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Abstract 

In this paper, we establish several interesting mutual relationships between 

two integral transforms of convolutions transform have been established.  

Keywords: Convolution Theorem, Inverse Laplace Transform, Laplace Transform. 

I.    Introduction  

 Sometimes we need to determine the inverse Laplace transform of the 

product of two functions. As in differential and integral calculus, when the 

derivative and integral of the product of two functions do not yield the product of 

the derivative and integral respectively, nor does the inverse Laplace transform of 

the product yield the product of inverse Laplace transforms. The convolution 

theorem tells us how to calculate the inverse Laplace transform of the product of 

two functions. Integral transforms can be played to display colorful results in 

various ways. The mutual relationships between two integral transforms are no 

exceptions to it. These can be exploited to yield results of appreciable nature. We 

have enchased these in establishing recurrence relations in this paper. Several 

mutual relationships between two integral transforms have been established [I, II, 

III, IV, V, VI, VII, VIII, IX, X, XI, and XII]. 

In this section, we have considered the transforms of the following types: 

∫ ℎ1(𝑥 − 𝑡)ℎ2(𝑡) 𝑑𝑡
𝑥

0
      (1.1) 

∫ ℎ1(𝑡 − 𝑥)ℎ2(𝑡) 𝑑𝑡
∞

𝑥
      (1.2) 

∫ ℎ1(𝑥 − 𝑡)ℎ2(𝑡 − 𝑦)𝑑𝑡
𝑥

𝑦
      (1.3) 
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Definition: The Convolution Theorem: Suppose that f(x)  and g(x)  are piecewise 

continuous on [0, ∞) and both are of exponential order. Further, suppose that the 

Laplace transform of  f(t)  is F(s) and that of g(t)  is G(s), Then 

L−1{F(s). G(s)} = L−1{L{(f ∗ g)(t)}}=∫ (t − v)g(v)dv.
t

0
   (1.4) 

Here, (f ∗ g)(t) =∫ (t − v)g(v)dv.
t

0
 is called the convolution integral. 

II.   Some Extended Mutual Relationships between the Convolutions Transform 

In this section, we develop some extended results of mutual relationships 

between the convolution transform. 

Theorem 1: If 𝑔(𝑥) is continuous in 𝑜 ≤ 𝑥 < ∞ 

𝑓1 (𝑥) =  ∫ 𝑒
1

2(𝛼+𝛽)(𝑡−𝑥)[𝐷2λ+1{−2
1

2
(𝛼 − 𝛽)

1

2(𝑡 − 𝑥)
1

2]
∞

𝑥

 

                                               − 𝐷2λ+1[2
1

2(𝛼 − 𝛽)
1

2(𝑡 −  𝑥)
1

2] g(t) dt   (2.1) 

   

𝑓2 (𝑥) = ∫ (𝑡 − 𝑥)−
1

2𝑒
1

2
(𝛼+𝛽)(𝑡−𝑥)

∞

𝑥

[𝐷2λ+1{−2
1

2
(𝛼

− 𝛽)
1

2 (𝑡 − 𝑥)
1

2] +𝐷2λ[2
1

2{2
1

2 (𝛼 − 𝛽)
1

2 (𝑡 − 𝑥)
1

2}] 𝑔(𝑡)𝑑𝑡 

           (2.2) 

then we get 

𝑓1 (𝑥) = (−λ −
1

2
)2

1

2(𝛼 − 𝛽)
1

2 ∫ 𝑒𝛽(𝑡−𝑥)𝑓2(𝑡)𝑑𝑡
∞

𝑥
. 

Proof:  We have 

                  𝑓1 (𝑥) = ∫ 𝑒
1

2
(𝛼+𝛽)(𝑡−𝑥)

[
∞

𝑥

𝐷2⋋+1{−2
1

2(𝛼 − 𝛽)
1

2(𝑡 − 𝑥)
1

2] 

−𝐷2⋋+1[2
1

2 (𝛼 − 𝛽)
1

2(𝑡 − 𝑥)
1

2] 𝑔(𝑡)𝑑𝑡 

𝑓2 (𝑥) = ∫ (𝑡 − 𝑥)
1

2𝑒
1

2
(𝛼+𝛽)(𝑡−𝑥)

[
∞

𝑥

𝐷2⋋+1{−2
1

2(𝛼 − 𝛽)
1

2 (𝑡 − 𝑥)
1

2} 

+𝐷2⋋[2
1

2{2
1

2 (𝛼 − 𝛽)
1

2 (𝑡 − 𝑥)
1

2}] 𝑔(𝑡)𝑑𝑡 

 

Taking the Laplace transform of the above equations using the following Laplace 

results: 

 

(i) ∫ 𝑓1(𝑥 − 𝑡)𝑓2(𝑡)𝑑𝑡 = 𝑔1̅̅ ̅
∞

𝑥
(−𝑝)𝑔2(𝑝),  

where,   𝑔1̅̅ ̅(−𝑝) = ∫ 𝑓1(𝑡 − 𝑥)𝑒𝑝𝑥𝑑𝑥
∞

0
. 

(ii) 2−(⋋+1)𝜋−1 ⌈(
1

2
−⋋) 𝑡−

1

2𝑒
1

2(𝛼 + 𝛽)𝑡𝑥{ 𝐷2⋋[−2
1

2 (𝛼 − 𝛽)
1

2𝑡
1

2] +

𝐷2⋋ ⌈2
1

2 (𝛼 − 𝛽)
1

2𝑡
1

2]} = (𝑝 − 𝛼)⋋(𝑝 − 𝛽)−(⋋+
1

2
)
. 

https://www.sciencedirect.com/topics/mathematics/exponential-order
https://www.sciencedirect.com/topics/mathematics/convolution
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(iii) 2−(⋋+
3

2
)𝜋−1 (𝛼 − 𝛽)−

1

2 ⌈(−
1

2
− ⋋) 𝑒

1

2
(𝛼−𝛽)𝑡[𝐷2⋋+1[−2

1

2 (𝛼 − 𝛽)
1

2𝑡
1

2] 

−𝐷2⋋+1[2
1

2 (𝛼 − 𝛽)
1

2𝑡
1

2]} = (𝑝 − 𝛼)⋋(𝑝 − 𝛽)−(⋋+
3

2
)
. 

