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Abstract 

Extension of some Integral Transform by the Method of Multiple Integrals by 

Lebesgue measurable and Lebesgue integrable. 

Keywords: Fourier transform, Inverse Fourier transform, and Lebesgue measurable. 

I.     Introduction  

The extension of some integral transform, we will express the result of the 

form 
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Here 𝐺is the path of integration,  𝛾 is the kennel of the integral transform and 𝑧𝑖′𝑠 and 

𝑥𝑦 may be real or complex.  We will want to interchange the order of integration of 

the equation of (1.1) we get 
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Where 𝛾 is the k-variable analogue of the kernel𝜙 . The following lemma provides 

the general condition on 𝛼  and 𝛾  which are sufficient for the validity of the 

interchange of order of integration [I-VI]. 
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Lemma 1: Let kzzz ,......, 21 be fixed complex numbers and let 𝐺  be a connected 

subset of a straight line. Assume that the Complex-valued function 𝛼(𝑥) is Lebesgue 

measurable on𝐺, )),((
1


=

k

i

iii xyzvu   is measurable and  

 )()(),((
1

yfxfxyzvu
k

i

iii 
=

  where|𝛾|𝑓 is Lebesgue integrable [VII]. 

Then for 
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Where 𝛾 is the k-variable analogue of   . 

Proof: The function 𝜌(𝑎, 𝑏, 𝑢, 𝑣)  is measurable on 𝐺  and therefore, by the 

assumption, that the integrand of the inner integral is measurable, we have 
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Using Fubini’s Theorem (1966), we may interchange the order of integration, we get,  
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Now in the case of the Fourier transform of real variables, the ordinary Fourier 

transform of  𝒽 , defined as  

  𝒽̅(𝑥) =
1

√2𝜋
∫ 𝒽(𝑡)

∞

−∞
𝑒𝑥𝑝(−𝑖𝑥𝑡)𝑑𝑡, 𝑥 ∈ 𝑅                      (1.2) 
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Hence 𝒽̅ may be generalized to a function 𝐻̅ of k real variables by the method of 

multiple integrals, we have  

𝐻̅(𝑎, 𝑏, 𝑥, 𝑦) = ∫ ∫ ∫ 𝒽̅
𝐺𝐹𝐸

(∑ (𝑢𝑖
𝑘
𝑖=1 𝑣𝑖𝑧𝑖 , 𝑥, 𝑦))𝜌(𝑎, 𝑏, 𝑢, 𝑣)𝑑𝑢𝑑𝑣 , 𝑅𝑒(𝑎), 𝑅𝑒(𝑏) > 0          

(1.3) 

where𝑥 = (𝑥1, 𝑥2 − − − 𝑥𝑘) ∈ 𝑅𝑘 means the k-th cartesian power of R. 

II. Main results:  

Theorem (1):  

Let𝒽 ∈ 𝐿 of 𝑅𝑒(𝑎), 𝑅𝑒(𝑏) > 0 and 𝑥 ∈ 𝑅𝑘 , then  

H(𝑎, 𝑏, 𝑥, 𝑦) =
1

√2𝜋
∫ 𝒽

∞

−∞
(𝑡)𝑠(𝑎, 𝑏, −𝑖𝑥𝑡)𝑑𝑡, 

Where 𝑠(𝑎, 𝑏, −𝑖𝑥𝑡) = 𝑠 (𝑎1, − − −𝑎𝑘 , 𝑏1, − − −𝑏𝑘, −𝑖𝑥1𝑡 − − − 𝑖𝑥𝑘𝑡) 

is obtained by replacing 𝑡 𝑏𝑦 − 𝑖𝑡 and 𝑧 𝑏𝑦 𝑥 .  

Proof:  On replacing 𝑥 by ∑ 𝑢𝑖
𝑘
𝑖=1 𝑣𝑖𝑥𝑖𝑦𝑖 

𝐻̅(𝑎, 𝑏, 𝑥) =
1

√2𝜋
∫ ∫ 𝒽(𝑡)exp (−𝑖𝑡 (∑ 𝑢𝑖

𝑘

𝑖=1

𝑣𝑖𝑥𝑖𝑦𝑖) 𝜌(𝑎, 𝑏, 𝑢, 𝑣)𝑑𝑡𝑑𝑢𝑑𝑣

∞

−∞
𝐸

 

is measurable on R.  The function  𝑒𝑥𝑝(−𝑖𝑡 ∑ 𝑢𝑖
𝑘
𝑖=1 𝑣𝑖𝑥𝑖𝑦𝑖) is continuous on R.   

