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Abstract

Extension of some Integral Transform by the Method of Multiple Integrals by
Lebesgue measurable and Lebesgue integrable.
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I. Introduction

The extension of some integral transform, we will express the result of the
form

IIIQ(X)ﬁ(y)V(iUiVi Z,,Xy)p(a,b,u,v)dxdyuddv (1.1)

EFG

Here Gis the path of integration, y is the kennel of the integral transform and z;'s and
xy may be real or complex. We will want to interchange the order of integration of
the equation of (1.1) we get

[ B[ a)[ @uivizi Xy)p(a,b,u,v)dxdyuddv

= j a(X) j B(Y)p(uy,z,, xy)dydx= ja(x)y(a,b, z,X)dx, Re(a),Re(b) > 0.
G F G
Where y is the k-variable analogue of the kernelgp . The following lemma provides
the general condition on a and y which are sufficient for the validity of the
interchange of order of integration [I-VI].
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Lemma 1: Letz,Z,,....Z, be fixed complex numbers and let G be a connected
subset of a straight Iine Assume that the Complex-valued function a(x) is Lebesgue

measurable onG, ;/(Z (u.v,

i=1

Z;,Xy)) is measurable and

‘y(z (uv,z,, xy) < f(x) f (y)‘ where|y|f is Lebesgue integrable [VII].

Then for
| Ha(X)ﬁ(y)y(Zu. 2., xy) p(a, b, u, v)dxdyuddv

a(x) j B(Y) j y(Z (uv,z,, x))p(a, b,u, v)dudvdydx

a(X)y(a,b, z,x, y)dx

£
i
Where y is the k-variable analogue of o .

Proof: The function p(a,b,u,v) is measurable on G and therefore, by the
assumption, that the integrand of the inner integral is measurable, we have

[[[1am)B(y) y(Z(u. 2., xy)p(a, b, u,v) | dxdyuddyv

FGH

j lp(a,b,u v)|j e x)|J By Z(u. 23, XY))p(a,b,u,v) | dudvdydx

< f | p(a,b, 2%, )| j |a(x)|J B (v)dy < [|p(ab,u,vdv[a()[f (x)dx

B{Re(a),Re(b)}
< @B ] [lecx) f (x)d¥
< o,Re(a),Re(b) > 0.

Using Fubini’s Theorem (1966) we may interchange the order of integration, we get,

[1] a(X)ﬁ(y)y(ZU. 2. xy) p(a, b, u, v)dxdyuddv

FGH

- j a(x) j B(Y) j y(z (uv,z,, xy))p(a, b,u, v)dudvdydx

= j a(x)y(a,b, z,x, y)dx, Re(a),Re(b) > 0.

Now in the case of the Fourier transform of real variables, the ordinary Fourier
transform of £ , defined as

A(x) = \/%f_oom A(t) exp(—ixt)dt, x €R (1.2)
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Hence A may be generalized to a function H of k real variables by the method of
multiple integrals, we have

H(a,b,x,y) = fE fF faﬁ (Z{f:l(ui v;z;,%,y))p(a,b,u,v)dudv, Re(a), Re(b) > 0
(1.3)

wherex = (x;,x, — — — x;) € R* means the k-th cartesian power of R.
I1. Main results:

Theorem (1):

Let/ € L of Re(a),Re(b) > 0 and x € R¥, then

H(a,b,x,y) = \/%fjom 4 (t)s(a, b, —ixt)dt,

Where s(a, b, —ixt) = s (ay,— — —ay, by, — — —by, —ix;t — — — ixyt)
is obtained by replacing t by — it and z by x .

Proof: On replacing x by ¥* . u; vix;y;

o K
fh(t)exp(—it Zuivixiyi p(a, b, u,v)dtdudv

i=1

— 1
H(Cl,b,X) =\/T_T[L

is measurable on R. The function exp(—it ¥.X_, u; v;x;y;) is continuous on R.

Since |exp(—it Y¥_, u; v;x;y; = 1|, then
k
/L(t)eXP(—itz U; ViX;Yi)

i=1

dt = f | A(t)|dt < oo.

