0

∞

0

∞

0

 

 =ALG [u(x, y,t)]+BLG[w (x,y,t)] 

Where A and B are constants and its inverse of the TL-ARAT is defined as 

𝐿−1[𝐺−1[𝑄(𝑝, 𝑞, 𝑠)] =  
1

2𝜋𝑖
∫ 𝑒𝑝𝑥𝑑𝑝 (

1

2𝜋𝑖
)

𝑐+𝑖∞

𝑐−𝑖∞ ∫ 𝑒𝑞𝑦𝑑𝑞
𝑑+𝑖∞

𝑑−𝑖∞
(

1

2𝜋𝑖
) ∫

𝑒𝑠𝑡

𝑠
𝑄(𝑝, 𝑞, 𝑠)𝑑𝑠 = 𝑢(𝑥, 𝑦, 𝑡)

𝑟+𝑖∞

𝑟−𝑖∞
(14) 

TL-ARAT of Some Basic Functions:  

(i). Let 𝑢(𝑥, 𝑦, 𝑡) = 1 , 𝑥 > 0 , 𝑦 > 0, 𝑡 > 0 then 

𝐿𝐺[1] = 𝑞𝑠 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)𝑑𝑥𝑑𝑦𝑑𝑡 =
∞

0

∞

0

∞

0
  

∫ 𝑒−(𝑝𝑥)𝑑𝑥. 𝑞 ∫ 𝑒−(𝑞𝑦)𝑑𝑦. 𝑠 ∫ 𝑒−𝑠𝑡𝑑𝑡 = 1, 𝑅𝑒(𝑠), 𝑅𝑒(𝑝), 𝑅𝑒(𝑞) > 0
∞

0

∞

0

∞

0
  (15) 

(ii). Let𝑢(𝑥, 𝑦, 𝑡) = 𝑥𝛼𝑦𝛽𝑡𝛾, 𝑥 > 0, 𝑦 > 0, 𝑡 > 0 𝑎𝑛𝑑𝛼, 𝛽, 𝛾 are constants. 
Then  

𝐿𝐺[𝑥𝛼𝑦𝛽𝑡𝛾] = 𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)[𝑥𝛼𝑦𝛽𝑡𝛾]𝑑𝑥𝑑𝑦𝑑𝑡
∞

0

∞

0

∞

0

 

= ∫ 𝑒−𝑝𝑥[𝑥𝛼]𝑑𝑥𝑞
∞

0 ∫ 𝑒−𝑞𝑥[𝑦𝛽]𝑑𝑦𝑠 ∫ 𝑒−𝑠𝑡[𝑡𝛾]𝑑𝑡 = 𝐿[𝑥𝛼]𝐿[𝑦𝛽]𝐺[𝑡𝛾]
∞

0

∞

0
  (16) 

 

Using equations (7) and (14) we get 

𝐿𝐺[𝑥𝛼𝑦𝛽𝑡𝛾] = 𝐿[𝑥𝛼]𝐿[𝑦𝛽]𝐺[𝑡𝛾] =
𝛼! 𝛽! 𝛾!

𝑝𝛼+1𝑞𝛽+1𝑠𝛾
 , 𝑅𝑒(𝛼) > 1, 𝑅𝑒(𝛽)

> 1, 𝑎𝑛𝑑𝑅𝑒(𝛾) > 0.  

(iii). Let 𝑢(𝑥, 𝑦, 𝑡) = 𝑒(𝛼𝑥+𝛽𝑦+𝛾𝑡), 𝑥 > 0, 𝑦 > 0, 𝑡 > 0 𝑎𝑛𝑑𝛼, 𝛽, 𝛾 are constants. 

Then 

𝐿𝐿𝐺 = [𝑒𝛼𝑥+𝛽𝑦+𝛾𝑡] = 𝑠𝑞 ∫ ∫ ∫ 𝑒(𝛼𝑥+𝛽𝑦+𝛾𝑡)[𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)]
∞

0

∞

0

∞

0

𝑑𝑥𝑑𝑦𝑑𝑡 

= ∫ [𝑒𝛼𝑥]𝑒−𝑝𝑥𝑑𝑥
∞

0

𝑞 ∫ [𝑒𝛽𝑦]𝑒−𝑞𝑦𝑑𝑦
∞

0

𝑠 ∫ [𝑒𝛾𝑡]𝑒−𝑠𝑡𝑑𝑡
∞

0

= 𝐿[𝑒𝛼𝑥]𝐿[𝑒𝛽𝑦]𝐺[𝑒𝛾𝑡] 
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From the above equation (8) and equation (12) we get 