Finally equation (2.1) and (2.2) becomes  

⇒ 𝐹1(𝑝) =
2⋋+

3

2𝜋(𝛼 − 𝛽)
1

2(−1)
−3

2

Γ(−
1

2
−⋋)

(𝑝 + 𝛼)⋋(𝑝 + 𝛽)
−(⋋+

3

2
)
𝐺(𝑝) 

and 

𝐹2(𝑝) =
−2⋋+1𝜋(−1)

−1

2

Γ(−
1

2
−⋋)

(𝑝 + 𝛼)⋋(𝑝 + 𝛽)
−(⋋+

1

2
)
𝐺(𝑝) 

where, 𝑓𝑛(𝑥) =̈ 𝐹𝑛(𝑝)𝑛 = 1,2 𝑎𝑛𝑑𝑔(𝑥) =̈ 𝐺(𝑝) on eliminating G (p) from their 

equations. 

Using the invention of the Laplace results: 

∫ 𝑓1(𝑥 − 𝑡)
∞

𝑥
𝑓2(𝑡)𝑑𝑡 =  𝑔̅1(−𝑠). 𝑔2(𝑠) , where  𝑔̅1(−𝑠) = ∫ 𝑓1(𝑡 − 𝑥)

∞

0
𝑒𝑠𝑥𝑑𝑥 

and 

𝑡𝑣−1𝑒−𝛼𝑡, 𝑅𝑒 𝑣 > 0 = ⌈(𝑣). (𝑠 + 𝛼)−𝑣 ,  𝑅𝑒 𝑠 > −𝑅𝑒 𝛼. 

We get the required results: 

𝐹1(𝑃) =  (− ⋋ −
1

2
) )2

1

2(𝛼 − 𝛽)
1

2(−𝑝 − 𝛽)−1𝐹2(𝑝). 

Theorem 2: If 𝑔(𝑥) ∈ 𝐶 𝑖𝑛 0 ≤ 𝑥 < ∞, 𝑅𝑒 𝛼 > −1 , 𝑅𝑒 𝛽 > −1   and  

              𝑓1(𝑥) = ∫ (𝑡 − 𝑥)𝛼∞

𝑥
𝐿𝑛

𝛼 (𝑡 − 𝑥)𝑔(𝑡)𝑑𝑡   (2.3) 

              𝑓2(𝑥) = 𝐿𝑛
𝛽(𝑡 − 𝑥)𝛽𝑔(𝑡)𝑑𝑡   (2.4) 

then we get 

𝑓1 (𝑥) = 
Γ(𝛼+𝑛+1)

Γ(𝛽+𝑛+1)Γ(α−β)
∫ (𝑡 − 𝑥)𝛼−𝛽−1𝑓2(𝑡)𝑑𝑡
∞

𝑥
. 

Proof: Taking the Laplace transform of the above equation (2.3) and (2.4) and using 

the  

known Laplace results: 

𝑡𝜈 , 𝑅𝑒 𝜈 > −1 ⇒ ⌈(𝜈 + 𝑠)𝑠−(𝜈+1), 𝑅𝑒 𝑠 > 0. 

𝑡𝛼𝐿𝑛
𝛼 (𝑡)𝑅𝑒(𝛼) > −1 ⇒

⌈(𝛼 + 𝑛 + 1)

𝑛!
−

(𝑠 − 1)𝑛

𝑠(𝛼+𝑛+1)
  , 𝑅𝑒  𝑠 > 0 

Finally, the equation (2.3) and (2.4), becomes after simplifying 

𝑓1 (𝑥) = 
Γ(𝛼+𝑛+1)

Γ(𝛽+𝑛+1)Γ(α−β)
∫ (𝑡 − 𝑥)𝛼−𝛽−1𝑓2(𝑡)𝑑𝑡
∞

𝑥
. 
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Theorem 3: If a and b are real’s, m and n, are non-negative integers 

   𝑅𝑒 𝛼 > −1; 𝑅𝑒(𝑛 + 𝛼) > 𝑅𝑒 𝑚 

  𝑓1(𝑥, 𝑦) = ∫ 𝑒𝑏(𝑥−𝑡)𝑥

𝑦
(𝑥 − 𝑡)𝛼)𝐿𝑛

𝛼 (𝑡 − 𝑥)𝑔(𝑡 − 𝑦)𝑑𝑡.    (2.5) 

  𝑓2(𝑥, 𝑦) = ∫ 𝑒𝑏(𝑥−𝑡)𝑥

𝑦
𝐽𝑛{𝑎(𝑥 − 𝑡)}𝑔(𝑡 − 𝑦)𝑑𝑡    (2.6) 

then 

∫ 𝑒(𝑏+1)(𝑥−𝑡)
𝑥

𝑦

(𝑥 − 𝑡)𝑛−1𝑓1(𝑡, 𝑦)𝑑𝑡

=
⌈(𝑛 + 𝛼 + 1)

𝑛. ⌈(𝑛 + 𝛼 − 𝑚)
𝑎−𝑚 ∑ (

𝑚

𝑟
)

𝑚

𝑟=0

∫ 𝑒𝑏(𝑥−𝑡)
𝑥

𝑦

(𝑥 − 𝑡)𝑛+𝛼−𝑚−1 

1F2{
1

2
(𝑟 − 𝑚 − 1):

1

2
(𝑛 + 𝛼 − 𝑚),

1

2
(𝑛 + 𝛼 − 𝑚 + 1): −

1

4
𝑎2 (𝑥 − 𝑡)2}𝑓2 (𝑡 − 𝑦)𝑑𝑡. 

Proof:  Subjecting the transform (2.5) and (2.6) to the substitutions 

 𝑡 − 𝑦 = 𝑧𝑎𝑛𝑑𝑥 − 𝑦 = 𝑢, we get 

𝑓1(𝑥, 𝑦) = ∫ 𝑒𝑏(𝑢−𝑧)(𝑢 − 𝑧)𝛼𝑢

0
𝐿𝑛

𝛼 (𝑢 − 𝑧)𝑔(𝑧)𝑑𝑧=∅1 (u) (say) (2.7)

 

𝑓2(𝑥, 𝑦) = ∫ 𝑒𝑏(𝑢−𝑧)𝐽𝑚{𝑎(𝑢 − 𝑧)}𝑔(𝑧)𝑑𝑧
𝑢

0
=  𝜙2(𝑢)(𝑠𝑎𝑦)  (2.8) 