Since |𝑒𝑥𝑝(−𝑖𝑡 ∑ 𝑢𝑖
𝑘
𝑖=1 𝑣𝑖𝑥𝑖𝑦𝑖 = 1|, then    

𝐻̅(𝑎, 𝑏, 𝑥) = ∫ |𝒽(𝑡)𝑒𝑥𝑝(−𝑖𝑡 ∑ 𝑢𝑖

𝑘

𝑖=1

𝑣𝑖𝑥𝑖𝑦𝑖)| 𝑑𝑡 = ∫ |
∞

−∞

𝒽(𝑡)|𝑑𝑡 < ∞
∞

−∞

. 

In Lemma (1), we put E= 𝑅𝑎𝑛𝑑𝛾 = 𝑅 and observe that the exponential function𝛼 is 

majored by𝑓(𝑡) = 1. Also the Fourier transform in the case of complex variables,  if 

the assumption of the above lemma is imposed upon the function of 𝒽, the Fourier 

transform of𝒽 function defined as 

  𝒽̅(𝑠) =
1

√2𝜋
∫ 𝒽

∞

−∞
(𝑡)𝑒𝑥𝑝(−𝑖𝑠𝑡)𝑑𝑡,                  (1.4) 

is analytic on either the lower half-plane. Then the analogue with the generalization 

result is defined as 

  𝐻̅(𝑎, 𝑏, 𝑠) = ∫ ∫ 𝒽̅
𝐹𝐸

(∑ 𝑣𝑖𝑣𝑖𝑠𝑖) 𝜌(𝑎, 𝑏, 𝑢, 𝑣)𝑑𝑢𝑑𝑣, 𝑅𝑒(𝑎), 𝑅𝑒(𝑏) > 0𝑘
𝑖=1   (1.5) 

is analytic on 𝐷𝐾 But in the case of inversion of Fourier transform defined as 

  𝒽(t) =
1

√2𝜋
∫ 𝒽̅(𝑠)𝑒𝑥𝑝(𝑖𝑡𝑠)𝑑𝑡,           𝑡 ∈ 𝑅

∞+𝑖𝛾

−∞+𝑖𝛾
                (1.6) 

and its generalization to a function H of k real variables, if  𝑡 = (𝑡1, 𝑡2− − 𝑡𝑘) ∈ 𝑅𝑘, 

  𝐻(𝑎, 𝑏, 𝑡) = ∫ ∫ 𝒽
𝐹𝐸

(∑ 𝑢𝑖𝑣𝑖𝑡𝑖)𝜌(𝑎, 𝑏, 𝑢, 𝑣)𝑑𝑢𝑑𝑣𝐾
𝑖=1                 (1.7) 
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Then we have  

𝐻̅(𝑎, 𝑏, 𝑥, 𝑦) =
1

√2𝜋
∫ 𝒽

∞

−∞

(𝑡) ∫ ∫𝑒𝑥𝑝(−𝑖𝑡)𝒽̅
𝐹𝐸

(∑ 𝑢𝑖𝑣𝑖𝑥𝑖𝑦𝑖)𝜌(𝑎, 𝑏, 𝑢, 𝑣)𝑑𝑣𝑑𝑢𝑑𝑡

𝑘

𝑖=1

 

=
1

√2𝜋
∫ 𝒽

∞

−∞

(𝑡)𝑠(𝑎, 𝑏, −𝑖𝑥𝑡)𝑑𝑡,            𝑅𝑒(𝑎), 𝑅𝑒(𝑏) > 0 

Here we note that if 𝑥1 = 𝑥2 = −−= 𝑥𝑘 = 𝜉𝑎𝑛𝑑𝑦1 = 𝑦2 = − − 𝑦𝐾 = 𝜂. 

Then 𝐻̅(𝑎, 𝑏, 𝑥, 𝑦) = 𝒽̅(𝜉). 𝒽̅(𝜂). 

Also, since 𝒽̅(𝑥)𝑎𝑛𝑑𝒽̅(𝑦) are continuous on R. 

Therefore  𝐻̅(𝑎, 𝑏, 𝑥, 𝑦) are continuous in x and y on .kR  

Theorem (2):  

Let𝒽  satisfy the assumptions of lemma and let D be the corresponding analytic 

function of 𝒽̅ . If 𝑅𝑒(𝑎) > 0, 𝑅𝑒(𝑏) > 0 then  

𝐻̅(𝑎, 𝑏, 𝑥, 𝑦) =
1

√2𝜋
∫ 𝒽

∞

−∞

(𝑡)𝑠(𝑎, 𝑏, −𝑖𝑠𝑡)𝑑𝑡,   𝑅𝑒(𝑎), 𝑅𝑒(𝑏) > 0. 

