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Abstract

In this paper, we give new four notions of fuzzy soft o -T_1 topological space
using the fuzzy soft points concept. We have discussed some implications and
theorems, along with their proofs. Moreover, we have presented the hereditary,
productive, and projective properties with proof. Finally, we have shown that our
given notions are preserved under bijective, fuzzy soft open, and continuous
mappings.

Keywords: Soft set, Fuzzy soft set, Fuzzy soft topological space, Quasi-coincidence,
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I. Introduction

Fuzzy sets are currently the most researched topic in mathematics.
This fuzzy set was first defined by the American mathematician L. A. Zadeh [XVII].
After that many other researchers in different branches of mathematics worked on his
definitions and theorems and got excellent results. Then Molodtsov [VII] first
defined soft set in 1999. Through this soft set, it is possible to explain the topics of
game theory, Riemann integration, theory of measurement, and smoothness of
functions in more detail. Nazmul and Samanta [VIII] defined and studied Soft
Topological Groups and Normal Soft Topological Groups in 2010.

Also, Shabir and Naz [XII1], Tanay and Kandemir [XV] completed research on soft
topological space and separation axioms. Saleh et al [XIV] defined the relationship
between soft topological space and soft ditopological space, which opened the door to
further research. Later, Roy and Samanta [X] defined and discussed fuzzy soft
topology over the initial universe set. Karal and Ahmed [V] defined the notion of a
mapping on classes of fuzzy soft sets. the notions of fuzzy soft R, are developed by
Ruhul Amin and Raihanul Islam [XI]. Hannan Miah and Ruhul Amin [I11] and were
also introduced the features of pairwise a — T, spaces in supra fuzzy bitopology.
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Moreover, Ruhul Amin et al [XII] introduced and discussed the fuzzy soft T,
topological spaces in a quasi-coincidence sense.

In this paper, we give four new definitions of fuzzy soft a -T_1 topological space
using the fuzzy soft points concept. Based on the definitions, we present some
important lemmas and theorems, along with their proofs. To illustrate the non-
implications we have taken the help of some examples. Moreover, we have discussed
in detail the hereditary, productive, and projective properties with proof. Finally, we
discuss that our given notions are preserved under bijective, fuzzy soft open, and
fuzzy soft continuous mappings.

I1. Preliminaries

We adopt the following definitions and results from various papers which
have simplified and enriched the presentation of our paper.

Definition 2.1: [VII] A pair (F, E) over an initial universe X is called a soft set if we
have a function F such that E to P(X) where P(X) is the collection of all subsets of X.
Let A subset of the set of parameters E. We say that (F, E) is a soft set over an initial
universe X iff by F: A — P (X) isamapping such that

_(F(e) # 0ife € A
Fe) = {F(e) - pifegA

Definition 2.2: [X] Suppose the set of all fuzzy setsin X is I* (I = [0,1]). A
pair (F, A) is said to be a fuzzy soft set over the universe X iff F is a function given
by F: A - I¥ defined as
_ (F(e) #0xife € A
Fle) = { F(e) = Oy ife ¢ A
where Oxdenotes empty fuzzy set in X. The family of all fuzzy soft sets over X is

denoted by FSS(X,). Moreover, a fuzzy soft set (F,A) over X can be expressed by
the set of ordered pairs (F,A) = {(e,F (¢)): e € AF (e) € I*}.

Definition 2.3: [VI] A fuzzy soft set f, € FSS(X,E) is said to be a fuzzy soft
point if
_ (fa(e) #0xife € A
fa (€)= {fA(e) =0yife¢ A
The family of all fuzzy soft points in X, denoted by FSP (X, E).

Definition 2.4: [11] Two fuzzy soft sets are said to be fuzzy soft quasi- coincident if
and only if for(F, E),(G,E) € FSS(X,E), there are e € E,x € X such that F (e)(x) +
G(e)(x) > 1. It is denoted by (F,E)q(G,E). If not quasi-coincident, then
F(e)(x) + G(e)(x) < 1 forall x € X and denoted by (F,E)q(G,E). If x§ is a fuzzy
soft point and (G, E) is a fuzzy soft set, then x§ (q(F, E) means a + G(e)(x) > 1.

