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Abstract

This paper aims to study the flow of a non-Newtonian fluid of Reiner-Rivlin
type between two co-axial porous circular cylinders. The inner cylinder moves with a
transient velocity while the outer one is fixed.
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I. Introduction

Khamrui [I11] studied the flow of an ordinary viscous fluid between two co-
axial porous circular cylinders when the inner cylinder is oscillating. Flow of non-
Newtonian fluid contained in a fixed circular cylinder due to the longitudinal oscillation
of a concentric circular cylinder has been investigated by Bagchi [I].

In this paper an attempt has been made to investigate the motion of a Reiner — Rivilin
fluid through two porous concentric circular cylinders when the inner cylinder
performs a transient movement and the outer one is at rest. The exact solution of this
problem has been obtained in terms of Hankel functions and approximate results for
the two extreme cases have been derived. Also the authors have obtained the solution
for the transient movement of a piston in the non-Newtonian fluid contained in a
circular cylinder as a particular case.

We know that a Reiner — Rivilin fluid (Rivilin [IV]) is characterized by the constitutive
equations.

— !
Ty = — P&y + T
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Where p is coefficient of viscosity, . is the coefficient of cross-viscosity Tj; is the
stress tensor, ej; is the ratio of strain tensor and 6;; = 1, i = jand §;; = 0, i #].

I1. Formulation and Solution of the Problem

Let us consider ‘a’ and ‘b’ be the radii of the inner and the outer cylinder
respectively (b > a). Considering the cylindrical polar co-ordinates (r, g, z) with z-axis
as the common axis of the cylindrical and (u, v, w) as the components of velocity in
the directions of r, © and z increasing respectively, we see that v = 0. We assume
that all the physical quantities are independent of 6 and z. Then the equations.
Of motion are

du du ot Jt Tr— T
,0 ( +u )= rr+ rz+ T 00

E E ar 0z r
and
ow owy _ 10 0Ty
p (6t tu ar) “ ror (rte,) + 0z @
and the equation of continuity is
du u
P + o= 0 3
Now
T S50 Ge_r'rz_ar

erp = €g; = €5, =0
Then on using (1) , we got
Tyr = —P + Her + K¢ (elgr + e%z)"tee = —Pp+ Hegp + K¢ eée’

— 2
TI'Z - I""erZ + UCerr eI'Z ' TZZ - p + u'C erz

Hence with the help of (3), equations (2) become as

du, ou_ _ 10p 10 (6_w)2 z(a_u)z
6t+u6r_ P r+vc [r ar{r or +40r ar ()
D DY D (00 | 20 (00 oy

6t+u6r_ rdr(rar)-l_ r or rar'ar (5)

Where v is the kinematic coefficient of viscosity and Vc is the kinematic coefficient of
Cross — viscosity

Here we have considered that the rate of liquid withdrawn at one wall is always equal
to the rate of injection of the liquid at the other wall. Then we have on using (3)

auy buy

u= —=— (6)

r br

G. Chakraborty et al

208



J. Mech. Cont.& Math. Sci., Vol.-19, No.-8, August (2024) pp 191-206

where Ua and Uy are the radial velocities at the walls of the inner and outer cylinders
respectively.

Substituting for u in (5) and considering Ua to be constant, we have

ow au, ow _ v 0 ow 2auave (1 0w
TRt G Rl e @
Let us put
w(r,t) = f(r)e 1t (8)
to obtain a solution of equation (7).
Therefore equation (7) is reduced to
Puttlng A — R (the cross-flow Reynold’s number in Newtonian fluid) and 22%2¥e = 1,

(a parameter dependlng on the cross-viscosity coefficient v..) in equation (9), we get
M2 = L) S+ L+ 21— RIS+ g2 rif=0 (10)

where g = -

R
Substituting f = (r2 — L) .¥(r) in equation (10) we get

r(r? —L) =+ (2 +L)—+{q2— }r3‘P=O (11)

4(r2-L)

1
Further, putting x = q(r? — L)z we have from equation (11)

2 ¢ av 2 _ R y_
S wxT 4 (x “)w=0 (12)

Which is Bessel’s equation of (R/2) th order.

