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Abstract

In this article, we extract the diverse solitary wave solutions to the time-
fractional perturbed nonlinear Schrédinger equation describing the dynamics of
optical solitons travelling through nonlinear optical fibers. The nonlinear fractional
differential equation is transformed into a nonlinear differential equation using a
traveling wave transformation relating to the beta derivative. After that, the resulting
equation is explained using the extended Riccati equation method. Abundant soliton
and soliton-type solutions are extracted, comprising trigonometric and hyperbolic
functions. The nature of the solutions varies qualitatively depending on distinct
parameters. Additionally, graphical representations of the constructed solutions
exhibit various physical forms, including kink, bell-shaped, periodic, anti-coupon etc.
Moreover, the achieved solutions play a significant role in interpreting wave
propagation studies and are essential for validating numerical and experimental
findings in the fields of nonlinear optics, quantum mechanics, engineering, etc.

Keywords: Beta Derivative, Extended Riccati Equation method, Optical Solitons,
Time-fractional Perturbed Nonlinear Schrédinger Equation, Traveling Wave
Transformation.

I. Introduction

In recent years, fractional calculus has gained widespread attention for its
extensive applications in various fields, such as engineering, chemistry, medicine,
physics, biology, control theory, etc. The memory and genetic characteristics of
fractional differential operators have led to the development of useful methods for
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exploring a range of phenomena and processes through fractional-order equations.
Researchers have extensively investigated traveling wave solutions to both integer
and non-integer order nonlinear partial differential equations (NLPDES), exploring
their relevance in applied mathematics [XIV, X, IX, HI]. Consequently, a thorough
literature review reveals a reliable impact on constructing exact solutions for
nonlinear fractional differential equations (NLFDES) with physical significance. The
numerous applications of NLFDEs, including viscoelasticity, heat conduction,
electromagnetic waves, diffusion equations, electrode-electrolyte polarization, and
biogenetics, have captured global interest in this area [XVII]. To obtain exact soliton
solutions for fractional order NLPDES, some efficient methods have been proposed,
such as the sub-equation method [V1], (G'/G)-expansion method [XI1], exp-function
method [VII], modified auxiliary equation method [XIV], extended Sinh-Gordon
equation expansion method [VII1], modified trial equation method [XVIII], extended
tanh-function method [XXXVII1], Laplace optimized decomposition method [V], etc.

Laskin initially introduced the fractional Schrédinger equation, a fundamental
concept in quantum mechanics [XVI]. The fractional nonlinear Schrodinger (NLS)
equation is the most frequently used nonlinear model in nonlinear science,
engineering, and technology due to its wide-ranging applications [XXIII, XIX, XI].
Optical soliton solutions of fractional NLS equations are frequently used in various
branches of nonlinear science and engineering, such as optical fibers, optoelectronics,
guantum electronics, photonics, Nanofibers, etc. [XXI, XV, XXVI, XIII]. Various
numerical methods have been suggested in the literature to obtain approximate
solutions for the fractional Schrodinger equations. The perturbed nonlinear
Schrodinger equation (PNLSE) with fractional temporal evolution is expressed as
[XXVII]:

. (9B ,
l(?/z;’) + Pxx + Q0P|P|2 + l(lexxx + Q2|P|2Px + Q3(|p|2)x P) = O't > 0'0 < ﬁ <L (1)

Here in equation (1), the first term represents the time-fractional derivative in the
sense of the beta derivative, where p;, 0, and o5 represent third-order dispersion,
nonlinear dispersion, and version of nonlinear dispersion respectively. The time-
fractional PNLSE describes the dynamics of optical solitons travelling via nonlinear
optical fibers, as well as has applications in plasma physics, fluid dynamics, optics,
and so on [XXV, I]. Time fractional PNLSE was discussed by Younis et al. [XXVII]
to obtain dark, combined bright-dark, singular, and combined dark-singular optical
dromions with the help of the extended Fan sub-equation method along with modified
Riemann-Liouville derivatives. To examine the perturbed time-fractional nonlinear
Schrodinger equation, analytical and semi-analytical wave solutions, the conformable
fractional derivatives modified Khater technique, and the Adomian decomposition
method was used by Wang et al [XXV]. Owyed et al. [XX] achieved trigonometric,
hyperbolic, and rational function solutions exploring our governing model with the

Md. Al Amin et al.

102



J. Mech. Cont.& Math. Sci., Vol.-19, No.-5, May (2024) pp 101-115

aid of generalized exp(—w¢) and (G'/G?%)-expansion processes. Recently, various
optical dromions for the time fractional PNLSE were established by Rizvi et al.
[XXI] with the application of an extended modified auxiliary equation mapping
method.