Definition 2.5: [X] Let t be a class of fuzzy soft sets over a initial universe X with
a set of parameters E. Then t is called a fuzzy soft topology if the following three
properties satisfy:
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i) Og, 15 € t,where Og(e) =0and 1z(e) = 1foralle € E

i) The union of any members of t again in t

iii) The intersection of any two members of 7 again belongs to
T.

The triple(X, t,E) is said to be a fuzzy soft topological space over the initial universe
X, and members of T are called fuzzy open soft sets in (X, 7, E). FOS(X, t,E), or
FOS(X) will denote the set of all fuzzy open soft sets.

Definition 2.6: [XVI] The product of two fuzzy soft sets is denoted by F, X Gg,
(where F4 € FSS(X,E) and Gg € FSS(Y,K) ) is a fuzzy soft set over X x Y and is
defined by (Fp X Gg)(e,k) = Fa(e) X Gg(k); V(e,k) € E x K and for all
(x,y) € X x Y we have,

(Fa x Gp)(e (% y) = (Fa(e) X Gp(K))(x,y) = min {Fa(e)(x), Gs()()}.

Definition 2.7: [I] For two the families FSS(X,E), FSS(Y,K) of all the fuzzy
soft sets over X and Y respectively and the parameters set E, K for the universe X and
Y respectively letu: X — Y and p: E — K be two maps. Suppose that f,,,, :
FSS(X,E) — FSS(Y,K) is a fuzzy soft mapping from X to Y.

(@) The image of (F,A) € FSS(X, E) under the fuzzy soft mapping f,,,, is
a fuzzy soft set over Y, denoted by f,, (F, A) and is defined by

fup(F, A) (k) (¥)
_ {Sup{u(x) = y}sup{p(e) = k}} F4 (e)(x);if u™' (y) # @and p~' (k) # @
0;
otherwise

(b) The inverse image of (G,B) € FSS(Y,K) under the fuzzy soft
mapping f,pis a fuzzy soft set over X, denoted by f,' (G,B) and is
defined as

fir (G, B)(e)(x) = (G,B)(p(e))(u(x)); Ve EE,x € X.
Definition 2.8: [IX] A fuzzy soft mapping f,,,, : (X, 71, E) — (Y, 7,,K) is called
(1) fuzzy soft continuous if f‘lup (gg) € 14, forall g; € 15,
(2) fuzzy soft open if f,,,,(fg) € 7, forall fg € 74

(3) fuzzy soft homeomorphism if f,,, is fuzzy soft bijective, fuzzy soft
continuous, and fuzzy soft open.

Definition 2.9: [IV] Two fuzzy soft points f, = x§ and g. = y; are said to be
distinct if and only if x # y.
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I11. Definitionand Propertiesof Fuzzy Softa-T; Space

Definition 3.1 Suppose (X, 1, E) is a fuzzy soft topological space
and a € I, then

(@ (X,t,E) is afuzzy soft @ — T, (i) space if and only if for any
pair  xf,yf € FSP (X,E)with x # y, there exists
(F,E),(G,E) € T such that F (e)(x) = 1,F (e)(y) <
aand G(e)(x) < a,G(e)(y) = 1.

(b) (X,t,E) is afuzzy soft a — T (ii) space if and only if for any pair x£&, y¢ €
FSP (X,E) withx # y, there exists (F,E) € tsuchthat F (e)(x) =
0,F (e)(y) > a and there exists (G,E) € T such that
G(e)(x) > a,G(e)(y) = 0.

() (X,1,E) is a fuzzy soft @ — T, (iii) space if and only if for any pair
xg,yf € FSP (X,E) with x # y, there exists (F,E) € t such that
0 <FE)y) <a<F()x) <1 and there exists (G,E) € t
suchthat 0 < G(e)(x) < a < G(e)(y) < 1.

