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Abstract

In this paper, we establish several interesting mutual relationships between
two integral transforms of convolutions transform have been established.
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I. Introduction

Sometimes we need to determine the inverse Laplace transform of the
product of two functions. As in differential and integral calculus, when the
derivative and integral of the product of two functions do not yield the product of
the derivative and integral respectively, nor does the inverse Laplace transform of
the product yield the product of inverse Laplace transforms. The convolution
theorem tells us how to calculate the inverse Laplace transform of the product of
two functions. Integral transforms can be played to display colorful results in
various ways. The mutual relationships between two integral transforms are no
exceptions to it. These can be exploited to yield results of appreciable nature. We
have enchased these in establishing recurrence relations in this paper. Several
mutual relationships between two integral transforms have been established [I, II,
I, 1V, V, VI, VIL VI X, X, X1, and XI1].

In this section, we have considered the transforms of the following types:

J3 (e = Oy (8) dt (L.1)
S ha(t = )by (1) dt (1.2)
I, ha(x = ©hy(t = y)dt (1.3)
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Definition: The Convolution Theorem: Suppose that f(x) and g(x) are piecewise
continuous on [0, o) and both are of exponential order. Further, suppose that the
Laplace transform of f(t) is F(s) and that of g(t) is G(s), Then

LHF(s). G(s)} = L™ {L{(F* ) (O}=], (t — v)g(v)dv. (1.4)
Here, (f* g)(t) :fot(t — v)g(v)dv. is called the convolution integral.

Il. Some Extended Mutual Relationships between the Convolutions Transform

In this section, we develop some extended results of mutual relationships
between the convolution transform.

Theorem 1: If g(x) is continuous ino < x < ©

® 1 1 1 1
i) = | eIy 25 @~ B - )]

— Dya[22(a — B)E(t — x)2] g(t) dt (21)

* N - 1
f0) = [ =05 D D, 2o (@
X

— )z (£ = 22| 4D (22022 (a - B2 (¢ — )2} g (D)t
then we get @2

f @) = (= D2i(a — B [T P f(0)de.

Proof: We have

fie) = [ PO, (=25 - i - )
D[22 (= Yot — 2] g(©1dt
£ = [ (=PI D, 2 - 3 (e - )

4D, [22(2 (@ = s (£ — 02 }] g0t

Taking the Laplace transform of the above equations using the following Laplace
results:

(i) [ fAilk-0L®d =77 (—p)g:(D),
where, g;(—p) = fooofl(t — x)eP*dx.

(i)  27O0+Dp7t [G —x) t 7302 (ar + B)tx{ Doy [~ 22 (a - g)%é] +
Dox |22 (a = 262} = (0 - ) (0 — B) O,
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i) 27O Pn (a—b’) [(———x)ez(“ DDy e [~22 (a — B):t2]
~Danial22 (a = Ptz]} = (0 — 0> (p — B) 2.
Finally equation (2.1) and (2.2) becomes

2>im(a - B (1)

= Fy(p) = i @+ +p) e
[(=5->)
and .
_2>\+1 -1z 1
Be) =D e+ p Do)
F(_E -X)

where, f,(x) = F,(p)n = 1,2 andg(x) = G(p) on eliminating G (p) from their
equations.

Using the invention of the Laplace results:
f,:of1(x —t) f(O)dt = g;(—s).92(s) , where gi(—s) = fffl(t —x) e*dx
and

t'"le7® Rev>0=[(v).(s+a)?, Res > —Rea.

We get the required results:

Fi(P) = (= —3))2:(a — B)2(—p — ) *F,(p).
Theorem2: Ifg(x)€ECin0<x<ow,Rea>—-1,Reff>—-1 and

fi() = [ (t = 0)* LE(t — ) g(t)dt (2.3)

() = L5 (t — x)P g(t)dt (2.4)
then we get
I'a+n+1)

L0 = Ty e €~ 0P (0t

Proof: Taking the Laplace transform of the above equation (2.3) and (2.4) and using
the
known Laplace results:

tY, Rev>—-1= [(v + s)s~ v+, Res > 0.