This research project is motivated by a keen interest in soliton solutions in the context
of fractional-temporal perturbed nonlinear Schrodinger equation (PNLSE). The aim is
to extensively investigate the unigque properties and behaviours of solitons in the
fractional-temporal framework and contribute to the knowledge of nonlinear optics
and mathematical physics. The extended Riccati method [XIII] is used for this
investigation.

The rest of the article is organized as follows: Section 2 contains the definition of
beta derivatives. Section 3 gives a review of the method. Section 4 provides the
mathematical analysis for our equation. Section 5 represents the graphical
interpretations of the solutions. Section 6 devotes the conclusions based on the
results.

Il1. The beta derivative

The beta-derivative is defined as [IV]:

1—

(x+e(x+%ﬁ))) p_ £(
€

E08(f ()} = lim " Do<p=i @)

Some properties of the beta derivatives are:

i) Assuming that m and n are real numbers, g # 0 and f are two functions S-
differentiable and 8 € (0,1], we have

2DF (mf (x) + ng(x)} = m4DE £ (x) + n%DF g(x)
i) %Df{c} = 0, for c any given constant.
iii) ZDE{f () - g(0)} = g EDE(F ()} + F()4DE (g ().

70 B (FQY _ 93P 0)-F3pE g
V) oDx (g(x>) = 72 '

2B (FQ)) _ 7 df(Q) i » _ T 1\F :
V) 6Dx (g(x)) =T a , with { = B(x+r(ﬁ)) , Where T is a constant.

The proof of the above relations is given in [I11].

Relation between classical and beta derivative

B-1
Considering € = (x + %ﬁ)) h,and h - 0, when € — 0, therefore we have
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B-1 L . .
EDE{f(0} = (x+%ﬁ)) d’;;x). This is the relation between classical and beta

derivative.

I1l.  Outline of the scheme

Let us suppose a fractional order nonlinear partial differential equation by
0 (uMfu Ml M u M2 u MPuMly, . ) =0,0< g <1, 3)

where 0 is a polynomial in its arguments. The subsequent transformation

u=u(xt)=U({),{=7J(x1), (4)
turns Eq. (3) into a differential equation due to ¢ as follows:
AUULU" U™, ) = 0. (5)

Integrating Eq. (5) if permits and set integral constant zero as we seek for soliton
solutions.

Suppose the solution formula of Eq. (3) stands as

_ ap+¥i (@i () +bidp~H(Q))
vi) = co+IM, (cip (D) +dip~H(Q))’ )

where, i =1,2,3,...,n; the involved free constants Eq. (6) will be found later,
imposing homogenous technique provides the value of n and ¢ = ¢({) satisfies the
Riccati differential equation,

¢’ Q) =+ A¢(Q) +ve* (D). ()
The solutions of Eq. (7) are available in [30].
By means of Egs. (4) and (5) into Eq. (3) results in a polynomial in ¢. The values of
the unknown parameters in equations (4) and (5) can be determined by solving the

algebraic equation formed by setting each coefficient to zero. Wave solutions for
Equation 4 are derived using the parameter values and solutions of Eqg. (5).

IV. Mathematical analysis

We assume the following changes in the wave variable:

p(x,t) = P({)and ¢ = kx + %(t + %)B )

where k and u are constants. Now using Eq. (2) in Eq. (1), we get the subsequent
result,

iuP; + k?Pgz + 0o PIP|? + i(01k*Pygz + 02kIP1?P; + 03k(IPI?,P)) =0, (9)
where P is a complex function. We consider a change of wave variable as follows:

P(§) = eR(?), (10)
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where R({) is a real function.
From Eg. (3) we can separate the real and imaginary parts as follows:
(koy — 09)R® + (u + k? — k30)R + (3k30; —k*)R" =0. (11)
(k(oy + 203)R'R? + (u — 3k30; + 2k*))R'+ 0,k3R"" = 0. (12)
After integration of Eq. (12), we get,

3
Heat20)% 1 (u—3k3g; +2kPR + 0:k3R" = 0. (13)

From Eg. (11) and Eq. (13), we obtain the following relations,

kez—0o0  _ (ut+k?-k301) :(3k391 —k?) (14)
gk(92+293) (u—3k390, +2k?2) 01k3 ’

From Eq. (14), we obtain,

Jo = 82128573008 o) — 9 (2kg, — 1)k2. (15)
60103

Finally, Eg. (13) and Eq. (15) can be written as
miR*(Q) + myR({) + mgR"({) = 0, (16)
where, m; = gk(gz + 203), m, = (u—3k39; + 2k?), my = 0,k3.