(d) (X,t,E) is a fuzzy soft a — T, (iv) space if and only if for any pair
xg,yf € FSP (X,E) with x # y, there exists (F,E) € t such that
F(e)(x) #

F (e)(y) and there exists (G,E) € tsuchthat G(e)(x) # G(e)(¥).

Lemma 3.1 If (X, 7, E) is a fuzzy soft topological space and a € I,
then the following implications are true:
@ (X,t,E) is a FSa —T,(i) implies (X,1,E) is a FSa — T, (iii) implies
(X,t,E) isaFSa — Ty (iv).
(b) (X,7,E) is a FSa — T, (ii) implies (X,t,E) is a FSa — T, (iii) implies
(X,t,E) isaFSa — T, (iv).
Proof of (a): Suppose (X, T, E) is a fuzzy soft topological space and (X, 1, E)
isa FSa — T, (i). We have to prove that (X, T, E) is a FSa — T (iii).
Let xg, yf be fuzzy soft points in (X, E) with x # y. Since (X, T, E) is a FSa —
T (ii) space,
for a € 1; by definition, there exists (F,E) € t such that F (e)(x)
1,F (e)(y) < a and there exists (G, E) € t such that G(e)(x) < «,G(e)(y)
1, which shows that there exists (F,E) € t suchthat 0 < F(e)(y) < a
F(e)(x) < 1 and there exists (G E) € T such that 0 < G(e)(x) < «
Ge)y) = 1.
Hence, by definition (c), (X, t,E) isa FSa — T, (iii).

Suppose (X,t,E) is a FSa — T, (iii). Then for x£,yf € FSP (X,E) with x # vy,
there exists (F,E) € 7 suchthat 0 < F(e)(y) < a < F(e)(x) < 1ie.
F (e)(x) # F (e)(y) and there exists (G,E) € © such that 0 < G(e)(x) <

a < Ge)y) £ 1lieGle)x)# G(e)).

AN
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Hence, by definition (d), (X,t,E) isa FSa — T, (iv).
Proof of (b): Suppose (X, , E) be a fuzzy soft topological space and (X, t,E) isa
FSa — T (ii). We have to prove that (X, ,E) is a FSa — T (ii).Let x7, y¢ be
fuzzy soft points in (X,E) with x #y. Since (X,t,E) is a FSa — T(ii)
space, for ¢ € I, by definition, there exists (F,E) € t such that F (e)(x) =
0,F (e)(y) > a whichimpliesthat0 < F (e)(y) < a < F(e)(x) < 1and
there exists (G, E) € T suchthatG(e)(x) > «a,G(e)(y) = 0 whichimplies that
0 <Ge)x) a<Ge)y) <1
Hence, by definition (c), (X,t,E) is a FSa — T; (iii) and therefore
(X,t,E)isaFSa — T, (iv).
The non-implications among FSa — T; (i), FSa — T, (ii), FSa — T; (iii) and

FSa — T, (iv) are shown in the following examples:

Example: Let X = {x,y},E = {e} and (F,E),(G,E) € FSS(X, E)be given by
F(e)(x) = 04,F (e)(y) = 0.8 and G(e)(x) = 0.8,G(e)(y) = 0.4. Consider
the fuzzy soft topology T on (X, E) generated by {@, X, (F,E), (G, E)} where, (F,E) =
{F(e)(x) = 04,F(e)(y) = 08,G(e)(x) = 0.8,G(e)(y) = 04}, For a =
0.9, we can easily shown that (X,t,E) is a FSa — T, (iv) but (X,t,E) is not a
FSa — T, (iii). It can also be shown that (X,t,E) is not a FSa — T,(i) and
(X,T,E)isnota FSa — T, (ii).

Example: Let X = {x,y},E = {e} and (F,E),(G,E) € FSS(X,E) be given by
F(e)(x) = 04,F (e)(y) = 0.8 and G(e)(x) = 0.8,G(e)(y) = 0.4. Consider
the fuzzy soft topology = on (X, E) generated by {@, X, (F,E), (G, E)} where,(F,E) =
{F(e)(x) = 04,F(e)(y) = 08,G(e)(x) = 0.8,G(e)(y) = 0.4}.