Let 𝜙𝑘(𝑢) = 𝜙𝑘(𝑠)𝑓𝑜𝑟𝑘 = 1, 2 𝑎𝑛𝑑𝑔(𝑥) = 𝐺 

Taking the Laplace transform of (2.7) and (2.8), using the Laplace results: 

∫ 𝑓1(𝑢).
𝑡

0

𝑓2(𝑡 − 𝑢)𝑑𝑢 = 𝑔1(𝛽), 𝑔2(𝛽), 

𝑡𝛼𝑒⋋𝑡 ⌊
𝛼

𝑛
(𝑘𝑡), 𝑅𝑒 𝛼 > −1 =

⌈(𝛼 + 𝑛 + 1)

𝑛!
−

(𝑝 − 𝑘 − 𝛼)𝑛

(𝑝 −⋋)𝛼+𝑛+1
𝑅𝑒(𝑝 −⋋) > 0. 

and 

𝐽𝑛(𝛼𝑡), 𝑅𝑒 𝜈 > −1 = 𝑟−1 (
𝛼

𝑟
)

𝜈
, 𝑅𝑒 𝑝 > |[𝛼

𝑚
|. 𝑟 = (𝑝2 + 𝛼2)

1

2 ,𝑅 = 𝑝 + 𝑟 

We get  

𝜙1
̅̅̅̅ (𝑝) =

⌈(𝛼 + 𝑛 + 1)

𝑛!

(𝑝 − 𝑏 − 1)𝑛

(𝑝 − 𝑏)𝛼+𝑛+1
𝐺(𝑝) 

and 

𝜙2
̅̅̅̅ (𝑝) =  𝑎𝑚 {(𝑝 − 𝑏)2 + 𝑎2}

1

2[(𝑝 − 𝑏) + {(𝑝 − 𝑏)2𝑎2}]−𝑚𝐺(𝑝) 

The G (p), eliminating these two equations gives 
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𝜙1
̅̅̅̅ (𝑝)

𝜙2
̅̅̅̅ (𝑝)

=
⌈(𝛼 + 𝑛 + 1)

𝑛! .  𝑎𝑚
 .

(𝑝 − 𝑏 − 1)𝑛

(𝑝 − 𝑏)𝛼+𝑛+1
{(𝑝 − 𝑏)2𝑎2}

1

2 [(𝑝 − 𝑏) + {(𝑝 − 𝑏)2

+ 𝑎2}
1

2]𝑚 

⇒ (𝑠 − 𝑏 − 1)𝑛𝜙2
̅̅̅̅ (𝑝)

⌈(𝛼 + 𝑛 + 1)

𝑛! .  𝑎𝑚

[(𝑝 − 𝑏)2 + 𝑎2)
𝑚

2
+

1

2

(𝑝 − 𝑏)𝛼+𝑛+1 [1

+
(𝑝 − 𝑏)

{(𝑝 − 𝑏)2 + 𝑎3}
1

2

]

𝑚

𝜙2
̅̅̅̅ (𝑝) =

⌈(𝛼 + 𝑛 + 1)

𝑛! .  𝑎𝑚

[(𝑝 − 𝑏)2 + 𝑎2)
𝑚

2
+

1

2

(𝑝 − 𝑏)𝛼+𝑛+1
 

∑ (
𝑚

𝑟
)

𝑚

𝑟=0

[
(𝑝 − 𝑏)

[(𝑝 − 𝑏)2 + 𝑎2]
1

2

]

𝑟

𝜙2
̅̅̅̅ (𝑝)

=
⌈(𝛼 + 𝑛 + 1)

𝑛!   𝑎𝑚
∑ (

𝑚

𝑟
)

𝑚

𝑟=0

(𝑝 − 𝑏)−𝛼−𝑛−1+𝑟{(𝑝 − 𝑏)2

+ 𝑎2)
𝑚

2
+

1

2
−

𝑟

2𝜙2
̅̅̅̅ (𝑝) 

⇒ (𝑝 − 𝑏 − 1)−𝑛𝜙1
̅̅̅̅ (𝑝)

=
⌈(𝛼 + 𝑛 + 1)

𝑛!   𝑎𝑚
∑ (

𝑚

𝑟
)

𝑚

𝑟=0

 (𝑝 − 𝑏)−2−
1

2
(𝛼+𝑛+1−𝑟)

{(𝑝 − 𝑏)2

+ 𝑎2}−
1

2
(𝑟−𝑚−1)𝜙2

̅̅̅̅ (𝑝) 

Using [III] results of integral transform; 

𝑡𝜈−1𝑒−𝛼𝑡𝑅𝑒 𝜈 > 0 = ⌈(𝜈)(𝑝 + 𝛼)−𝜈, 𝑅𝑒 𝑝 > −𝑅𝑒 𝛼 

and 

[⌈(2 ⋋ +2𝜈)]−1𝑡2⋋+2𝜈−1 ×, 𝐹2 [𝜈:⋋ + 𝜈, ⋋ +𝜈 +
1

2
;  −

1

4
𝛼2𝑡2] 

= 𝑠−2⋋(𝑝2 + 𝛼2)−𝜈, 𝑅𝑒(𝜈 +⋋) > 0 

This gives an invention results 

∫ 𝑒(𝑏+1)(𝑢−𝑧)(𝑢 − 𝑧)𝑛−1
𝑢

0

𝜙1(𝑧)𝑑𝑧 = 

⇒ (𝑝 − 𝑏 − 1)−𝑛∅̅1(𝑝) =
⌈(𝛼 + 𝑛 + 1)

𝑛!  𝑎𝑚
[(𝑝 − 𝑏)2 + 𝑎2]

𝑚+1

2  

[1 +
(𝑝 − 𝑏)

[(𝑝 − 𝑏)2 + 𝑎2]
1

2

]

𝑚

∅2(𝑝)

=
⌈(𝛼 + 𝑛 + 1)

𝑛!  𝑎𝑚
.
[(𝑝 − 𝑏)2 + 𝑎2)]

𝑚+1

2

(𝑝 − 𝑏)⌈(𝛼+𝑛+1)
∑ (

𝑚

𝑟
)

𝑚

𝑟=0

[
(𝑝 − 𝑏)

[(𝑝 − 𝑏)2 + 𝑎2]
1

2

]

𝑟

∅̅2(𝑝) 
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 =
⌈(𝛼+𝑛+1)