Proof: On replacing s by ∑ 𝑢𝑖𝑣𝑖𝑠𝑖
𝐾
𝑖=1  and putting in (1.5) we get 

𝐻̅(𝑎, 𝑏, 𝑠) =
1

√2𝜋
∫ ∫ ∫ 𝒽

∞

−∞

(𝑡)𝑒𝑥𝑝(−𝑖𝑡)
𝐹𝐸

∑ 𝑢𝑖𝑣𝑖𝑠𝑖)𝜌(𝑎, 𝑏, 𝑢, 𝑣)𝑑𝑡𝑑𝑢𝑑𝑣

𝑘

𝑖=1

 

=
1

√2𝜋
∫ ∫ ∫ 𝒽

∞

0

(−𝑡)𝑒𝑥𝑝 (𝑖𝑡 ∑ 𝑢𝑖𝑣𝑖𝑠𝑖)𝜌(𝑎, 𝑏, 𝑢, 𝑣)𝑑𝑡𝑑𝑢𝑑𝑣

𝑘

𝑖=1

)
𝐹𝐸

 

+
1

√2𝜋
∫ ∫ ∫ 𝒽

∞

0

(−𝑡)𝑒𝑥𝑝 (𝑖𝑡 ∑ 𝑢𝑖𝑣𝑖𝑠𝑖)𝜌(𝑎, 𝑏, 𝑢, 𝑣)𝑑𝑡𝑑𝑢𝑑𝑣

𝑘

𝑖=1

)
𝐹𝐸

 

 The integrand of the inner integral in each of the above terms is measurable if  

𝑠𝑖 = 𝑢𝑖 + 𝜏𝑖, 𝑙𝑒𝑡𝑚 = min
i

(𝜏𝑖) 𝑎𝑛𝑑𝑚 = max
i

(𝜏𝑖) . 

Then  ∫ |𝒽
∞

0
(−𝑡)𝑒𝑥𝑝 (𝑖𝑡 ∑ 𝑢𝑖𝑣𝑖𝑠𝑖)|𝑑𝑡 =𝐾

𝑖=1 ∫ |𝒽
∞

0
(−𝑡)𝑒𝑥𝑝(−𝑡 ∑ 𝑢𝑖𝑣𝑖𝜏𝑖)𝑑𝑡𝑘

𝑖=1 )) 

≤ ∫ |𝒽
∞

0

(−𝑡)𝑒𝑥𝑝(−𝑡𝑚)𝑑𝑡,  

and ∫ 𝒽
∞

0
(𝑡)𝑒𝑥𝑝(−𝑖𝑡 ∑ 𝑢𝑖𝑣𝑖𝑠𝑖

𝐾
𝑖=1 )𝑑𝑡 = 

||𝑒𝑥𝑝(−𝑖𝑡 ∑ 𝑢𝑖𝑣𝑖𝜏𝑖
𝑘
𝑖=1 )| ≤ ∫ |𝒽

∞

0
(𝑡)| |𝑒𝑥𝑝(𝑡𝑚)|𝑑𝑡.   
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Under the assumption of lemma, ℎ(−𝑡) = 0,0 < 𝑡 < ∞ 𝑎𝑛𝑑 𝑚 < 0,  so each of the 

integrals is finite. Under the assumption h vanishes onside a finite interval so these 

integrals are finite. 

Using lemma to each of these integrals 𝛼(𝑡) = ℎ(−𝑡) 𝑎𝑛𝑑𝑓(𝑡) =  𝑒𝑥𝑝(−𝑡𝑚) for the 

first integral and 𝑓(𝑡) = 𝑒𝑥𝑝(𝑡𝑚) For the second integral [VIII-XI]. 

Then 

𝐻̅(𝑎, 𝑏, 𝑠) =
1

√2𝜋
∫ ℎ

∞

−∞

(𝑡) ∫ ∫𝑒𝑥𝑝(−𝑖𝑡)
𝐹𝐸

∑ 𝑢𝑖𝑣𝑖𝑠𝑖)𝜌(𝑎, 𝑏, 𝑢, 𝑣)𝑑𝑣𝑑𝑢𝑑𝑡

𝑘

𝑖=1

 

=
1

√2𝜋
∫ 𝒽

∞

−∞

(𝑡)𝑠(𝑎, 𝑏, −𝑖𝑠𝑡)𝑑𝑡,      𝑅𝑒(𝑎), 𝑅𝑒(𝑏) > 0 

 Here we note that if      𝑠1 = 𝑠2 = −−= 𝑠𝑘  𝑡ℎ𝑒𝑛𝐻̅(𝑎, 𝑏, 𝑠) = ℎ̅(𝑧).  
 Also since ℎ̅is analytic, then𝐻̅(𝑎, 𝑏, 𝑠) is analytic 

Theorem (3): Letℎ̅(s) satisfy the condition of the above lemma if 𝑅𝑒(𝑎), 𝑅𝑒(𝑏) > 0 

and 𝑡 ∈ 𝑅𝑘,   then 

𝐻(𝑎, 𝑏, 𝑡) =
1

√2𝜋
∫ ℎ̅

∞+𝑖𝛾

−∞+𝑖𝛾

(𝑠)𝑠(𝑎, 𝑏, 𝑖𝑠𝑡)𝑑𝑠. 