Fora = 0.7 we have,

0 <F(e)x) £07<F(e)y) =1 and 0 <Gy £07 <
Gle)(x) < 1.

This according to the definition, (X,t,E) is a FSa — T, (iii) but
(X,T,E) isnot a FSa — T, (i). It can also be shown that (X, ,E) is
nota FSa — T (ii).

Example: Let X = {x,y},E = {e}and (F,E),(G,E) € FSS(X,E) be

given by F(e)(x) = 1L,F(e)(y) =06 and G(e)(x) =
0.6,G(e)(y) = 1. Consider the fuzzy soft topology T on (X,E)
generated by {@, X, (F, E), (G, E)} where,

(F.E) = {F(e)(x) = LF(e)(y) = 0.6,G(e)(x) = 0.6,G(e)(y) = 1}.
Fora = 0.7 we have,
Fe)(x) = L,LF(e)(y) < 0.7and G(e)(x) < 0.7,G(e)(y) = 1

This according to the definition, (X,7,E) is a FSa — T,(i) but
(X,t,E)isnota FSa — T, (ii).
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Example: Let X = {x,y},E = {e} and (F,E), (G E) € FSS(X,E) be given by
F(e)x) = 0,F(e)(y) = 0.7 and G(e)(x) = 0.7,G(e)(y) = 0. Consider the
fuzzy soft topology t on (X,E) generated by {@,X, (F,E), (G, E)} where, (F,E) =
{F® = 0,F(e)y) = 0.7,G(e)(x) = 0.7,G(e)(y) = 0}.
Fora = 0.3, itis clear that (X, t,E) isa FSa — Ty (ii) but not a
FSa — Ty (i).
Lemma 3.2 Let (X, 7, E) is a fuzzy soft topological space and a, 8 € I; with0 <
a < B < 1,then
(@) (X,1,E)isaFSa — T,(i) implies (X,t,E) isa FSB — T, (i).
(b) (X,7,E) isa FSB — T, (ii) implies (X,1,E) isa FSa — T,(ii).
(¢) (X,t,E)isaFS0— T,(ii) implies (X,7,E) isa FSO — T, (iii).

Proof: Suppose (X, T, E) be a fuzzy soft topological space and (X, 7, E) isa FSa —
T1(i). We have to prove that (X, T, E) isa FSB — T4 (i).

Let xg,y? be fuzzy soft points in (X, E) with x # y. Since (X,7,E) isa
FSa — T, (i) space, fora € I, by definition, there exists (F,E) € 7 such that

F (e)(x) = 1,F (e)(y¥) < aand there exists (G,E) € t such that G(e)(x) <
a,G(e)(y) = 1. This shows that there is (F,E) € 7 so that F (e)(x) = 1,
F)() < B, since 0 <a < pf <1 and there is (G,E) € T so that
Ge)(x) < B,G(e)(y) =1, since 0 < a < B < 1. Hence, by definition,
(X,t,E)isa FSB — Ty(i). Suppose (X,t,E) isa FSB — T, (ii). Then for x£,yF €
FSP (X,E)with x #y, there exists (F,E) € t such that F (e)(x) =
0,F (e)(y) > B, which implies that F (e)(x) = 0,F (e)(y) > a, since 0 <
a < B < 1. Thus there is (G,E) € t so that G(e)(x) > B,G(e)(y) = 0,
since0 < a < B < 1. Hence by definition, (X,t,E) isa FSa — T, (ii).

Example: Let X = {x,y},E = {e}and (F,E),(G,E) € FSS(X,E) be given by
F(e)(x) = 1,F(e)(y) = 0.7and G(e)(x) = 0.7,G(e)(y) = 1. Consider the
fuzzy soft topology 7 on (X, E) generated by {@, X, (F,E), (G, E)} where, (F,E) =
{F(e)x) = LF ()W) = 07,6(e)(x) = 0.7,G(e)(y) = 1}.

Fora = 0.4and 8 = 0.9; (X,t,E)isaFSB — T,(i) but (X,t,E) isnota

FSa — Ty (i).