[(+n+1) (s—D"

t*LE(t)Re(a) > -1 = p = @D ,Re s >0

Finally, the equation (2.3) and (2.4), becomes after simplifying

_ I'a+n+1) _p_
fr(x) = mf (t —x)*F71f, (Ddt.
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Theorem 3:  Ifaand b are real’s, m and n, are non-negative integers

Rea > —1;Re(n+a) > Rem
filey) = [ eP670 (x = ML (t — 2)g (¢ — y)d. (255)
f206y) = [ e?®0 Jo{a(x — 0}g(t — y)dt (26)

then

X
f e D+ (x—t) (x — t)”_1f1 (t,y)dt

y
m
x
[(n+a+1) a—m Z (T)f eb(x-t) (x — t)n+a—m—1
r
r=0 y

:n.[(n+a—m)

1F2{%(r—m— 1):%(71 +a —m),%(n+a -m+ 1):—%a2 (x — )2}f, (t — y)dt.

Proof: Subjecting the transform (2.5) and (2.6) to the substitutions
t—y =zandx —y = u, we get
fitoy) =[5 eP® D (w — 2)7 L& (u — 2)g (2)dz=0: (u) (say) 2.7)

f2(6y) = Jy e?“ D fa(u - 2)}g(2)dz = ¢, () (say) (2.8)
Let ¢ (w) = pp(s)fork = 1,2 andg(x) =G
Taking the Laplace transform of (2.7) and (2.8), using the Laplace results:
t
| At = w0du = 9,898,
0

[(a+n+1) (@P-k—a)"

a

t%e™t ln (kt),Rea>—-1= n! — (p )@t Re(p —») > 0.
and

1= -1(« v a — 2 2 2 —

Jo(at),Rev>—-1=r (;) Rep>|[S].r=@*+a®): R=p+r

We get
— [(@+n+1)(p—-b—-1D"

and

$2(0) = a™ (0~ b)* + ?}[(p — b) + {(p — b)2a2] G(p)
The G (p), eliminating these two equations gives
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b1 +n+1 p—1)"
%83 [(Cil!.nam ) ((5 b)a+n)+1{(p b)?a 2}2 [(p — b) + {(p — b)?

+a2}]

24 ,2\5h
=>(s—b—1"¢p,(p )[(a!-l-na-lr;l)[(p 2 +a)

(p — b)atn+1
(p—b) [(a+n+1)[(P b)2+az)2 2
+ (- b)2 N a3}; ¢2( )= 1 gm (p — b)a+n+1

- —b T

> (M2 | mw

=0 [(» — b)* + a*]z

1
% ( )(p b) a—n— 1+r{(p b)z

=0
+a?)z"2 2¢,(p)
S@-b-DHE)
_Jla+n+1) m
= (r ) (»

1
nl am — b) R (- b)?

r=0
+ )G ()
Using [111] results of integral transform;
tV"le"*Rev>0=[(v)(p+a)V,Rep > —Rea
and
[[(2 % +2V)]7 122" L F, [vixn +v, X +v + —; - 1aztz]

=s"2(@P*+a®)V,Re(v+x) >0
This gives an invention results

u
f e(b+1)(u—z) (u _ Z)n—l ¢1(Z)dZ —
0

[(@a+n+1) m+1
—m

= @P—-b-1)T"0;,(p) = —b)? +a’'z

n! am I

- b)
[(p — b)? + @]
ClatntD) (-0’ +ad]: o m | @-b)

S onbam T (p- bl z( )[[(p b)? + a2z

1+ @, (p)

(DZ(P)

r=0
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+n+1
=@ s (M) @ - D) I - b + a2 By()