𝑛!  𝑎𝑚
∑ (𝑚

𝑟
)𝑚

𝑟=0 (𝑝 − 𝑏)−𝛼−𝑛−1+𝑟[(𝑝 − 𝑏)2 + 𝑎2]
𝑚+1−𝑟

2 ∅̅2(𝑝) 

⇒ (𝑝 − 𝑏 − 1)−𝑛∅̅1(𝑝)

=
⌈(𝛼 + 𝑛 + 1)

𝑛!  𝑎𝑚
∑ (

𝑚

𝑟
)

𝑚

𝑟=0

(𝑝

− 𝑏)−2+
1

2
(𝛼+𝑛+1−𝑟)[(𝑝 − 𝑏)2 + 𝑎2]−

1

2
 (𝑟−𝑚−1)∅̅2(𝑝) 

On inversion, in the light of the results  

𝑡𝜈−1𝑒−𝛼𝑡𝑅𝑒 𝜈 > 0 = ⌈(𝜈). (𝑝 + 𝛼)−𝑣 , 𝑅𝑒 𝑝 > −𝑅𝑒 𝛼 

and 

⌈(2 ⋋ +2𝜈)]−1𝑡2⋋+2𝜈 ×  1𝐹2 [𝜈:⋋ +𝜈:  ⋋ +𝜈 +
1

2
;
−1

4
𝛼2𝑡2] 

= 𝑠−2⋋(𝑝2𝛼2)−𝜈 , 𝑅𝑒(𝜈 +⋋) > 𝜊 

If gives the inversion  

∫ 𝑒(𝑏+1)(𝑢−𝑧)
𝑢

𝑜

(𝑢 − 𝑧)𝑛−1∅1(𝑧)𝑑𝑧

=
⌈(𝛼 + 𝑛 + 1)

⌈(𝛼 + 𝑛 − 𝑚)
𝑎−𝑚 ∑ (

𝑚

𝑟
)

𝑚

𝑟=0

∫ 𝑒𝑏(𝑢−𝑧)
𝑢

𝑜

(𝑢

− 𝑧)𝑛+𝛼−𝑚−11F2 [

1

2
(𝑟 − 𝑚 − 1);

1

2
(𝛼 + 𝑛 − 𝑚),

1

2
(𝑛 + 𝛼 − 𝑚 + 1)

; −
1

4
𝑎2(𝑢 − 𝑧)2

] ∅2(𝑧)𝑑𝑧 

 (2.9) 

This on restoring original furnishes the required reset. 

⇒ ∫ 𝑒−(𝑏+1)𝑧
𝑢

𝑜

(𝑢 − 𝑧)𝑛−1∅1(𝑧)𝑑𝑧 =
⌈(𝛼 + 𝑛 + 1)𝑎−𝑚

𝑛.  ⌈(𝛼 + 𝑛 − 𝑚)
∑ (

𝑚

𝑟
)

𝑛

𝑟=0

 

∫ 𝑒−𝑏𝑧
𝑢

𝑜

(𝑢 − 𝑧)𝑛+𝛼−𝑚−11𝑓2 [
1

2
(𝑟 − 𝑚 − 1);

1

2
(𝛼 + 𝑛 − 𝑚), ] 

1

2
(𝑛 + 𝛼 − 𝑚 + 1); −

1

4
𝑎2(𝑢 − 𝑧)2∅2(𝑧)𝑑𝑧 

Which on being streamed through n-times differentiation w.r.t. u by Leibnitz rule; 

∅1(𝑢) =
𝑒(𝑏+1)𝑢 .  ⌈(𝛼 + 𝑛 + 1)𝑎−𝑚

𝑛! . ⌈(𝑛 + 𝛼 − 𝑚)
. (

𝑑

𝑑𝑢
)

𝑛

∑ (
𝑚

𝑟
)

𝑚

𝑟=0

𝑒−𝑢 ∫ 𝑒−𝑏𝑎
𝑢

𝑜

(𝑢 − 𝑧)𝑛+𝛼−𝑚−1 

1𝐹2 [
1

2
(𝑟 − 𝑚 − 1);

1

2
(𝛼 + 𝑛 − 𝑚),

1

2
(𝑛 + 𝛼 − 𝑚 + 1); −

1

4
𝑎2(𝑢 − 𝑧)2] ∅2(𝑧)𝑑𝑧 
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⇒ 𝑓1(𝑥, 𝑦) =
𝑒(𝑏+1)(𝑥−𝑦)⌈(𝛼 + 𝑛 + 1)𝑎𝑚

𝑛! ⌈(𝑛 + 𝛼 − 𝑚)
𝐷𝑛 ∑ (

𝑚

𝑟
)

𝑚

𝑟=0

𝑒−(𝑥−𝑦) 

∫ 𝑒
𝑥

𝑦

−𝑏(𝑡−𝑦)

(𝑥 − 𝑡)𝑛+𝛼−𝑚−11𝐹2 ⌈
1

2
(𝑟 − 𝑚 − 1);

1

2
(𝑛 + 𝛼 − 𝑚)

1

2
(𝑛 + 𝛼 − 𝑚

+ 1); −
1

4
𝑎2(𝑥 − 𝑡)2]∅2(𝑧)𝑑𝑧 

On restoring to original variables, where D =
𝑑

𝑑(𝑥−𝑦)
. 

Theorem 4: If a and b are real’s, m and n are non-negative integers 

𝑅𝑒  𝛼 > −1, 𝑅𝑒(𝑛 + 𝛼) > 𝑅𝑒 𝑚, 

𝑓1(𝑥, 𝑦) = ∫ 𝑒
𝑥

𝑦

𝑏(𝑥−𝑡)
(𝑥 − 𝑡)𝛼𝐿𝑛

𝛼(𝑡 − 𝑥)𝑔(𝑡 − 𝑦)𝑑𝑡                          (2.10) 

𝑓2(𝑥, 𝑦) = ∫ 𝑒
𝑥

𝑦

𝑏(𝑥−𝑡)
𝐼𝑚(𝑥𝑎 − 𝑡𝑎)𝑔(𝑡 − 𝑦)𝑑𝑡                                   (2.11) 

Proof: The proof is quite similar to that of above Theorem 3, but the following 

operational results used 

𝑡𝜈−1𝑒−𝛼𝑡 , 𝑅𝑒 𝜈 > 0 = ⌈(𝜈) , (𝑠 + 𝛼)−𝜈 , 𝑅𝑒 𝑝 > −𝑅𝑒 𝛼, 

𝑡𝛼𝑒⋋𝑡 ⌊
𝛼

𝑛
(𝑘𝑡) , 𝑅𝑒𝛼 > −1 =

⌈(𝛼 + 𝑛 + 1)