H(a,b,x) = f_c:

In Lemma (1), we put E= Randy = R and observe that the exponential functione is
majored byf (t) = 1. Also the Fourier transform in the case of complex variables, if
the assumption of the above lemma is imposed upon the function of 4, the Fourier
transform of# function defined as

R(s) = «% I A (t)exp(—ist)dt, (1.4)

is analytic on either the lower half-plane. Then the analogue with the generalization
result is defined as

H(a,b,s) = [, fF% Gk, viv;sy) p(a, b,u, v)dudv, Re(a), Re(b) > 0 (1.5)

is analytic on DX But in the case of inversion of Fourier transform defined as

1 o +i - .
A() = ﬁf_mzyh(s)exp(ws)dt, tER (1.6)
and its generalization to a function H of k real variables, if t = (t;,t,— — t,) € Rk,
H(a,b,t) = [, [. A (X, wvit)p(a, b,u, v)dudv 1.7)
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Then we have

k
— 1 (= _
H(a,b,x,y) = —f h(t)f fexp(—it)ﬁ (Z u;v;x;y)p(a, b, u, v)dvdudt
V2m ) E-F i=1

1 (@ .
B Ef_mh (©)s(a, b, —ixt)dt, Re(a),Re(b) >0

Here we note that if x; = x, = ——=x, = &andy; =y, = — —yx = 1.
Then H(a, b, x,y) = £(&). A ().
Also, since A (x)and A (y) are continuous on R.

Therefore H(a, b, x,y) are continuous in X and y on R*.
Theorem (2):

Let# satisfy the assumptions of lemma and let D be the corresponding analytic
function of 4 . If Re(a) > 0, Re(b) > 0 then

H(a,b,x,y) = \/%_n f_ " A (Os(a, b, —ist)dt, Re(a),Re(b) > 0.

Proof: On replacing s by Y%, u;v;s; and putting in (1.5) we get

k

_ 1 *®

H(a,b,s)=—fff /L(t)exp(—it)Zu-v-s-)p(a,b,u,v}dtdudv
'_27TEF—00 i=1LLL

k

1 oo
= — £ (—t)ex itz u;v;8;)p(a, b, u, v)dtdudv
N f f fo (~exp wis)p(a, b, )

i=1

- K
fff £ (—t)exp itZul-vl-sl-)p(a,b,u,v)dtdudv
EJFJo

i=1

1

"z

The integrand of the inner integral in each of the above terms is measurable if
S =u; + 14, letm = miin(ri) andm = miax(rl-).
Then [” 14 (—t)exp (it By wwis)ldt = ;7 1A (~texp(—t T, wvir)dt))
< foom (—t)exp(—tm)det,
0

and foooh (Oexp(—it T wvs;)de =

||exp(—it T uwT)| < fooo |~ (t)| lexp(tm)|dt.
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Under the assumption of lemma, h(—t) = 0,0 <t < o and m < 0, so each of the
integrals is finite. Under the assumption h vanishes onside a finite interval so these
integrals are finite.

Using lemma to each of these integrals a(t) = h(—t) andf(t) = exp(—tm) for the
first integral and £ (t) = exp(tm) For the second integral [VI1I1-XI].

Then

k
_ 1 «©
H(a,b,s =—f h(t ffex —it Zu-v-s- a,b,u,v)dvdudt
( ) m_m () e e p( )i=1 lll)p( )

1 o '
- Ef_wh (t)s(a,b,—ist)dt, Re(a),Re(b) >0

Here we note that if s, = s, = ——= s, thenH(a,b,s) = h(z).

Also since his analytic, thenH (a, b, s) is analytic

Theorem (3): Leth(s) satisfy the condition of the above lemma if Re(a), Re(b) > 0
and t € R¥, then

1 (ot
H(a,b,t) = \/T_T[-f—oo+iyh (s)s(a, b, ist)ds.
Proof: On replacing t by ¥'¥_, u;v;t; then the equation (1.7) becomes
1 otiy k
H(a,b,t) =ELL£w+iyh (s)exp iSZuiviti p(a,b,u,v)dsdudv

k

1 ©_
=— h(oc+iy)expli(o+i Zu-v-t- a,b,u,v)dodudv
m”fw( Pexplito+in) | Y wwit)p(a, bu,v)

i=1

Since h(s) was assumed to be integrable n the line Im(s) =y, then h(c + iy),
considered on a function of the real variable o , is integrable on R. Then the integrand
of the inner integral is measurable. Let t = max{|¢t;|}. Then

1

[0}

k o k
J |h (o + iy)exp i(a+iy)Zuiviti]do =f [h (o + iy) exp—yz u;t; |do
—00 i=1 —®© i=1

< e”"tf [h (o +iy)| do < oo.

—00

Using the above lemma with £(t) = eIt we have,

. k
1 (ot _
H(a,b,t =—f h(t ffex iSZu-v-t- a,b,u,v)dudvds
( ) m—ooﬂy()EF p i=1111p( )
1 oo+iY_
=— h(s)s(a,b,ist)ds, Re(a),Re(b)>0
m»].—oo+iy
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Ift; =t, = ——=t, =& thenH(a, b, t) = A(&). Also since/(t) is continuous on
R, then H(a, b, t) is continuous is t R¥ .

Conclusion

In this study, we developed some extensions of some Integral Transform by

the Method of Multiple Integrals by Lebesgue measurable and Lebesgue integrable
with some useful theorems and lemma.
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