S@-b-DTEG)
_Jla+n+1) m
e E— (r)(p

n! aqm
r=0

On inversion, in the light of the results
t'"le *Rev>0=[(v).(p+a)"V,Rep > —Rea
and
142542 1-1
[2 X +2v)]7't VX 1F2 |vix +v: >\+v+57at
=s 2 (P%a®)™,Re(v+x) >0
If gives the inversion

u
f e(b+1)(u—z) (u _ Z)n_l(b (Z)dZ
o

[(a +n+1) mz J‘ bu-2) (yy

[(a+n—m)
1 1
(r— —D;=(a+n—m),=-(n+a—m+1)
— zymra-m-11pp |2 2 2 9, (2)dz
1
;—Zaz(u—z)2

(2.9
This on restoring original furnishes the required reset.

[(@+n+1)a™ - (m)

Y —(b+1)z _ \n—-1 —
:_Le (u—2)"""'0,(2)dz n @t n—m Z

“ —bz n+a-m-1 1 1
f e "% (u—2) 1f, E(r—m—l);z(a+n—m),]
o

1 1
E(n +a—-m+1); —Zaz(u - 2)%20,(2)dz

Which on being streamed through n-times differentiation w.r.t. u by Leibnitz rule;

0, () = e®DU (@ +n+1)a™ | (i)ni (m) - fue-ba —

n!.[(n+a—m) du r

1F, E(r -m-— 1);%(& +n —m),%(n +a—-m+1); —%az(u — z)z] 0, (z)dz
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(b+1)(x~y) m m
e [(@+n+ 1Da pn Z (m) o= G-)
n! [((n+a—m) r

:>f1(x;}’) =

r=0

x —b(t-y) 1 1 1
+a-m-1
fe (x—t)" 1Fz[—(r—m—1);—(n+a—m)—(n+a—m
y 2 2 2

+1); —%az(x — )2]10,(2)dz

On restoring to original variables, where D =

d(x-y)’
Theorem 4:  If aand b are real’s, m and n are non-negative integers
Re a > -1, Re(n+ a) > Rem,

fiey) = [ (= %15 — 1) g(t — y)de (2.10)
fotx,y) = [ Inra— tayg e — y)de @2.1)

Proof: The proof is quite similar to that of above Theorem 3, but the following
operational results used

tV"le @ Rev>0=[(v),(s+a)V,Rep > —Rea,

[(@a+n+1) (s—1D"
n! - sta+1)

a
t%ert ln(kt),Rea> -1= Res>0
I,(at),Rev > —1=a"e"p~1Rep > |Re qaf

[[(2 % +2)]71t2v+22 1 [y; % +2v; ] HZH ;

-1

Taztz] =s"2(s2+a®)™,Re(v+x) >0

e(b+1)(x—y)[(n+a+1)a‘m m

= Aoy = n! [(n+a—M) an(T)

r=0

—b(t-y)

e~y f;e (x — t)(mta-m-D1F E (r—m-— 1);%(0{ +n-— m),% (a+
_ S YY) _ i —_4d
n—m+1); $a%(x — 2] fo(t - y)dt, whichD = e
Theorem 5: If n is non-negative integer, Re « > Re (2m) > —1,,
b(x—t)
fley) = [je 7 (x = 0Lt~ 0g(t - y)dt (2.12)

faey) = [5e" 7 (= O (e — atdg (¢ = y)de (2.13)
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Then
B [(a +n+ 1)71% = (-D" )
A = oo s D ;r! oyl = 2m+ 7]
x b(x—t)
fy e (x — t)*2m+r-11F2 [— (m + %);%(0{ —2m+7),