𝑛!
−

(𝑠 − 1)𝑛

𝑠(𝑛+𝛼+1)
  , 𝑅𝑒 𝑠 > 0 

𝐼𝑣(𝛼𝑡),𝑅𝑒 𝜈 > −1 = 𝑎𝜈𝑒−1𝑝−1𝑅𝑒 𝑝 > |𝑅𝑒 𝛼| 

[⌈(2 ⋋ +2𝜈)]−1𝑡2𝜈+2⋋−1 × [𝜈; ⋋ +2𝜈; ]
⋋+𝜈+1

2
 ; 

−1

4
𝛼2𝑡2] = 𝑠−2⋋(𝑠2 + 𝛼2)−𝜈, 𝑅𝑒(𝜈 + ⋋) > 0 

⇒ 𝑓1(𝑥, 𝑦) =
𝑒(𝑏+1)(𝑥−𝑦)⌈(𝑛+𝛼+1)𝑎−𝑚

𝑛! ⌈(𝑛 + 𝛼 − 𝑀)
𝑑𝑛 ∑ (

𝑚

𝑟
)

𝑚

𝑟=0

 

𝑒−(𝑥−𝑦) ∫ 𝑒
𝑥

𝑦

−𝑏(𝑡−𝑦)
(𝑥 − 𝑡)(𝑛+𝛼−𝑚−1)1F2 [

1

2
(𝑟 − 𝑚 − 1);

1

2
(𝛼 + 𝑛 − 𝑚),

1

2
(𝛼 +

𝑛 − 𝑚 + 1); 
1

4
𝑎2(𝑥 − 𝑡)2] 𝑓2(𝑡 − 𝑦)𝑑𝑡, which𝐷 ≡

𝑑

𝑑(𝑥−𝑦)
. 

Theorem 5:   If n is non-negative integer, 𝑅𝑒 𝛼 > 𝑅𝑒 (2𝑚) > −1,, 

𝑓1(𝑥, 𝑦) = ∫ 𝑒
𝑥

𝑦

𝑏(𝑥−𝑡)
(𝑥 − 𝑡)𝛼𝐿𝑛

𝛼(𝑡 − 𝑥)𝑔(𝑡 − 𝑦)𝑑𝑡  (2.12) 

𝑓2(𝑥, 𝑦) = ∫ 𝑒
𝑥

𝑦

𝑏(𝑥−𝑡)
(𝑥 − 𝑡)𝑚𝐼𝑚(𝑎𝑥 − 𝑎𝑡)𝑔(𝑡 − 𝑦)𝑑𝑡  (2.13) 
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Then 

𝑓1(𝑥, 𝑦) =
⌈(𝛼 + 𝑛 + 1)𝜋

1

2

(2𝑎)𝑚 ⌈(𝑚 +
1

2
)

∑
(−1)𝑟

𝑟! (𝑛 − 𝑟)!

𝑚

𝑟=0

[⌈(𝛼 − 2𝑚 + 𝑟)]−1 

∫ 𝑒
𝑥

𝑦

𝑏(𝑥−𝑡)

(𝑥 − 𝑡)𝛼−2𝑚+𝑟−11F2 [− (𝑚 +
1

2
) ;

1

2
(𝛼 − 2𝑚 + 𝑟),

1

2
(𝛼 + 𝑟 − 1 − 2𝑚); −

1

4
𝑎2(𝑥 − 𝑡)

2

] 𝑓2(𝑡, 𝑦)𝑑𝑡 

Proof: The proof is quite similar to that of above Theorem 4, but the following 

operational results used 

𝑡𝛼𝑒⋋𝑡 ⌊
𝛼

𝑛
(𝑘𝑡), 𝑅𝑒𝛼 > −1 =

⌈(𝛼 + 𝑛 + 1)

𝑛!

(𝑠 − 𝑘 −⋋)𝑛

(𝑠 −⋋)𝛼+𝑛+1
 , 𝑅𝑒(𝑠 −⋋) > 0  

𝑡𝜈𝐽𝜈(𝛼𝑡) , 𝑅𝑒𝜈 >
−1

2
=  2𝜈𝜋

−1

2 ⌈(𝜈 +
1

2
) 𝛼𝜈𝑟−(2𝜈+1)𝑅𝑒𝑠 > |𝐼𝑚𝛼| 

and 

[⌈(2 ⋋ +2𝜈)]−1𝑡2⋋+2𝜈−1 × = 𝑠−2⋋(𝑠2 + 𝛼2)−𝜈 , 𝑅𝑒(𝜈 +⋋) > 0 

1F2[𝜈:⋋ +𝜈, ⋋ +𝜈 +
1

2
;

−1

4
𝛼2𝑡2] 

⇒ 𝑓1(𝑥, 𝑦) =
⌈(𝛼 + 𝑛 + 1). 𝜋

1

2

(2𝑎)𝑚 ⌈(𝑚 +
1

2
)

∑
(−1)𝑟

𝑟!  (𝑛 − 𝑟)!
[⌈(𝛼 − 2𝑚 + 𝑟)]−1

𝑚

𝑟=0

 

∫ 𝑒𝑏(𝑥−𝑡)(𝑥 − 𝑡)𝛼−2𝑚+𝑟−11F2 [− (𝑚 +
1

2
) ;

1

2
(𝛼 − 2𝑚 + 𝑟), ]

𝑥

𝑦

 

−
1

2
(𝛼 + 𝑟 + 1 − 2𝑚); −

1

4
𝑎2(𝑥 − 𝑡)2𝑓2(𝑡, 𝑦)𝑑𝑡. 

Theorem 6: If a and b are reals, n is a non-negative integer, 

𝑅𝑒𝛼 > 𝑅𝑒(2𝑚) > −1. 