For practical need, we may take the solution of equation (12) as

W) = A HP ) + Ay H(Z) ),

2

Where Hél) (x) and Héz) (x) are Hankel functions of the first and second kind

2 2
respectively and A1, Az are constants.

Hence we have

f(r) = (r2— L)z [A1 HY (qvr2—L)+ A, H(Z) (qvr2 - L)]
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Therefore, we have from (8)
R
w () = (2 —L)s [Al Hy (qr2 —L) + A, HE? (q/r2 - L)],e— nt (13)
2 2

The boundary conditions are

w=We ™ whenr=a
and
w=0 when r=b (14)

By using (14), we have from (13)

(@% - L)% lAl Hg) (qvaz—L) + A, Héz) (qVaz - L)l =W
2

2
and
R
(b2 —L)= IAl HY” (qvb?—L) + A, HYY (qVbZ—1L) = ol (15)
2 2

Now, we have from (15)

W HE (qvb2-1)
A = . 2
V7T eops HQ (ava?-L) HY (qV2-L)- HY (q Vb?-L) HY) (q va?-L)
2 2 7 3
W H(Bl) (qVb2-L)
A, = . 2
° @e-ps HR (@VaTL)HR (aVB7-L)- HY (a VBP-L) HY (q Va?-L)
2 2 7 3
Substituting the values of A; and A; in (13), we get
w(rt) =
w (rZ L)% H(Bl) (q VI‘Z—L) H(BZ) (q \/bz—]_,)— H(Bl) (q ,/bZ_L) H(BZ) (q /rz_L)
i S , e—nt . 2 2 > > 16
(@0t) G G - ) e (e
2 2 > >
By using (6), (4) can be written as
_aug_ _1dp 19 (a_w)2 1622 w3
3 por + Ve [r ar {r ar 5
S Y A R L S L
or, p or Ve [r ar o 972 s + - (17)

Substituting for W from (16) in (17) and integrating, the pressure p can be determined
as a function of r and t.
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I11.  Flow for Small VValues of n

In terms of the Bessel functions Jr (z) and ] r (z) we have (Watson [VII])
2 2

R
e 2m R (z)-]-r (Z)
1 R —R
Hé : (Z) - —Zisian;
2 2
R
e2miJgp (z)-]-r (2)
2 R =R
Hé) (Z) - —2isin1R:t
2 2

Therefore
HE (aVrP-1) HY (q Vb2-1)- HY (q Vb2-L) HY (q ViZ-1)
2 2 2 2
Hy (aVa?=L) HY (avb?-1) - HY (aVb?-L) HY (aVa?-1)
2 2 2 2

Jr (aVr2-L)] -r (qVb?-L)-] r (qVb?-L)] - r (q Vr?-L)
2 2 2 2

= T(@VaT D)) _r(a Vb7 T) T 5 (V57 L))z (a VA7 L) (18)
2 2 2 2
Moreover, we have (Watson [4] )
R
_ ()| 7
]g (z) = (2 Z) Ir(gﬂ) 4r(§+2)) + l
R
1
= (E Z)z (ao— dq ZZ+ )
and
_R 2
_ (1 2 1 — z
J %(Z) - (2 Z) Ir(— —+1) 4F(—%+2)) l
_R
1
- (Ez) > (byp— by 22+ )
where
1 =l b= b= — 1 (9

CTIE T T ) T )

Here the absolute values of qvVr2 — L, qva?—L and qvb2 —L are small and so,
avoiding terms involving powers of q a higher than two, we have

I%(quz—L)I_%(q b2 —L)— I%(q b2 - 1) J_x(aVr?-1)
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R

R
2_ - 2_ -
= o bo [(22_—16)4 N (32_5)4] - q° [{ao by (b* — L) + ay by(r? —

D} (525)" = {ag by (> = L) + ay bo(b* — L)} (ii:j)zl

]%(qvaz —L) ]_%(quz —-L)- I%(q\/b2 - L) ]_%(q\/a2 — L)

R R
2 N7 b2 —
= a by [(%)4 N (rz_LL)L}] - q° [{ao by (b* — L) + ay by(a* —

r2—L

L)} ( ) {ag by (@® — L) + ay bo(b* — L)} ( ) ]