LLG[𝑒𝛼𝑥+𝛽𝑦+𝛾𝑡] =
𝑠

(𝑝 − 𝛼)(𝑞 − 𝛽)(𝑠 − 𝛾)
 , 𝑅𝑒(𝛼) + 𝑅𝑒(𝛽) + 𝑅𝑒(𝑠) > 0,  

Similarly, 

LLG[𝑒𝑖(𝛼𝑥+𝛽𝑦+𝛾𝑡)] =
𝑠

(𝑝 − 𝑖𝛼)(𝑞 − 𝑖𝛽)(𝑠 − 𝑖𝛾)
 

Using the property of complex analysis, we have 

LLG[𝑒𝑖(𝛼𝑥+𝛽𝑦+𝛾𝑡)] =
𝑠(𝑝 + 𝑖𝛼)(𝑞 + 𝑖𝛽)(𝑠 + 𝑖𝛾)

(𝑝2 + 𝛼2)(𝑞2 + 𝛽2)(𝑠2 + 𝛾2)
 

=
𝑠(𝑝𝑞 − 𝑖𝑝𝛽 + 𝑖𝛼𝑞 − 𝛼𝛽)(𝑠 + 𝑖𝛾)

(𝑝2 + 𝛼2)(𝑞2 + 𝛽2)(𝑠2 + 𝛾2)
 

=
𝑠(𝑝𝑞𝑠 + 𝑖𝑝𝑞𝛾 + 𝑖𝑝𝛽𝑠 − 𝑝𝛽𝛾 + 𝑖𝛼𝑞𝑠 − 𝛼𝑞𝛾 − 𝛼𝛽𝑠 − 𝑖𝛼𝛽𝛾)

(𝑝2 + 𝛼2)(𝑞2 + 𝛽2)(𝑠2 + 𝛾2)
 

=
(𝑝𝑞𝑠2 + 𝑝𝛽𝛾𝑠 − 𝛼𝑞𝑠𝛾 − 𝛼𝛽𝛾𝑠2) + 𝑖(𝑝𝑞𝑠𝛾 + 𝑝𝛽𝑠2 + 𝛼𝑞𝑠2 − 𝛼𝛽𝛾𝑠)

(𝑝2 + 𝛼2)(𝑞2 + 𝛽2)(𝑠2 + 𝛾2)
 

Using the Euler’s formulas: 

𝑆𝑖𝑛𝑥 =
𝑒𝑖𝑥 − 𝑒−𝑖𝑥

2
𝑎𝑛𝑑 cos 𝑥 =

𝑒𝑖𝑥 + 𝑒−𝑖𝑥

2
 

and the formulas: 

𝑆𝑖𝑛ℎ𝑥 =
𝑒𝑥 − 𝑒−𝑥

2
𝑎𝑛𝑑 cos ℎ𝑥 =

𝑒𝑥 + 𝑒−𝑥

2
 

Therefore, we conclude with the following results: 

LLG[sin( 𝛼𝑥 + 𝛽𝑦 + 𝛾𝑡)] =
𝑠(𝑝𝑞𝛾 + 𝑝𝛽𝑠 + 𝛼𝑞𝑠 − 𝛼𝛽𝛾)

(𝑝2 + 𝛼2)(𝑞2 + 𝛽2)(𝑠2 + 𝛾2)
 

LLG[cos( 𝛼𝑥 + 𝛽𝑦 + 𝛾𝑡)] =
𝑠(𝑝𝑞𝑠 + 𝑝𝛽𝛾 − 𝛼𝑞𝛾 − 𝛼𝛽𝑠)

(𝑝2 + 𝛼2)(𝑞2 + 𝛽2)(𝑠2 + 𝛾2)
 

LLG[sin h(𝛼𝑥 + 𝛽𝑦 + 𝛾𝑡)] =
𝑠(𝑝𝑞𝛾 + 𝑝𝛽𝑠 + 𝛼𝑞𝑠 − 𝛼𝛽𝛾)

(𝑝2 − 𝛼2)(𝑞2 − 𝛽2)(𝑠2 − 𝛾2)
 

LLG[cos h ( 𝛼𝑥 + 𝛽𝑦 + 𝛾𝑡)] =
𝑠(𝑝𝑞𝛾 + 𝑝𝛽𝑠 + 𝛼𝑞𝑠 − 𝛼𝛽𝛾)

(𝑝2 − 𝛼2)(𝑞2 − 𝛽2)(𝑠2 − 𝛾2)
 

(iv)𝐿LG[J0(λ√xt) = qs ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)[J0(λ√xt)]
∞

0

∞

0

∞

0

𝑑𝑡 

= ∫ [J0(λ√xt)]e−px
∞

0

𝑑𝑥𝑞 ∫ [J0(λ√xt)]e−qydy  s ∫ J0(λ√xt)]e−stdt
∞

0

∞

0

 

= qs ∫ e
−λ3

sq

∞

0

𝑡𝑒−𝑠𝑡𝑑𝑡 
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From equation (12) we get 