𝑓1(𝑥, 𝑦) = ∫ 𝑒𝑏(𝑥−𝑡)(𝑥 − 𝑡)𝛼⌊𝛼
𝑛

(𝑥 − 𝑡), 𝑔(𝑡 − 𝑦)𝑑𝑡
𝑥

𝑦
             (2.14) 

𝑓2(𝑥, 𝑦) = ∫ 𝑒𝑏(𝑥−𝑡)(𝑥 − 𝑡)𝑚𝐼𝑚(𝑎𝑥 − 𝑎𝑡)𝑔(𝑡 − 𝑦)
𝑥

𝑦
𝑑𝑡          (2.15) 

𝑓1(𝑥, 𝑦) =
⌈(𝛼 + 𝑛 + 1).  𝜋

1

2

(2𝑎)𝑚 ⌈(𝑚 +
1

2
)

∑
(−1)𝑟

𝑟!  (𝑛 − 𝑟)!
[⌈(𝛼 − 2𝑚 + 𝑟)]−1

𝑛

𝑟=0

 

∫ 𝑒𝑏(𝑥−𝑡)(𝑥 − 𝑡)𝛼−2𝑚+𝑟−1.1 𝐹2 [− (𝑚 +
1

2
) ;

1

2
(𝛼 + 𝑟 − 2𝑚),

1

2
(𝛼 + 𝑟 + 1

𝑥

𝑦

− 2𝑚);
1

4
𝑎2(𝑥 − 𝑡)2] . 𝑓2(𝑡, 𝑦)𝑑𝑡. 
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Proof: Here the proof is traditional and the operational results exploited are  

𝑡𝛼𝑒⋋𝑡 ⌊
𝛼

𝑛
(𝑘𝑡), 𝑅𝑒 𝛼 > −1 =

⌈(𝛼 + 𝑛 + 1)

𝑛!
−

(𝑝 − 𝑘 −⋋)𝑛

(𝑝 −⋋)𝛼+𝑛+1
 , 𝑅𝑒(𝑝 −⋋) > 0 

𝑡𝜈𝐽𝑛(𝛼𝑡), 𝑅𝑒𝜈 >
−1

2
= 2𝜈𝜋

−1

2 ⌈(𝜈 +
1

2
) 𝛼𝜈𝑟−(2𝜈+1)𝑅𝑒𝑝 > |𝐼𝑚𝛼| 

and 

[⌈(2 ⋋ +2𝜈)]−1𝑡2⋋+2𝜈−1 × =.1 𝐹2 [𝜈; ⋋ +𝜈;  ⋋ +𝜈 +
1

2
;
−1

4
𝛼2𝑡2] 

= 𝑠−2⋋(𝑝2 + 𝛼2)−𝜈, 𝑅𝑒(𝜈 +⋋) > 0 

⇒ 𝑓1(𝑥, 𝑦) =
⌈(𝛼 + 𝑛 + 1).  𝜋

1

2

(2𝑎)𝑚 ⌈(𝑚 +
1

2
)

∑
(−1)𝑟

𝑟!  (𝑛 − 𝑟)!
[⌈(𝛼 − 2𝑚 + 𝑟)]−1

𝑛

𝑟=0

 

∫ 𝑒𝑏(𝑥−𝑡)(𝑥 − 𝑡)𝛼−2𝑚+𝑟−1.1 𝐹2 [− (𝑚 +
1

2
) ;

1

2
(𝛼 + 𝑟 − 2𝑚),

1

2
(𝛼 + 𝑟 + 1

𝑥

𝑦

− 2𝑚);
1

4
𝑎2(𝑥 − 𝑡)2] 𝑓2(𝑡 − 𝑦)𝑑𝑡. 

Theorem 7:  If a is real, n is a positive integer, n 

𝑅𝑒 𝛼 > −1 , 𝑅𝑒 𝑚, > −1, 𝑔(𝑥) ∈ 𝑐  𝑖𝑛 0 ≤ 𝑥 < ∞ 

𝑓1(𝑥, 𝑦) = ∫ (𝑥 − 𝑡)𝛼⌊𝛼
𝑛

(𝑥 − 𝑡)𝑔(𝑡 − 𝑦)𝑑𝑡
𝑥

𝑦
    (2.16) 

𝑓2(𝑥, 𝑦) = ∫ (𝑥 − 𝑡)
𝑚

2 𝐼𝑚(𝑥 − 𝑡)𝑔(𝑡 − 𝑦)𝑑𝑡
𝑥

𝑦
    (2.17) 

then 

∫ 𝑒(𝑥−𝑡)(𝑥 − 𝑡)𝑛−1𝑓1(𝑡 − 𝑦)𝑑𝑡
𝑥

𝑦

=
⌈(𝛼 + 𝑛 + 1)

𝑛.   𝑎
1

2  (𝑛 + 𝛼 + 𝑘 − 1)
 

∫ (𝑥 − 𝑡)
1

2
(𝛼+𝑛+𝑠−1)𝐼𝑛+𝛼+𝑠−1 {2√(𝑎𝑥 − 𝑎𝑡)}

𝑥

𝑦

𝐷𝑘𝑓2(𝑡, 𝑦)𝑑𝑡 

Where m = k-s, k being a non-negative integer and 0 ≤ 𝑠 > 1 𝑎𝑛𝑑𝐷 ≡
𝑑

𝑑𝑡
. 

Proof: The transform (2.16) and (2.17) on being processed through the substitutions 

 employed in the result 

If𝐸𝑛(𝑥𝑎) a met tag-Lefflev;s function 𝑎 > 1, 𝑔(𝑥) ∈ 𝑐𝑖𝑛 0 ≤ 𝑥 < ∞𝑎𝑛𝑑 

f(𝑥, 𝑦) = ∫ 𝐸𝑎(𝑥 − 𝑡)𝑎𝑔(𝑡 − 𝑦)𝑑𝑡
𝑥

𝑦
 

then 

𝑔(𝑥 − 𝑦) = 𝑑𝑓(𝑥, 𝑦) − [⌈(𝑎 − 1)]−1 ∫ (𝑥 − 𝑡)𝑎−2𝑓(𝑡, 𝑦)𝑑𝑡
𝑥

𝑦
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Where 𝐷 ≡
𝑑

𝑑𝑡
  , 𝑢 = (𝑥 − 𝑦) 

If the result   

𝑓1(𝑥, 𝑦) = ∫ (𝑢 − 𝑧)𝛼⌊𝛼
𝑛

(𝑢 − 𝑧)𝑔(𝑧)𝑑𝑟 = 𝜙1(𝑢)𝑠𝑎𝑦
𝑢

0
   (2.18) 

and 

𝑓2(𝑥, 𝑦) = ∫ (𝑢 − 𝑧)
𝑚

2 𝐼𝑚(2√(𝑎𝑢 − 𝑎𝑧)𝑔(𝑧)𝑑𝑧 = 𝜙2(𝑢)
𝑢

0
𝑑(𝑠𝑎𝑦) (2.19) 

These transform in the light of the convolutions theorem and the operational results  

𝑡𝛼 ⌊
𝛼

𝑛
(𝑡), 𝑅𝑒(𝛼) > −1 =

⌈(𝑛 + 𝛼 + 1)

𝑛!
−

(𝑝 − 1)𝑛

𝑝(𝑛+𝑎+1)
 , 𝑅𝑒  𝑝 > 0 

and 

𝑡
𝜈

2𝐽𝜈 (2𝛼
1

2 +
1

2
) = 𝛼

𝜈

2𝑝̅(𝜈+1)𝑒−
𝛼

𝑠 , 𝑅𝑒 𝑝 > 0. 