Proof:   On replacing t by ∑ 𝑢𝑖𝑣𝑖𝑡𝑖
𝑘
𝑖=1  then the equation (1.7) becomes 

𝐻(𝑎, 𝑏, 𝑡) =
1

√2𝜋
∫ ∫ ∫ ℎ̅

∞+𝑖𝛾

−∞+𝑖𝛾

(𝑠)𝑒𝑥𝑝 (𝑖𝑠 ∑ 𝑢𝑖𝑣𝑖𝑡𝑖

𝑘

𝑖=1

) 𝜌(𝑎, 𝑏, 𝑢, 𝑣)𝑑𝑠𝑑𝑢𝑑𝑣
𝐹𝐸

 

=
1

√2𝜋
∫ ∫ ∫ ℎ̅

∞

−∞

(σ + 𝑖𝛾)𝑒𝑥𝑝[𝑖(σ + 𝑖𝛾) (∑ 𝑢𝑖𝑣𝑖𝑡𝑖)𝜌(𝑎, 𝑏, 𝑢, 𝑣)𝑑σ𝑑𝑢𝑑𝑣

𝑘

𝑖=1

) .
𝐹𝐸

 

Since ℎ̅(𝑠)  was assumed to be integrable n the line Im(𝑠) = 𝛾 , then ℎ̅(σ + 𝑖𝛾) , 

considered on a function of the real variable σ , is integrable on R. Then the integrand 

of the inner integral is measurable.  Let 𝑡̅ = max
i

{|𝑡𝑖|}.  Then 

∫ |ℎ̅
∞

−∞

(𝜎 + 𝑖𝛾)𝑒𝑥𝑝 [𝑖(𝜎 + 𝑖𝛾) ∑ 𝑢𝑖𝑣𝑖𝑡𝑖 ]dσ

𝑘

𝑖=1

= ∫ |ℎ̅
∞

−∞

(𝜎 + 𝑖𝛾)| 𝑒𝑥𝑝 − 𝛾 ∑ 𝑢𝑖𝑡𝑖 ]dσ

𝑘

𝑖=1

 

≤ 𝑒|𝛾|𝑡̅ ∫ |ℎ̅
∞

−∞

(𝜎 + 𝑖𝛾)| dσ < ∞. 

Using the above lemma with 𝑓(𝑡) = 𝑒|𝛾|𝑡̅
 we have, 

𝐻(𝑎, 𝑏, 𝑡) =
1

√2𝜋
∫ ℎ̅

∞+𝑖𝛾

−∞+𝑖𝛾

(𝑡) ∫ ∫ 𝑒𝑥𝑝 (𝑖𝑠 ∑ 𝑢𝑖𝑣𝑖𝑡𝑖

𝑘

𝑖=1

) 𝜌(𝑎, 𝑏, 𝑢, 𝑣)𝑑𝑢𝑑𝑣𝑑𝑠
𝐹𝐸

 

=
1

√2𝜋
∫ ℎ̅

∞+𝑖𝛾

−∞+𝑖𝛾

(𝑠)𝑠(𝑎, 𝑏, 𝑖𝑠𝑡)𝑑𝑠,      𝑅𝑒(𝑎), 𝑅𝑒(𝑏) > 0 



 

 

 

 
J. Mech. Cont.& Math. Sci., Vol.-19, No.-8, August (2024)  pp 60-66 

Dilip Kumar Jaiswal et al. 

 

 

65 

 

If 𝑡1 = 𝑡2 = −−= 𝑡𝑘 = 𝜉, 𝑡ℎ𝑒𝑛𝐻(𝑎, 𝑏, 𝑡) = 𝒽(𝜉) .  Also since𝒽(𝑡) is continuous on 

R, then 𝐻(𝑎, 𝑏, 𝑡) is continuous is t 𝑅𝑘 . 

III.     Conclusion 

In this study, we developed some extensions of some Integral Transform by 

the Method of Multiple Integrals by Lebesgue measurable and Lebesgue integrable 

with some useful theorems and lemma. 
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