LLG[J0(λ√xt)] =
8sq

8pqs + λ3
 

(v). Let u(𝑥, y, t) = f(𝑥) g(t), x > 0, 𝑡 > 0.  Then 

LLG [f(𝑥)g(𝑥)ℎ(𝑥)] = 𝑠𝑞 ∫ ∫ ∫ 𝑒−𝑝𝑥+𝑞𝑦+𝑠𝑡[f(𝑥)g(𝑥)ℎ(𝑥)]
∞

0

∞

0

𝑑𝑥𝑑𝑦
∞

0

𝑑𝑡 

= ∫ 𝑒−𝑝𝑥[𝑓(𝑥)]𝑑𝑥. 𝑞 ∫ 𝑒−𝑞𝑦[𝑔(𝑥)]𝑑𝑦.
∞

0

∞

0

 s ∫ e−st[h(x)]dt
∞

0

= L[fex) L[g(x)] G[h(x)] 

IV.    Existence of TL-ARAT: 

Let u(𝑥, y, t) be a function of exponential order α, β, and γ.Then it is defined as 𝑥 →
∞, 𝑦 → ∞𝑎𝑛𝑑𝑡 → ∞𝑖𝑓𝑡ℎ𝑒𝑟𝑒𝑒𝑥𝑖𝑠𝑡𝑠𝑎 + 𝑣𝑒𝑁𝑠𝑢𝑐ℎ𝑡ℎ𝑎𝑡∀𝑥 > 𝑋, ∀𝑦 > 𝑌 𝑎𝑛𝑑𝑡 > 𝑇, we 

have |𝑢(𝑥, 𝑦, 𝑡)| ≤ 𝑁𝑒𝛼𝑥+𝛽𝑦+𝛾𝑡 . 

We can write𝑢(𝑥, 𝑦, 𝑡) = 𝑜(𝑒𝛼𝑥+𝛽𝑦+𝛾𝑡) 𝑎𝑠𝑥 → ∞, 𝑦 → ∞𝑎𝑛𝑑𝑡 → ∞, 𝑝 > 𝛼, 𝑞 >
𝛽𝑎𝑛𝑑𝑠 > 𝛾. 

Theorem (1): Let(𝑥, y, t) be a continuous function of exponential order α, βand γ.  
Then LLG [u(x, y, t)] 𝑒𝑥𝑖𝑠𝑡𝑠𝑓𝑜𝑟𝑝, 𝑞𝑎𝑛𝑑𝑠𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑 𝑅𝑒(𝑝) > 𝛼, 𝑅𝑒(𝑞) >
𝛽𝑎𝑛𝑑𝑅𝑒(𝑠) > 𝛾 

Proof: Using the definition of TL-ARAT, we have 

|𝑄(𝑝, 𝑞, 𝑠)| = |𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)𝑑𝑥𝑑𝑦𝑑𝑡
∞

0

∞

0

∞

0

|

≤ 𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)|u(x, y, t)|𝑑𝑥𝑑𝑦𝑑𝑡
∞

0

∞

0

∞

0

≤ 𝑁 ∫ 𝑒−(𝑝−𝛼)𝑥𝑑𝑥
∞

0

𝑞 ∫ 𝑒−(𝑞−𝛽)𝑦𝑑𝑦𝑠 ∫ 𝑒−(𝑠−𝛾)𝑡𝑑𝑡
∞

0

∞

0

 

=
𝑁𝑞𝑠

(𝑝−𝛼)(𝑞−𝛽)(𝑠−𝛾)
𝑅𝑒(𝑝) > 𝛼, 𝑅𝑒(𝑞) > 𝛽𝑎𝑛𝑑𝑅𝑒(𝑠) > 𝛾 . 

Theorem2: Let u(𝑥, y, t)be a continuous function and LLG [
∂u(x,y,t)

∂t
] = Q(p, q, s). 

Then  LLG[𝑒(𝛼𝑥+𝛽𝑦+𝛾𝑡)𝑢(𝑥, 𝑦, 𝑡)] =
𝑠𝑞

(𝑞−𝛽)(𝑠−𝛾)
𝑄(𝑝 − 𝛼, 𝑞 − 𝛽, 𝑠 − 𝛾) 

Proof: We have 

LLG[𝑒𝛼𝑥+𝛽𝑦+𝛾𝑡𝑢(𝑥, 𝑦, 𝑡)]

= 𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝−𝛼)𝑥−(𝑞−𝛽)𝑦−(𝑠−𝛾)𝑡[𝑢(𝑥, 𝑦, 𝑡)]𝑑𝑥𝑑𝑦𝑑𝑡
∞

0

∞

0

∞

0

 

=
𝑠𝑞

(𝑞 − 𝛽)(𝑠 − 𝛾)
𝑄(𝑝 − 𝛼, 𝑞 − 𝛽, 𝑠 − 𝛾) 



 

 

 

J. Mech. Cont.& Math. Sci., Vol.-19, No.-10, October (2024)  pp 153-164 

Dilip Kumar Jaiswal et al. 