⟹ 𝜙1(𝑝) =
⌈(𝑛 + 𝛼 + 1)

𝑛!
−

(𝑝 − 1)𝑛

𝑝𝑛+𝛼+1
𝐺(𝑝) 

and 

𝜙2(𝑝) = 𝑎
𝑚

2 𝑝−𝑚−1𝑒
−𝑎

𝑝 𝐺(𝑝), 𝑅𝑒 𝑝 > 𝑜. 

The G(p) eliminates of these  

(𝑝 − 1)𝑛𝜙1(𝑝) =
⌈(𝑛+𝛼+1)

𝑛!  𝑎
𝑚

2

𝑒
𝑎

𝑝
𝑝−𝑛−𝛼−𝑠𝑝−𝑘𝜙2(𝑝)  (2.20) 

Where k is the r least non-negative integer no less than m, 

 0 ≤ 𝑝 < 1 and 𝑚 = 𝑘 − 𝑝 . 

Now the lowest degree of (u-z) in the expansion of (𝑢 − 𝑧)
𝑚

2 𝐼𝑚 (2√(𝑎𝑢 − 𝑎𝑧))is m  

Hence if𝑘 > 0, 𝜙2(𝑢)and its (k-1) d.c. w.r.t. u vanish at (u-z). 

Also as (𝑥) ∈ 𝑐. We have𝜙2(𝑢) ∈ 𝑐𝑘. 

𝐷𝑘𝜙2(𝑢) =
𝑘

𝑠
𝜙2(𝑝) 

The inversion(2.20)in the light of the result 

𝑡
𝜈

2𝐼𝜈 (2𝛼
1

2 +
1

2
) , 𝑅𝑒 𝜈 − 1 = 𝛼

𝜈

𝑟𝑝−(𝜈+1)𝑒
𝛼

𝑝
 ,
𝑅𝑒 𝑝 > 0, 𝑃 = (𝑝2 − 𝛼2)

1

2𝑆 = 𝑠 + 𝑝 

∫ 𝑒(𝑢−𝑧)(𝑢 − 𝑧)𝑛−1𝑢

0
𝜙1(𝑧) 𝑑𝑧 =

⌈(𝑛+𝛼+1)

𝑛𝑎
𝑚

2

∫
(𝑢−𝑧)

1
2

(𝑛+𝛼+𝑃−1)

𝑎
1

2
 (𝑛+𝛼+𝑃−1)

𝑢

0
𝐼𝑛 + 𝛼 + 𝑃 −

1 (2√(𝑎𝑢 − 𝑎𝑧)) 𝐷𝑘𝜙2(𝑧) 𝑑𝑧. 

This required results in restoring to the original variables. 
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Theorem 8: If n is a positive integer, 

𝑅𝑒 𝛼 > −1, 𝑅𝑒 𝑢 > −1;   𝑎, 𝑏 > 0, 𝑔(𝑥) 𝜖 𝑐  𝑖𝑛  0 ≤ 𝑥 < ∞ 

𝑓1(𝑥, 𝑦) = ∫ (𝑥 − 𝑡)𝛼⌊𝛼
𝑛

(𝑥 − 𝑡)𝑔(𝑡 − 𝑦)𝑑𝑡
𝑥

𝑦
    (2.21) 

𝑓2(𝑥, 𝑦) = ∫ (𝑥 − 𝑡)
𝑚

2 𝐼𝑚 (2√(𝑎𝑥 − 𝑎𝑡) 𝑔(𝑡 − 𝑦)𝑑𝑡
𝑥

𝑦
   (2.22) 

Then  

∫ 𝑒(𝑥−𝑡)(𝑥 − 𝑡)𝑛−1𝑓1(𝑡, 𝑦)𝑑𝑡
𝑥

𝑦

=
⌈(𝑛 + 𝛼 + 1)

𝑛 𝑎
−1

2   (𝑛 + 𝛼 + 𝑘 − 1)
 

∫ (𝑥 − 𝑡)
1

2
(𝑛+𝛼+𝑝−1)

𝐼𝑛+𝛼+𝑝−12√(𝑎𝑥 − 𝑎𝑡)
𝑥

𝑦

𝐷𝑘𝑓2(𝑡, 𝑦)𝑑𝑡 

Where 𝑚 = 𝑘 − 𝑝,k being a non-negative integer and 

0 ≤ 𝑝 < 1,   
𝑑

𝑑𝑡
= 𝐷. 

The proof & is quite similar to that of the preview theorem, 

Here we use the operational results that need 

𝑡
𝜈

2 𝐼𝜈 (2𝛼
1

2 + 𝑡
1

2
) , 𝑅𝑒 𝜈 > −1 = 𝛼

𝜈

𝑠 𝑝−(𝜈+1)𝑒
𝛼

𝑠
 ,, 𝑅𝑒 𝑝 > 0   (2.23) 

Where,   𝑠𝑝 = (𝑝2 − 𝛼2)
1

2 𝑅𝑒𝑝 ∅ (𝑠) = 𝑝 + 𝑠 

𝑡𝛼⌊𝛼
𝑛

(𝑡), 𝑅𝑒𝛼 > −1 =
⌈(𝛼+𝑛+1)

⌊𝑛
−

(𝑝−1)𝑛

𝑝(𝛼+𝑛+1) , 𝑅𝑒(𝑝 −⋋) > 0  (2.24) 

𝑡
𝜈

2 𝐼𝜈 (2𝛼
1

2 + 𝑡
1

2
) = 𝛼

𝜈

2 𝑝−(𝜈+1)𝑒
𝛼

𝑝
 ,
, 𝑅𝑒𝑝 > 0 𝑅𝑒 𝜈 > −1,                          

We get the inversion result of (2.23) and (2.24) becomes  

∫ 𝑒(𝑥−𝑡)(𝑥 − 𝑡)𝑛−1𝑓1(𝑡, 𝑦) 𝑑𝑡
𝑥

𝑦
=

⌈(𝑛+𝛼+1)

𝑛.  𝑒
−1
2

(𝑛+𝛼+𝑘−1)
∫ (𝑥 −

𝑥

𝑦

𝑡)
1

2
(𝑛+𝛼+𝑠−1)

𝐼𝑛+𝛼+𝑠−1 (2√(𝑎𝑥 − 𝑎𝑡) 𝐷𝐾𝑓2(𝑡, 𝑦) 𝑑𝑡. 