Example: Let X = {x,y},E = {e}and (F,E),(G,E) € FSS(X,E) be given by
F(e)(x) = 0,F(e)(y) = 0.5andG(e)(x) = 0.5,G(e)(y) = 0. Consider the
fuzzy soft topology 7 on (X, E) generated by {@, X, (F,E), (G, E)} where, (F,E) =
{F(e)x) = 0,F(e)y) = 05G6(e)(x) = 05,6()(y) = 0}

Fora = 0.4and 8 = 0.6; (X, 1,E)isa FSa — T;(ii) but (X,t,E) isnot a

FSB — T, (ii).
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In the following theorem, we shall show that our notions satisfy good extension
property.

Theorem 3.1 Let (X, T, E) be a fuzzy soft topological space. Consider the following
statements:

1. (X, t,E) be a soft T, topological space.

2. (X,w(t),E)beaFSa— T;(i) space.

3. (X,w(t),E)beaFSa— T,(ii) space.

4. (X,w(t),E) bea FSa — T, (iii) space.

5. (X,w(t),E) bea FSa — T, (iv) space.
The following implication are true

@@ < (2)= @) = (5)

(b) 3) = (4) = (5).
Proof : Firstly, we want to show that (1) < (2). Suppose that (X, t, E) is soft T,
topological space. Now to prove that (X,w(t),E) is FSa —T4(i) space, let
x£, y€ be fuzzy points in (X, E) with x # y. Since (X, t, E) is T4 soft topological

space we have, there exists (U, E), (V,E) € T suchthatxy € (U, E),ys ¢ U, E)and
y¢ € (V.E),x¢ ¢ (V,E).

Using soft lower semi-continuous (Isc) we get,
Lweylyrp € w(T)and1ly(e)(x) = L1y ()(y) = 0,1, ()(¥) = 1,
1, (e)(x) =0; Ve € E.
Then 15 (e)(x) =1
and 1y (e)(y) = 0
= 1y(e)y) +r <1
>1lyE@@)<1-7r=a
= 1y ()¥) = «a
Also,
Iy (e)(x) = 0
= 1lye)x)+r <1
=>1lye)x)=1—-7r=a
= 1y (e)(x) < aand 1y (e)(y) = 1
It follows that there exists 1y gy, 1,5y € w(7)suchthat 1, (e)(x) =
L1y (@) <
aand 1y, (e)(x) < a,1y (e)(y) = 1.
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Hence, we have (X, w(7),E) isa FSa — T, (i) space. Thus (1) = (2) holds.
Conversely,

Let (X, w(t), E) be a fuzzy soft topological space and (X, w(t),E) is FSa —
T; (). Now to show that (X, t,E) is soft T; topological space, suppose x,y
points in X withx #y. Since (X,w(t),E) is FSa — T, (i) soft topological
Space, we have, for any fuzzy soft points xg,yf in (X, E) there exists
(F,E) € Tt such that F (e)(x) = 1,F (e)(y) < « and there exists (G,E) €
T suchthat G(e)(x) < a,G(e)(y) = 1.

Now,

Fe)(x) =1

= F(e)(x) +r > 1,Ve € E,r € (0,1]

> FE)x)>1—-—7r =a«a

= Fe)(x) > «a

= x € (F,E)—1(a,1]

AndF (e)(y) < «a

= vy ¢ (F,E)-1(a,1]

Also, (F,E) —1(a,1] € t

Similarly, we can show that y € (G,E) —1(a,1],x € (G,E) — 1(a, 1]. Hence,
(X, 1, E) is soft T, topological space. Thus (2) = (1) holds. Hence, (1) & (2).

Again,

Since (X,w(t),E) be a FSa—T;(i), for a € I, by definition there exists
1(U,E)'1(V,E) € (D(T) such that 1U (e)(X) = 1, 1U (e)(y) <« and
1y (e)(x) < a,1y (e)(y) = 1which shows that there exists 1g) €

w(t)such that 0 < 1y (e)(y) < a < 1y(e)(x) < 1 and there exists
1(V,E) € (A)(T)SUCh that 0 < 1V (e)(X) < a< 1V (6)(y) < 1.