 

 

158 

 

Theorem (3): Let  𝐿𝐿𝐺[𝑢(𝑥, 𝑦, 𝑡)]  exists where u (x,y,t) is a periodic function of 

periods 𝛼, 𝛽𝑎𝑛𝑑𝛾𝑠𝑢𝑐ℎ𝑡ℎ𝑎𝑡 

𝑢(𝑥 + 𝛼, 𝑦 + 𝛽, 𝑡 + 𝛾) = 𝑢(𝑥, 𝑦, 𝑡)∀𝑥, 𝑦, 𝑡 

Proof: Using the definition of TL-ARAT, we get  

  𝐿𝐿𝐺[𝑢(𝑥, 𝑦, 𝑡)] = 𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)[𝑢(𝑥, 𝑦, 𝑡)]𝑑𝑥𝑑𝑦𝑑𝑡
∞

0

∞

0

∞

0
  (17) 

Using the property of improper integral of the above equation (17) can be written as  

 

  ( )

0 0 0

( , , ) [ ( , , )]

                                                                      

px qy stLLG u x y t sq e u x y t dxdydt

 
− + +=   

   

   

( )[ ( , , )]px qy stsq e u x y t dxdydt
  

  

− + ++          (18) 

Putting 𝑥 = 𝛼 + 𝜌, 𝑦 = 𝛽 + 𝜑𝑎𝑛𝑑𝑡 = 𝛾 + 𝜏 on the second integral in equation (18) 

we get  

𝑄(𝑝, 𝑞, 𝑠) = 𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)[𝑢(𝑥, 𝑦, 𝑡)]𝑑𝑥𝑑𝑦𝑑𝑡 +
𝛾

0

𝛽

0

𝛼

0
        

𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝(𝛼+𝜌)+𝑞(𝛽+𝜑)+𝑠(𝛾+𝜏)∞

0
(𝑢(𝛼 + 𝜌, 𝛽 + 𝜑, 𝛾 + 𝜏))𝑑𝜌𝑑𝜑𝑑𝜏

∞

0

∞

0
         (19) 

Using the periodicity of the function u(x, y, t) the above equation (19) can be written 

as  

𝑄(𝑝, 𝑞, 𝑠) = 𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)[𝑢(𝑥, 𝑦, 𝑡)]𝑑𝑥𝑑𝑦𝑑𝑡 +
𝛾

0

𝛽

0

𝛼

0

 

𝑒−(𝑝𝛼+𝑞𝛽+𝑠𝛾)𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝜌+𝑞𝜑+𝑠𝜏)[𝑢(𝜌, 𝜑, 𝜏)]𝑑𝜌𝑑𝜑𝑑𝜏
∞

0

∞

0

∞

0
    (20) 

Using the definition of TL-ARAT we have   

𝑄(𝑝, 𝑞, 𝑠) = 𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)[𝑢(𝑥, 𝑦, 𝑡)]𝑑𝑥𝑑𝑦𝑑𝑡 +
𝛾

0

𝛽

0

𝛼

0

 

  𝑒−(𝑝𝛼+𝑞𝑦+𝑠𝑡)𝑄(𝑝, 𝑞, 𝑠)        (21) 

Then the equation (21) can be simplified into  

𝑄(𝑝, 𝑞, 𝑠) =
1

1−𝑒−(𝑝𝛼+𝑞𝛽+𝑠𝛾)
(𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)[𝑢(𝑥, 𝑦, 𝑡)]𝑑𝑥𝑑𝑦𝑑𝑡)

𝛾

0

𝛽

0

𝛼

0

. 

Theorem (4). Let  LLG [u(𝑥, y, t)] exist and LLG [u(𝑥, y, t)] = 𝑄(𝑝, 𝑞, 𝑠) then 

  LLG [u(𝑥 − 𝛿, y − ρ, t − ξ)] = 𝑒−(𝑝𝛿+𝑞𝜌+𝑠𝜉)𝑄(𝑝, 𝑞, 𝑠)   (22) 

Where 

  𝐻(𝑥 − 𝛿, 𝑦 − 𝜌, 𝑡 − 𝜁)is the Heaviside unit step function defined as 

𝐻(𝑥 − 𝛿, 𝑦 − 𝜌, 𝑡 − 𝜁) = {
1 , 𝑥 > 𝛿, 𝑡 > 𝜁
0 , 𝑜𝑡h𝑒𝑟𝑤𝑖𝑠𝑒
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Proof:  Using the definition of TL-ARAT, we get  