Theorem 9: If a and b are real, m and n are non-negative integers, 

𝑅𝑒 𝛼 > −1, 𝑅𝑒 𝑚 > −1, 𝑎 > 0, 𝑔(𝑥) ∈ 𝑐 𝑖𝑛 0 ≤ 𝑥 < ∞ 

𝑓1(𝑥, 𝑦) = ∫ 𝑒𝑏(𝑥−𝑡)(𝑥 − 𝑡)𝛼⌊𝛼
𝑛

[𝐾(𝑥 − 𝑡)] 𝑔(𝑡 − 𝑦)𝑑𝑡
𝑥

𝑦
   (2.25) 

𝑓2(𝑥, 𝑦) = ∫ 𝑒𝑏(𝑥−𝑡)(𝑥 − 𝑡)𝑚𝐼𝑚(𝑎𝑥 − 𝑎𝑡)𝑔(𝑡 − 𝑦)𝑑𝑡
𝑥

𝑦
    (2.26) 
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then 

∫ 𝑒(𝑏+𝑘)(𝑥−𝑡)(𝑥 − 𝑡)𝑛−1𝑓1(𝑡, 𝑦)𝑑𝑡
𝑥

𝑦

=
⌈(𝛼 + 𝑛 + 1)𝛼

1

2

𝑛  𝑒𝑚 ⌈(𝑚 +
1

2
)

∑ (
𝑚 +

1

2

𝑟
)

𝑚+
1

2

𝑟=0

𝑎2𝑟−𝑚

⌈(2𝑟 + 𝛼 + 𝑛 − 2𝑚)
 

∫ 𝑒𝑏(𝑥−𝑡)(𝑥 − 𝑡)2𝑟+𝛼+𝑛−2𝑚
𝑥

𝑦

𝑓2(𝑡, 𝑦)𝑑𝑡 

Proof: We have the operational results exploited here  

𝑡𝜈−1𝑒𝛼𝑡, 𝑅𝑒(𝜈) > 0 = ⌈(𝜈). (𝑝 + 𝛼)−𝜈 , 𝑅𝑒(𝑝) > −𝑅𝑒 𝛼 

𝑡𝛼 ⌊
𝛼

𝑛
(𝑡), 𝑅𝑒 𝛼 > −1 =

⌈(𝑛 + 𝛼 + 1)

⌊𝑛
−

(𝑝 − 1)𝑛

𝑝(𝑛+𝛼+1)
, 𝑅𝑒 𝑝 > 0 

and 

𝑡
𝜈

2𝐼𝜈  (2𝛼
1

2 +
1

2
) , 𝑅𝑒 𝜈 > −1 = 𝑒

𝜈

2𝑝−(𝜈+1)𝑒
−

𝛼

𝑝 , 𝑅𝑒 𝑝 > 0  (2.27) 

Using this operation results, we get the inversion 

∫ 𝑒(𝑏+𝑘)(𝑥−𝑡)(𝑥 − 𝑡)𝑛−1𝑓1(𝑡, 𝑦)𝑑𝑡
𝑥

𝑦

=
⌈(𝛼 + 𝑛 + 1)𝛼

1

2

𝑛  𝑒𝑚 ⌈(𝑚 +
1

2
)

∑ (
𝑚 +

1

2

𝑟
)

𝑚+
1

2

𝑟=0

𝑎2𝑟−𝑚

⌈(2𝑟 + 𝛼 + 𝑛 − 2𝑚)
 

∫ 𝑒𝑏(𝑥−𝑡)(𝑥 − 𝑡)2𝑟+𝛼+𝑛−2𝑚
𝑥

𝑦

𝑓2(𝑡, 𝑦)𝑑𝑡 

Theorem 9: `If Re n > 𝑅𝑒 𝑚 > −1, 𝛼 𝑟𝑒𝑎𝑙 , 𝑔(x) ∈ C in 0 ≤ x < 𝛼   

𝑓1(𝑥, 𝑦) = ∫ 𝑒𝛽(𝑥−𝑡)𝐼𝑛[𝛼(𝑥 − 𝑡)] 𝑔(𝑡 − 𝑦)𝑑𝑡
𝑥

𝑦
    (2.28) 

𝑓2(𝑥, 𝑦) = ∫ 𝑒𝛽(𝑥−𝑡)𝐼𝑚⌈𝛼(𝑥 − 𝑡) 𝑔(𝑡 − 𝑦)𝑑𝑡
𝑥

𝑦
    (2.29) 

then 

𝑓1(𝑥, 𝑦) = (𝑛 − 𝑚) ∫ 𝑒𝛽(𝑥−𝑡)(𝑥 − 𝑡)−1𝐼𝑛−𝑚⌈𝛼(𝑥 − 𝑡)𝑓2(𝑡 − 𝑦)𝑑𝑡
𝑥

𝑦

 

Proof: We have the following operational results  

  𝑒𝛼𝑡𝑓(𝑡) = 𝑔(𝑝 + 𝛼) 

and 

I𝜈(𝛼𝑡), 𝑅𝑒 𝜈 − 1, = 𝑟−1 (
𝛼

𝑟
)

𝜈

, 𝑅𝑒 𝑝 > |𝐼𝑚𝛼|𝑟 = (𝑝2 + 𝛼2)
1

2  𝑅 = 𝑝 + 𝑟 

Using the operational results, the inversion becomes  

𝑓1(𝑥, 𝑦) = (𝑛 − 𝑚) ∫ 𝑒𝛽(𝑥−𝑡)(𝑥 − 𝑡)−1𝐼𝑛−𝑚[𝛼(𝑥 − 𝑡)]𝑓2(𝑡, 𝑦)𝑑𝑡
𝑥

𝑦

. 
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