Hence, (X, w(t),E) isa FSa — T, (iii). Thus (2) = (4) holds.

Suppose (X, w(t),E) is a FSa — T;(iii). Then for a € I, by definition there
exists 1yg), v € w(t) such that 0 < 1y(e)(y) < a <1y (e)(x) = 1
i.e. 1y (e)x) # 1y (e)(y) and 0 <1ly(e)x) < a<
Iy (e)) lie 1y ()(x) # 1y ().

Hence by definition, ((X,w(t),E) is a FSa — T;(iv). Thus (4) = (5) holds.
Therefore, (1) & (2) = (4) = (5).

Proof of (b): First we show that (3) = (4). Since (X,w(t),E) be a FSa —
T, (ii) space. Then by definition, for @ € I, there exists 1y g), 1y € @(T)
such that 15 (e)(x) = 0,15 (e)(y) > a and 1y (e)(x) > a,1y(e)(y) = 0
which implies that there exists 1y gy € w(T) such that 0 < 1y (e)(y) < a <
1y (e)(x) < 1 and there exists 1y gy € w(r)suchthat 0 < 1y (e)(x) < a <
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y(e)¥) = 1.

Hence by definition, (X, w(t),E) is a FSa — Ty (iii) and therefore (X, w(t),E) isa
FSa — T;(iv). Hence, 3) = (4) = (5).

Now we show that our notions obey the hereditary property in the following theorem.
Theorem 3.2 Let (X,t,E) be a fuzzy soft topological space. If A € Xty =
{(Fy,E) = (F,E)n A: (F,E) € t}then

(X, T, E)is FSa — T;1(j) = (A, t,, E)is FSa — T, (j) where j = i, ii, iii, iv.

Proof : Suppose that (X, T, E) is FSa — T; (i). To show that (A, ts, E) is FSa — T; (i),
suppose x5, y< be fuzzy soft points in (A, E) with x # y. Since given that A < X,
these fuzzy soft points belong to (X, E). Also, since (X,t,E) is FSa — T; (i) space, we
have for a € I, there exists (F,E), (G, E) € t such that F (e)(x) = 1,F (e)(y) <
aand G(e)(x) < o,G(e)(y) = 1.

ForA € X,wehave (F,E) N A = (F4,E).
Now,
Fe)(x) =1
= F(e)(x) N A(x) = 1,x € A € X,e € E
= ((F,E) n A)(e)(x) = 1
= (FaE)(e)(x) =1
And
Fe)®y) < a
= FE)y) NAly) < o,y € A € X,e €E
= ((F,E) n A)(&)(y) = a
= (Fa,E)(e)(y) = «a
Similarly, we can show that (Ga, E)(e)(x) < a and (Ga, E)(e)(y) = 1.

It follows that there exists (Fa, E) € ta such that (F4 E)(e)(x) =
1L (Fa,E)(e)(y) <
a and there exists (G4, E) € t, such that (G4 E)(e)(x) <
a, (Ga,E)(e)y) = 1.
Hence by definition, (4,t4, E) is FSa — Ty (i).
In the same way, we can can easily profe the theorem for j = ii, iii, iv.

In the next two theorems, we will discuss and prove that our new notions satisfy
productive property as well as projective property.

Theorem 3.3 Suppose (X;,T;,E;),i € A be a fuzzy soft topological spaces and

X = [lieaXi, E = Iliep E; and t be the fuzzy soft topology on (X, E), then for all i €
A, (X;, T3, E;) is FSa — Ty (j) if and only if (X, T, E) is FSa — Ty (j) where j = i, ii, iii, iv
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Proof: Suppose for all i € A, (X;, t;, E;) is FSa — T (i) space. Now, we want to
show that (X, 1, E) is FSa-T1(j) where j=i. Let xy,ys be fuzzy points in (X, E)
with x # y. Then (x;)%, (y;)¢ are fuzzy soft points with xi # yi for somei €
A. Since (X;, T, E;) is FSa —Tq(i), there exists (F;, E;),(G;, E;) € T such
that F;(e;)(x;) = 1,Fi(e))(y;) < aand G;(e))(x;) < a,Gi(e)(y;) = 1.