𝐿𝑥𝐿𝑦𝐺𝑡[𝑢(𝑥 − 𝛿, 𝑦 − 𝜌, 𝑡 − 𝜉)] = 𝑠𝑞 ∫ ∫
∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)

∞

0

(𝑢(𝑥 − 𝛿, 𝑦 − 𝜌, 𝑡 − 𝜉)

𝐻(𝑥 − 𝑑, 𝑦 − 𝜌, 𝑡 − 𝜉))𝑑𝑥𝑑𝑦𝑑𝑡

∞

0

∞

0

 

  = 𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)∞

0
(𝑢(𝑥 − 𝛿, 𝑦 − 𝜌, 𝑡 − 𝜉))𝑑𝑥𝑑𝑦𝑑𝑡

∞

0

∞

0
   (23) 

Putting 𝑥 − 𝛿 =  𝜌, 𝑦 − 𝜌 = 𝜑𝑎𝑛𝑑𝑡 − 𝜉 = 𝜏 in the above equation (23) we get 

𝐿𝑥𝐿𝑦𝐺𝑡[𝑢(𝑥 − 𝛿, 𝑦 − 𝜌, 𝑡 − 𝜉)𝐻(𝑥 − 𝛿, 𝑦 − 𝜌, 𝑡 − 𝜉)] =

              𝑠𝑞 ∫ ∫ ∫ 𝑒−𝑝(𝛿+𝜌)−𝑞(𝜌+𝜑)−𝑠(𝜏+𝜉)∞

0
𝑢(𝜌, 𝜑, 𝜏)𝑑𝜌, 𝑑𝜑, 𝑑𝜏

∞

0

∞

0
    (24) 

Then (24) can be simplified into  

𝐿𝑥𝐿𝑦𝐺𝑡[𝑢(𝑥 − 𝛿, 𝑦 − 𝜌, 𝑡 − 𝜉)𝐻(𝑥 − 𝛿, 𝑦 − 𝜌, 𝑡 − 𝜉)]

= 𝑒−𝑝𝛿−𝑞𝜑−𝑠𝜉𝑠𝑞 ∫ ∫ ∫ 𝑒−𝑝𝜌−𝑞𝜑−𝑠𝜉
∞

0

(𝑢(𝜌, 𝜑, 𝜏))𝑑𝜌, 𝑑𝜑, 𝑑𝜏
∞

0

∞

0

= 𝑒−𝑝𝛿−𝑞𝜑−𝑠𝜉𝑄(𝑝, 𝑞, 𝑠). 

Theorem (5): 

  Let𝐿𝑥𝐿𝑦𝐺𝑡[𝑢(𝑥, 𝑦, 𝑡)] and  𝐿𝑥𝐿𝑦𝐺𝑡[𝑤(𝑥, 𝑦, 𝑡)]are exists and 

𝐿𝑥𝐿𝑦𝐺𝑡[𝑢(𝑥, 𝑦, 𝑡)] = 𝑄(𝑝, 𝑞, 𝑠) 

𝐿𝑥𝐿𝑦𝐺𝑡[𝑤(𝑥, 𝑦, 𝑡)] = 𝑊(𝑝, 𝑞, 𝑠) 

Then 

  𝐿𝑥𝐿𝑦𝐺𝑡[𝑢 ∗∗ 𝑤(𝑥, 𝑦, 𝑡)] =
1

𝑠𝑞
𝑄(𝑝, 𝑞, 𝑠)𝑊(𝑝, 𝑞, 𝑠)   (25)  

⇒ 𝑢 ∗∗ 𝑤(𝑥, 𝑦, 𝑡) = ∫ ∫ ∫ 𝑢(𝑥 − 𝜌, 𝑦 − 𝜑, 𝑡 − 𝜏)
𝑡

0

𝑦

0

𝑥

0

𝑤(𝜌, 𝜑, 𝜏)𝑑𝜌, 𝑑𝜑, 𝑑𝜏 

Where the symbol ** denotes the triple convolution 𝑤. 𝑟. 𝑡𝑜𝑥, 𝑦𝑎𝑛𝑑𝑡 

Proof:  Using the definition of TL-ARAT, we get 

𝐿𝑥𝐿𝑦𝐺𝑡[𝑢 ∗∗∗ 𝑤(𝑥, 𝑦, 𝑡)] = 𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)(𝑢 ∗∗∗ 𝑤(𝑥, 𝑦, 𝑡))𝑑𝑥𝑑𝑦𝑑𝑡
∞

0

∞

0

∞

0

 

= 𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)(
∞

0

∞

0

∞

0 ∫ ∫ ∫ 𝑢(𝑥 − 𝜌, 𝑦 − 𝜑, 𝑡 − 𝜏)
∞

0

∞

0

∞

0
𝑤(𝜌, 𝜑, 𝜏)𝑑𝑥𝑑𝑦𝑑𝑡 (26) 