Hence with the help of (16) and (18) and putting g2 = % , we finally got

2 " 2 :
reL\4 b* L\4 n
[(m) ‘(ﬂ) l_vao bo
R
{ao by (b?-L)+ ay by (r? ‘L)}(bz L)4
R
R 4
_1Y3 e-nt \|-{ao by (r3-L)+ ay by (b2-L)}
W(T,L)—W(r(z))e . 0 12 . 1205 (r2 L) (20)
—L)% a“L\4 (b“L)\4 n
“ [(bZ—L) _(az—L) l_vao bo
R
{ao by (b2=L)+ ay by (a?— L)}(bz L)4
R
4

—{ag by (@%-L)+ aq bo (b?-L)} (%)

IV. Flow for Large Values of n
In this case, |q| is very large and we use the asymptotic formulas (Sommerfeld

[VID.

1

(1)()_( )_ oilz=3m (GR+3)}
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and

1
KO () = (2)F . ol irGred)
2
Therefore

HS) (aVrZ=1) Hy? (aVb? ~L) -
2
1
H® (qvb7—T) H(Z) (qVrZ—1L) = niq (r2 — L)z (b% —
L) a {elq (\/”2_——‘”2——) — e la(Vp-i- TZ_L)} ~ = = (r? —L)_% (b -
nq
L)"% . ela(Vb2-L-V72-L) ginceh >

and

H(l) (qva2 — 1) H(Z) (q M) -

(1) (q11b2 ) H(Z) (q1la2 ) —_ £ (a _ )—Z (bz
i D - D) o - 2 -ty

1 .
L)z . ela (V0?-L=Va?-L) sjnce g > ¢

Hence from (16) and putting q = \/g , We get the expression for the velocity as

w(r,t) = A _L)4(R Do .Re [ei\/g (Va2 L - \/rZ—L)]

(a2-L)z (R 1)

R®-1)

w (r2-L)*

w(r,t) =

" cos {\/g (VrrL - Va2 —L)} (21)

(aZ L)4 (R 1)

Substituting the radial component u =0 in (6), we get Ua = Up = 0 and consequently
R = 0. The motion, in this case, is due to the transient movement of a piston in a fluid
contained in a circular cylinder and the cylinders are rigid.

Substituting R = 0 in (16), we get
w(r, ) =

H (gL ) 1 (q [ ) — <q b2 ) 1 (VL)
H (gL ) 1 (q 21 ) e <q b2 ) H® (g a7 1)

-nt

w.e (22)
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The velocity distribution is given by (22). Here we discuss two cases.
Case I.
For small values of n, w can be obtained from (20). When R - O the right hand side
of (20) assume the form (%)= so it can be evaluated by L Hospitols’s rule.
We know (Sommerfeld) [5]

rv=—-y, ray=-y+1
¥ being Euler’s constant. Hence from (19), we have

2>1 hh>1 a>:, b2

and

!

1 ’ 1 ’ 1 ’ 1
a = 3V, bo =23y, a2 (=1, b - -1
as R - 0, the dashes denoting differentiation with respect to R.
Therefore, when R = 0, we have from (20)I

r2—L n b24+1r2—2 r2—L
[Log (bZ—L) -3 {4(192— r2)+ — Log (bZ—L)}]
n
9

a?-L b%+a2-2 a?-L
[ros (52=5) - §lar- a5 =2 00 ()|

wrt)=We™ ™ (23)

Case Il.

For large values of n, substituting R = 0 in (21), we get

w(rt)=Ww (Z;:Z)i e~ ™ cos [\/% (Vrz—L — Va2 —L)] (24)

If we put 9, = 0 in each of these results, we get the classical results for ordinary
Newtonian viscous fluids.

V. Conclusion

It is clear from (20) and (21) that the velocity gradient is transient in
nature for both small and large value of n and will die out after a long interval
of time.

The velocity distribution for transient movement of a piston has been
studied as a particular case in (22) just by substituting the radial component
u=0 i.e,Ua=u,=0 i.e.,, R=0in(16). The velocity distributions of the piston
have also been found for small and large values of n in Case | and Case Il
respectively. In both the Cases, it is seen that the velocity distribution of the
piston is transient in nature and die out after long time.
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