But we have PX;(x) = x;, PX;(y) = yi, qE;(e) = e;.

Now, F;(e;)(x;)=1 = F;(qE;(e))(PX;(x)) = 1,V x; € X;, ¢; € E;
= (F°qE;(e) (PX;(x)) = 1

= (F°qE;° PX;)(e)(x) =1

And Fi(e)) () < a = Fi(qE;(e))(PX;(y)) < a,Vy; € Xy, e; €E;
= (F;°qE)(e)(PX;(y)) <a
= (F;°qE° PX)(e)(y) < a
Similarly, we can show that (G;°qE;°PX;)(e)(x) < «, (G;°qE;°PX;)(e)(y) = 1.
It follows that there exists ((F;°qE;°PX;,E), (G;°qE;°PX;,E) € t; such that
(Fi°qE°PX;)(e)(x) = 1, (Fi°qE;°PX;)(e)(y) < a and
(Gi°qE°PX;)(e)(x) < a, (Gi°qE;°PX)(e)(y) = 1.

Hence, (X,t,E) is FSa — T, (i).

Conversely, Suppose that (X,t,E) is FSa—T;(i). We have to prove that
(X;,T;,E;),i € Ais FSa — T, (i). Let a; be a fixed element in X;. Let A; = {x €
X =lieaXi: x; = ajfor somei=j}. Then A; is a subset of X and hence
(A;, TA;, E;) is a subspace of (X, T, E). Since (X, T, E) is FSa — T; (i), so (A;, TA;, E) is
FSa — T;(i). Now we have, (A;, E;) is homeomorphic image of (X;, E;). Thus, it is
proved that foralli € A, (X;, 1, E;) is FSa — T, (i) space.

In the same way, we can prove the others.

Theorem 3.4 Suppose (X,14,E) and (Y,1,,K)  be two fuzzy soft topological
spaces. If u: X = Y,p: E — K be bijective fuzzy open maps and suppose that
fuzzy soft mapping f,, : FSS(X,E) — FSS(Y,K) be a one-one, onto and fuzzy soft
open map, then (X,t4,E) is FSa—T;(G) = (Y,t,,K) is FSa —T;(j), where j =
i, i, iii, iv

Proof: We prove only j = ii here. Other proofs are the same. Suppose (X, 11, E) be a
fuzzy soft topological space and (X,t4,E) is FSa — T, (ii). For (Y, 13, K)is FSa —
T, (i), let x;*, y&* be fuzzy points in (Y, K) with x’ # y’ . Since f,, is onto and so u, p
are onto, then there exists x,y € X with u(x) = x’,u(y) = y’ and there exists e €
Ewithp(e) = k,Vk € K Alsoxg,y< are fuzzy points in (X, E) with x # y as f, is
one-one.

Again, since (X, T4, E) is FSa — T; (ii) space, there exists (F,E), (G, E) € T, such that
F(e)(x) = 0,F(e)(y) > aand G(e)(x) > a,G(e)(y) = 0. We have,
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fup (F,E)(R)(x) = sup{u(x) = x'}sup{p(e) = K}F (e)(x)

= fp(F,E)K) () = F(e)(x), for some x
and
fup(FE)K)(y) = sup{u(y) = y'}sup{p(e) = K}F (e)(y)

= fup(FEYR) () = F (e)(y), for somey
Also since f,, is a soft open map then f,,(F,E) € 1, as (F,E) € 1;. Now,
F(e)(x) =0
= fpFE)®E) = 0,vx € X,e € EVx' € Yk € K
and F (e)(y) > a
= fpEE®GY) > o, vy € Y,k € K
Similarly, we can show that f,, (G, E)(kK)(x) > aandf,,(G E)(K)(y) = 0.

It follows that there existsf,,(F,E), fup(G E) € t,such  that
fup(FE)(R)(X) = 0, fip(REE)YR) ) > « and fup(GE)K)(x) > «a,
fup (G, E)(K)(y") = 0.Hence, (Y, T, K) is FSa - Ty (ii).