Using the Heaviside unit step function the above equation (26) can be written as 

𝐿𝑥𝐿𝑦𝐺𝑡[𝑢 ∗∗∗ 𝑤(𝑥, 𝑦, 𝑡)] = ∫ ∫ ∫ 𝑊
∞

0

∞

0

∞

0

(𝜌, 𝜑, 𝜏)𝑑𝜌, 𝑑𝜑, 𝑑𝜏 
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(𝑠𝑞 ∫ ∫ ∫ 𝑒−𝑝(𝑥+𝜌)−𝑞(𝑦+𝜑)−𝑠(𝑡+𝜏)
∞

0

𝑢(𝑥 − 𝜌, 𝑦 − 𝜑, 𝑡
∞

0

∞

0

− 𝜏))𝐻(𝑥 − 𝜌, 𝑦 − 𝜑, 𝑡 − 𝜏) 𝑑𝑥𝑑𝑦𝑑𝑡 

= ∫ ∫ ∫ 𝑊
∞

0

∞

0

∞

0

(𝜌, 𝜑, 𝜏)𝑑𝜌, 𝑑𝜑, 𝑑𝜏(𝑒(−𝑝𝑥−𝑞𝑦−𝑠𝑡)𝑄(𝑝, 𝑞, 𝑠)) 

= 𝑄(𝑝, 𝑞, 𝑠) ∫ ∫ ∫ 𝑒−𝑝𝜌−𝑞𝜑−𝑠𝜏
∞

0

∞

0

∞

0

𝑤(𝜌, 𝜑, 𝜏)𝑑𝜌, 𝑑𝜑, 𝑑𝜏 =
1

𝑠𝑞
𝑄(𝑝, 𝑞, 𝑠) 𝑊(𝑝, 𝑞, 𝑠) 

Theorem (6): 

Let 𝑢(𝑥, 𝑦, 𝑡)  be a continuous function and 

𝐿𝑥𝐿𝑦𝐺𝑡 [
𝜕𝑢(𝑥,𝑦,𝑡)

𝜕𝑡
] = 𝑄(𝑝, 𝑞, 𝑠). Then we get the following result:  

(i). ℒ𝑥𝐿𝑦𝐺𝑡 [
𝜕𝑢(𝑥,𝑦,𝑡)

𝜕𝑡
] = 𝑠𝑄(𝑝, 𝑞, 𝑠) − 𝑠𝐿 [𝑢(𝑥, 𝑦, 0)] 

(ii). 𝐿𝑥𝐿𝑦𝐺𝑡 [
𝜕𝑢(𝑥,𝑦,𝑡)

𝜕𝑥
] = 𝑝𝑄(𝑝, 𝑞, 𝑠) − 𝐺 [𝑢(𝑜, 𝑦, 𝑡)] 

(iii). 𝐿𝑥𝐿𝑦𝐺𝑡 [
𝜕2𝑢(𝑥,𝑦,𝑡)

𝜕𝑡2 ] = 𝑠2𝑄(𝑝, 𝑞, 𝑠) − 𝑠2𝐿[𝑢(𝑥, 𝑦, 𝑜)] − 𝑠𝐿 [
𝜕𝑢(𝑥,𝑦0𝑡)

𝜕𝑡
] 

(iv). 𝐿𝑥𝐿𝑦𝐺𝑡 [
𝜕2𝑢(𝑥,𝑦,𝑡)

𝜕𝑥2 ] = 𝑝2𝑄(𝑝, 𝑞, 𝑠) − 𝑝𝐺[𝑢(𝑜, 𝑦, 𝑡)] − 𝐺 [
𝜕𝑢(𝑜,𝑦,𝑡)

𝜕𝑥
] 

(v). 𝐿𝑥𝐿𝑦𝐺𝑡 [
𝜕3𝑢(𝑥,𝑦,𝑡)

𝜕𝑥𝜕𝑦𝜕𝑡
] = 𝑝𝑞𝑠𝑄(𝑝, 𝑞, 𝑠) − 𝑝𝑞𝑠𝐺[𝑢(𝑜, 𝑦, 𝑡)] − 𝑝𝑞𝑠𝐿[𝑢(𝑥, 𝑦, 𝑜)] +

𝑠𝐺[𝑢(𝑜, 𝑜, 𝑜)] 

Proof (i).Now 

𝐿𝑥𝐿𝑦𝐺𝑡 [
𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑡
] = 𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡) [

𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑡
] 𝑑𝑥𝑑𝑦𝑑𝑡

∞

0

∞

0

∞

0

 

= ∫ 𝑒−𝑝𝑥𝑑𝑥 .  𝑞 ∫ 𝑒−𝑞𝑦𝑑𝑦 .  
∞

0
𝑠 ∫ 𝑒−𝑠𝑡∞

0
[

𝜕𝑢(𝑥,𝑦,𝑡)