1 1 2
E(a +r—1-— 2m);—Za2(x — t) ]fz(t,y)dt

Proof: The proof is quite similar to that of above Theorem 4, but the following

operational results used

[(a+n+1)(s—k—>)"
n! (S _>\)a+n+1 ’

a st |% 1= _
t% n(kt),Rea> 1= Re(s—>)>0

-1

v __1_ Voo 1 v,.—(2v+1)
tY],(at),Rev > > = 2Vm2 v+2 a’r Res > |I,4]

and
[[(2 ~ +2v)]7 1t *2V=1 x = s722(s2 + a?)™V,Re(v +x) > 0

1F2[V:>\ v, N4V 4+ %;_Tlaztz]

m

[(a +n+ 1).n% (-1
) = E ~2 -1

r=0

x I\ 1
J ePF =D (x — p)a-2mir-11F) [— (m + 5);5(0( —2m+r),
y

1 1
—E(a +7r+1-2m); —Zaz(x — t)2f,(t, y)dt.
Theorem 6:  If aand b are reals, n is a non-negative integer,
Rea > Re(2m) > —1.
filey) = [ "0 = 0% (x = 1), g (t = y)de (2.14)
fa(,y) = [P0 — )M (ax — at)g(t —y)de  (2.15)

n

[(@ +n+1). H%Z -n"

Ly) = —2m+r)]?
fikx,y) 2o [(m N %) L7 (1) [[(a —2m +1)]
f ePF=O(x — )a-2mir=1 F, [— (m + %) ; % (a+r— 2m),%(05 +r+1

y
— Zm);%az(x — t)z] fo(t, y)dt.
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Proof: Here the proof is traditional and the operational results exploited are
[(a+n+1) (p—-—k—>x)"
n! - (P _>\)a+n+1 ’

a, st |% 1= _
t% n(kt),Rea> 1= Re(p —x) >0

-1

-1 1
t'],,(at),Rev > - = 2Vm2 [(V + E) a'r~@V*DRep > |, af
and
1 -1
[[2x +2v)]7 1t 21 x = F, [v; N +V; N 4V + E;Taztz]
=s 2 @?>+a?)V,Re(v+x)>0

n

[(@ +n+1). H%Z G

cor o & @l

:>f1(x'3’) =

x 1\ 1 1
j ebF=0(x — g)a-2mir=1 |, [— (m + E);E(a +r— Zm),z(a +r+1
y

~ 2m); a2 - 02| e~ .

Theorem 7: If ais real, n is a positive integer, n
Rea > —1, Rem,> —1, gx)Ecin0<x<w
filey) = [ (x = 0|5 (x — gt —y)de (2.16)
faey) = [ (x = )2 I (x — g (t — y)dt (2.17)
then
* a+n+1
f 0 (x = Oy (¢ — y)dt = ——1 )
y na n+a+k-—1)

x 1
| R Ea S CN ) LA CRO
y

d

Where m = k-s, k being a non-negative integerand 0 < s > 1 andD = e

Proof: The transform (2.16) and (2.17) on being processed through the substitutions
employed in the result

IfE, (x%) a met tag-Lefflev;s functiona > 1, g(x) € cin 0 < x < coand

f(,y) = [} Ea(x = )%g(t = y)dt
then

9Gc—y) = df () - [I(a - DI j (x — % 2F (L, y)dt
y
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Where D E% au=-y)
If the result

fitey) = fj' =25 = 2)g(@)dr = ¢1(Wsay (2.18)
and

fGoy) = [y = 2) L2 (@u — a2)g(2)dz = () d(say)  (219)
These transform in the light of the convolutions theorem and the operational results
[(m+a+1) (p—-1"

a
t* [n (t),Re(a) > -1 = — @D ,Re p>0
and
v 11 v _a
t2], (Zaz + E) = azp™*Ve7s,Rep > 0.
[(n+a+1) (p—-D1"

= ¢1(p) = n! - pn+a+1 G(p)

and

$2(p) = azp ™17 G(p), Re p > 0.
The G(p) eliminates of these

(0 —1D":(p) =

[(n+a+1) e a

m
n! a—
2 14

PSR, (p) (2.20)

Where Kk is the r least non-negative integer no less than m,
0<p<landm =k-p.

Now the lowest degree of (u-z) in the expansion of (u — z)z1,, (2 (au — az))is m

Hence ifk > 0, ¢, (w)and its (k-1) d.c. w.r.t. u vanish at (u-z).