Theorem 3.5 Let (X,t4,E) and (Y, t,, K) be two fuzzy soft topological spaces. Let
u: X - Y,p: E - K be one-one and continuous maps and hence a fuzzy soft
mapping fup : FSS(X,E) — FSS(Y,K) be an injective and fuzzy soft continuous
map, then (Y,1,,K)isFSa- T;(j) = (X, 14, E) is FSa - T,(j), where j = i, i, iii, iv.

Proof: Suppose (Y, T,,K) be a fuzzy soft topological space, and (Y, 12, K) is FSa —
T, (iii). For (X,t4,E) is FSa — T (iii), let x§,ys be fuzzy soft points in (X, E) with
x #y. Then there is e € E such that p(e) = k, forallk € K and also (u(x)%, (u(y)¥
are fuzzy soft points in (Y, K) with u(x) # u(y) as f,, is injective.

Again, since (Y, t,,K) is FSa — T (iii) space, there exists (F,K), (G, K) € 1, such
that 0 < (F,K)(u))k) <a < (FK)(ux)(k) < land

0 < (GKu)HK < a < (GKuiy)k) < 1.
Now,
0 < FKuNEK < a < (FKuE)Ek) <1

= 0 < (FKYu@)ple)) < a < (FKu)(pE)) < 1,xy € X,k € Ke
€eE

= 0 < (FEK)(@PE)u@) < a < (FEKPEuE) <1
= 0 <fAFEKE) < a <fFEKEX <1

Similarly, we can prove that 0 < f;;' (G, K)(e)(x) < a < fi (G K)(e)(y) < 1.

Now since,fu‘p1 is soft continuous map and (F,K),(GK) € t, then
fot (F,K), £t (G, K) € 1.
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It follows that there exists f5y (FK),fi)(GK) € tysuch that 0 <
fip BRI <a < figy FRE® <1
and 0 < f;(GK)(e)®) < a < fi(GK)(e)(y) <1.
Hence, (X, T4, E) is FSa — T (iii).

Now, we want to show that if (Y, t,, K) is FSa — T;(iv) then (X, 14, E) is FSa —
T, (iv). For this, let x§,ys be fuzzy soft points in (X, E) with x # y. Then there exists
e € E such that p(e) = k, vk € K and also (u(x)¥), (u(y)X) are fuzzy soft points in
(Y, K) with u(x) # u(y) as f,p is one-one.

Again, since (Y, t,,K) is FSa — T; (iv) space, there exists (F,K), (G, K) € t, such
that (F, K)(u(x)) (k) # (F,K)(u(y)) (k) and (G, K)(u(x) (k) # (G, K)(u(y)) (k).
Now,
(F,K)(ux)) (k) # (F,K)(u(y)) (k)

= (FEKuE) () # (FEK)u@)(pe).xy € Xk € Ke € E
= (EK)(p(e))(ux) # (F,K)(p(e)(¥)(u(y))

= fip FK)()®) # fip EK(e))
Similarly, we can prove that fu‘pl(G, K)(e)(x) # fu‘pl(G, K)(e)(y).
Now since, f,,is a soft continuous map and (F, K),(GK) € t, then
fop (F.K), £33 (G K) €14
It follows that there exists fy, (F,K), fip (G,K) € Tty such that fi; (F,K)(e)(x) #
fop (F,K)(e)(v) and fup (G, K)(e) (%) # fiup (G, K)(e) ().
Hence, (X, t4,E) is FSa — T; (iv).
IV. Conclusion

Nowadays, many mathematicians have extensively studied soft set theory,
which was introduced by Molodtsov [VI] and the obtained results have been
successfully applied in real life, playing an important role in solving many
uncertainty problems. In the present work, we have continued to study the properties
of fuzzy soft topological spaces. We introduce some new concepts of fuzzy soft T,
separation in fuzzy soft topological spaces using the fuzzy soft points concept. To
expand this work, shortly, we will focus more on applying our results to different
branches of topology. We hope that the findings in this paper will help researchers
enhance and promote further study on fuzzy soft topology.
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