𝜕𝑡
] 𝑑𝑡

∞

0
    (27) 

Using the integration by parts we get  

Let  𝑢 = 𝑒−𝑠𝑡 ⇒ 𝑑𝑢 = −𝑠𝑒−𝑠𝑡𝑑𝑡 

𝑑𝑝 = [
𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑡
] 𝑑𝑡 ⇒ 𝑝 = 𝑢(𝑥, 𝑦, 𝑡) 

Thus 

𝑠 ∫ 𝑒−𝑠𝑡 (
𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑡
)

∞

0

𝑑𝑡 = 𝑠(−𝑢(𝑥, 𝑦, 𝑜) + 𝑠 ∫ 𝑒−𝑠𝑡𝑢(𝑥, 𝑦, 𝑡)𝑑𝑡
∞

0

 

  ∴ 𝐿𝑥𝐿𝑦𝐺𝑡 [
𝜕𝑢(𝑥,𝑦,𝑡)

𝜕𝑡
] = 𝑠𝑄(𝑝, 𝑞, 𝑠) − 𝑠𝐿[𝑢(𝑥, 𝑦, 𝑜)]   (28) 

(ii).  𝐿𝑥𝐿𝑦𝐺𝑡 [
𝜕𝑢(𝑥,𝑦,𝑡)

𝜕𝑥
] = 𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)∞

0

∞

0

∞

0
[

𝜕𝑢(𝑥,𝑦,𝑡)

𝜕𝑥
] 𝑑𝑥𝑑𝑦𝑑𝑡 

= 𝑠 ∫ 𝑒−𝑠𝑡
∞

0

𝑑𝑡.  𝑞 ∫ 𝑒−𝑞𝑦𝑑𝑦 . ∫ 𝑒−𝑝𝑥
∞

0

∞

0

[
𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥
] 𝑑𝑥 



 

 

 

J. Mech. Cont.& Math. Sci., Vol.-19, No.-10, October (2024)  pp 153-164 

Dilip Kumar Jaiswal et al. 

 

 

161 

 

Using integrating by parts, we get  

Let 𝑢 = 𝑒−𝑝𝑥 ⇒ 𝑑𝑢 = −𝑝𝑒−𝑝𝑥𝑑𝑥 

𝑑𝜈 =
𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥
𝑑𝑥 ⇒ 𝑣 = 𝑢(𝑥, 𝑦, 𝑡) 

Then 

∫ 𝑒−𝑝𝑥
∞

0

(
𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥
) 𝑑𝑥 = (−𝑢(𝑜, 𝑦, 𝑡) + 𝑝 ∫ 𝑒−𝑝𝑥

∞

0

𝑢(𝑥, 𝑦, 𝑡)𝑑𝑥 

  ∴ 𝐿𝑥𝐿𝑦𝐺𝑡 [
𝜕𝑢(𝑥,𝑦,𝑡)

𝜕𝑥
] = 𝑝𝑄(𝑝, 𝑞, 𝑠) − 𝐺[𝑢(𝑜, 𝑦, 𝑡)]    (29) 

(iii).   𝐿𝑥𝐿𝑦𝐺𝑡 [
𝜕2𝑢(𝑥,𝑦,𝑡)

𝜕𝑡2 ] = 𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)∞

0

∞

0

∞

0
[

𝑑2𝑢(𝑥,𝑦,𝑡)

𝑑𝑡2 ] 𝑑𝑥𝑑𝑦𝑑𝑡 

= ∫ 𝑒−𝑝𝑥𝑑𝑥.  𝑞 ∫ 𝑒−𝑞𝑦𝑑𝑦
∞

0

𝑠 ∫ 𝑒−𝑠𝑡
∞

0

∞

0

(
𝜕2𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑡2 ) 𝑑𝑡 

Using integrating by parts, we get  

𝐿𝑒𝑡𝑢 = 𝑒−𝑠𝑡 ⇒ 𝑑𝑢 = −𝑠𝑒−𝑠𝑡𝑑𝑡 

𝑑𝑝 =
𝜕2𝑢(𝑥,𝑦,𝑡)

𝜕𝑡2 𝑑𝑡 ⇒ 𝑝 =
𝜕𝑢(𝑥,𝑦,𝑡)

𝜕𝑡
 . Thus 

𝑠 ∫ 𝑒−𝑠𝑡
∞

0

(
𝜕2𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑡2 ) 𝑑𝑡 = 𝑠 [−
𝜕𝑢(𝑥, 𝑦, 𝑜)

𝜕𝑡
] + 𝑠 ∫ 𝑒−𝑠𝑡 (

𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑡
)

∞

0

𝑑𝑡) 

Using equation (28) we have  

  𝐿𝑥𝐿𝑦𝐺𝑡 [
𝜕2𝑢(𝑥,𝑦,𝑡)