Also as (x) € c. We haveg, (u) € ck.
K k
D*¢p,(w) = ;¢2(p)
The inversion(2.20)in the light of the result
v 1 1 v a 1
tzl, (2065 + E),Re v—1=arp “*Der’'Rep > 0,P = (p?> —a?)2S=s+p

%(n+a+P—1)

U _(u-2)(,, _ n—1 _ [(nte+1) cu(u-z)
fo € (u Z) (]51(2) dz na? fo a%(n+a+P—1)

1 (2 (au — az)) DX¢,(2) dz.

This required results in restoring to the original variables.
A. K. Thakur et al
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Theorem 8:  If nis a positive integer,

Rea > —1, Reu>-1; a,b >0, gx)ecin 0 <x<

filey) = [ = 0%[5x — gt — y)dt (2:21)
f009) = [ = )2 1y (2 Cax — at) g (¢ — y)dt (2.22)
Then
[ - o1 ypae = — D
y naz (n+a+k—-1)

x 1
| om0 2 = an D e
y

Where m = k — p,k being a non-negative integer and

d —
The proof & is quite similar to that of the preview theorem,

Here we use the operational results that need
v 1 4 a
tz I, (2a5 + t%), Rev>—-1=asp~*Ves’, Rep >0 (2.23)
1
Where, sp = (p?—a?)zRep@(s)=p+s

[(a+n+1)  (@-D"
n - p(a+n+1) ’

t%|%(t),Rea > -1 = Re(p —x) >0 (2.24)

v 1 1 Y (v+1) L
t21v(20(2+t5)=a2p er’,Rep > 0Rev > —1,
We get the inversion result of (2.23) and (2.24) becomes
[F 0o — O fy (1, y) de = —LGHE Xy

=1
y n eT(n+“+k_1)

1
t)g(n+a+s—1)1n+a+s_1 (2 (ax — at) DXf,(t, y) dt.

Theorem 9:  Ifaand b are real, m and n are non-negative integers,
Rea > —1,Rem > —1, a>0, gx)eEcin0<x<

fibey) = [ e — 0| 5[K (x — )] g(¢ — y)dt (2.25)

fale,y) = [ e?E7D (x = )M (ax — at)g (¢ — y)dt (2.26)
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then

X
| etmeoe - o fy e ydde

y
LM 1
_[@+n+1az z m+=- a?r—m
- 1 —
n em [(m + 5) i\ [2r + a+n—2m)

X
f eb(x—t) (x _ t)2r+a+n—2m fz(t: y)dt
y
Proof: We have the operational results exploited here
tV-ledt, Re(v)>0=[(v).(p+a)7", Re(p) > —Re a

a [(mM+a+1) (p-1D"
t“ln(t), Rea>—-1= n e’ Rep>0
and
> 2.1 2 —-(v+1) o
tz1, (Zaz +5), Rev>—-1=ezp e?, Rep>0 (2.27)
Using this operation results, we get the inversion
X
| eCmeo6 — o f e
Y 1
1My 1
_[(a+n+1)azz m+> a?m
- 1 —
nem [(m + E) o\ [2r+a+n—-2m)

x
f eb(x—t) (x _ t)2r+a+n—2m f2 (t, y)dt

y
Theorem9: ‘IfRen>Rem > —1,areal, gx) ECin0 <x<a
fitey) = [ eFE O [atx — )] g(t - y)dt (2.28)
fae,y) = [ ePE DI [a(x — £) g(t - y)dt (2.29)

then
A =@-m | CeB-0 (x — )L, Tl — D (€ —y)dt
y

Proof: We have the following operational results

e f(t) =g(p +a)
and

-1 (% 2 2\;
I, (at), Rev—-1,=r (?) , Rep > |Ipglr = @“+a*)2 R=p+r

Using the operational results, the inversion becomes

fiey) = (n—m) f eBED(x — )1 [aCx — Df (6 y)de.
y
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