𝜕𝑡2 ] = 𝑠2𝑄(𝑝, 𝑞, 𝑠) − 𝑠2𝐿[𝑢(𝑥, 𝑦, 𝑜)] − 𝑠𝐿 [
𝜕𝑢(𝑥,𝑦,𝑜)

𝜕𝑥
] (30) 

(iv). 𝐿𝑥𝐿𝑦𝐺𝑡 [
𝜕2𝑢(𝑥,𝑦,𝑡)

𝜕𝑥2 ] = 𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)∞

0

∞

0

∞

0
[

𝜕2𝑢(𝑥,𝑦,𝑡)

𝜕𝑡2 ] 𝑑𝑥𝑑𝑦𝑑𝑡 

= 𝑠 ∫ 𝑒−𝑠𝑡𝑑𝑡.  𝑞 ∫ 𝑒−𝑞𝑦𝑑𝑦
∞

0

∫ 𝑒−𝑝𝑥 [
𝜕2𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥2
] 𝑑𝑥

∞

0

∞

0

 

Using integrating by parts, we get 

Let 𝑢 = 𝑒−𝑝𝑥 ⇒ 𝑑𝑥 = −𝑝𝑒𝑝𝑥𝑑𝑥 

𝑑𝑣 =
𝜕2𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥2
𝑑𝑥 ⇒ 𝑣 =

𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥
 

Thus  

∫ 𝑒−𝑝𝑥 [
𝜕2𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥2
] 𝑑𝑥 =

∞

0

(−
𝜕𝑢(𝑜, 𝑦, 𝑡)

𝜕𝑥
+ 𝑝 ∫ 𝑒−𝑝𝑥 (

𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥

∞

0

) 𝑑𝑥 
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Using the equation (29) in above, we have  

  𝐿𝑥𝐿𝑦𝐺𝑡 [
𝜕2𝑢(𝑥,𝑦,𝑡)

𝜕𝑥2 ] = 𝑝2𝑄(𝑝, 𝑞, 𝑠) − 𝑝𝐺[𝑢(𝑜, 𝑦, 𝑡)] − 𝐺 [
𝜕𝑢(𝑜,𝑦,𝑡)

𝜕𝑥
] (31) 

(v). 𝐿𝑥𝐿𝑦𝐺𝑡 [
𝜕3𝑢(𝑥,𝑦,𝑡)

𝜕𝑥𝜕𝑦𝜕𝑡
] = 𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡)∞

0

∞

0

∞

0
[

𝜕3𝑢(𝑥,𝑦,𝑡)

𝜕𝑥𝜕𝑦𝜕𝑡
] 𝑑𝑥𝑑𝑦𝑑𝑡 

= 𝑠 ∫ 𝑒
∞

0

−𝑠𝑡

(
𝜕3𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥𝜕𝑦𝜕𝑡
𝑑𝑡𝑞 ∫ 𝑒−𝑞𝑦 (

𝜕3𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥𝜕𝑦𝜕𝑡
) 𝑑𝑦 ∫ 𝑒−𝑝𝑥𝑑𝑥

∞

0

∞

0

 

Using integrating by parts, we get 

𝑠𝑞 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡) (
𝜕3𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥𝜕𝑦𝜕𝑡
)

∞

0

∞

0

∞

0

𝑑𝑥𝑑𝑦𝑑𝑡

= (− ∫ 𝑒
∞

0

−𝑠𝑡

(
𝜕𝑢(𝑜, 𝑦, 𝑡)

𝜕𝑡
) 𝑑𝑡

+ ∫ 𝑒−𝑞𝑦 (
𝜕𝑢(𝑥, 0, 𝑡)

𝜕𝑦
) 𝑑𝑦

∞

0

+ 𝑝𝑞𝑠 ∫ ∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑡) (
𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑡
) 𝑑𝑥𝑑𝑦𝑑𝑡)

∞

0

∞

0

∞

0

 

and using equation (28) and (10) we have 

   𝐿𝑥𝐿𝑦𝐺𝑡 [
𝜕3𝑢(𝑥,𝑦,𝑡)

𝜕𝑥𝜕𝑦𝜕𝑡
] = 𝑝𝑞𝑠𝑄(𝑝, 𝑞, 𝑠) − 𝑝𝑠𝑞𝐺[𝑢(𝑜, 𝑦, 𝑡)] 

  − 𝑝𝑞𝑠𝐿[𝑢(𝑥, 𝑦, 𝑜)] + 𝑠𝐺[𝑢(𝑜, 𝑜, 𝑜)]     (32) 

V.     Conclusion 

This type of work introduces a new triple transform method termed Laplace –

ARA transform. The theory and the properties of the TL-ARAT are disclosed. This 

innovative approach has shown remarkable efficiency in solving integral equations 

and achieving a much higher degree of integral equations. 
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