Now using the homogenous balance principle, between R” and R3 in equation (10),
we obtain M = 1. Therefore, the shape of the solution (6) reduces to the subsequent
form

a+ar (45

. 17
cote1 (D50 an

R() =

Setting (17) and using equation (7), Eq. (16) reduces to a polynomial in ¢({).
Collecting the coefficients of this polynomial, set them to zero, and solve by Maple,
as a result, we obtain the following values of the parameters:

i/lal‘/—mzml_z
‘o my VCo M2 a\/-mymy
a0=— ,blzo,clzi—,dlz(),
+2vcg\/-m,m{+Aa;mq m,

where ¢y, a, are arbitrary.

Inserting the values of the parameters into the solution (17) and then utilizing
equation (10), we attain

P(() — ma{asco2ve()-Dy=—mymy+¢(Aaim,+2vm,cd} i (18)
(2v=mymyveotiaymy)(V—mzmya; $({)+comz) '

When A2 — 4pv > 0 and puv # 0 or Av = 0.

P mz((2c0v9+ﬂa1m1)w a; tanh((w/z)()+4—alcolv9+12a%m1—4—v2mzc§) ic 19
1 (c) - (2cyvO+da;mq)(Bwa, tanh((w/2){)+Aa,10-2com,v) e ( )
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m,(way(2¢gv0+Aa;my) coth((w/2){)+4cova A0 —4cimyv +12a1m1)
(2cgvB+Aa;mq)(coth((w/2)])O0wa,+0Aa;—2com,Vv)

P,(¢) = ) (20)

my((tanh(w)+I sech(w{))(20cov+Aaimy)wa; +46Avas co— 4c2myv +12a1m1) (21)
(2cgv0+Aaymq){(tanh(w{)+I sech(wl))0wa+01a;—2comyVv}

P3(0) =

m;((tanh(w)—1I sech(w))(20cov+ia;my)was —40Avcoas +4v2m, c2 —Azafml) e i (22)
(2covO+21ay;mq){(tanh(wl)—1Isech(wl))Ba;w—0ias+2comyv }

P4(O =

mg ((coth(wl)+csch(w))(2cov+iasmy)way +4covas A0—4v2m,c3 +Aza1m1) (23)
(2covO+2aimq){(coth(w{)+csch(wl))fa,w+0Ala,—2comyv}

Ps($) =

m; ((coth(wl)—csch(w))(20cov+ia;my)a; w+4cova A8—4vim,ci +1%2a%m;) ol (24)
(2cgvO+Aaimy){(coth(w{)—csch(w{))Ba,w+0Aa—2comyv} !

PG(O =

(tanh((w/4){)+coth((w/4){))(2covO+Aa,m)wa,+8cyva, A0
P,(() = mn ( -8vZm,cé+22%a?m, ) i
7(¢) = (2cgvO+A1aymy){(tanh((w/4){)+coth((w/4){))0a,w+2601a;—4com,Vv} !

(25)

m <2a1009{ 2A(4sinh(w{)+B)+(w(—Aw cosh w)}+4vZm,c3 (Asmh(w{)+B)>
+Aa1m1{ A(Asinh(w{)+B)+(w(—Aw cosh(w{))}
(2covO+21aimq){2vcomy(Asinh(w{)+B)+a10(—A(Asinh(w{)+B)+(w(—Aw cosh(w{)))}

Ps() = e,  (26)
m (2(11609{ 21(Asinh(w{)+B)+(—wC—Aw cosh w)}+4v? mzco(Asmh(w{)+B))
+Aa1m1{ A(Asinh(w{)+B)+(—w(—Aw cosh(w{))}
(2covO+2Aa;mq){2vcomy (Asinh (w{)+B)+a, 0(—A(Asinh(w{)+B)+(—w(—Aw cosh(w{)))}

Py(¢) = e, (27
m <2a1609{ 2A(4sinh(w{)+B)—(w(+Aw cosh w)}+4vZm,cd (Asmh(w()+B))
+1a?my{-A(4sinh(w{)+B)—(wC+Aw cosh(w())}

i¢
(2covO+21aimq){2vcomy (Asinh(w{)+B)+aq 0 (—A(Asinh(w{)+B)—(w(+Aw cosh(w()))} €

Pp(0) = , (28)
m <2a1609{ 22(Asinh(w{)+B)—(-wC+Aw cosh w)}+4v? mzco(Asmh(w{)+B)>
+1a?my{-A(4sinh(w{)+B)—(—w(+Aw cosh(w))}
(2cgvO+21aimq){2vcomy (Asinh(w{)+B)+a; 0 (—A(Asinh(w{)+B)—(—w(+Aw cosh(w{)))}

P (0) = e’, (29)

when A and B are two non-zero real constants and satisfy B2 — A% > 0 and C=
V(A% + B?).

—sinh((w/2))wcy(a;10-2vm,cy) +
2< (—2Avmycd+a, (8(4pv+A2)co+2pda; my))cosh((w/2)) ) ol (30)
(2¢cgvO+21a,mq)(sinh ((w/2))wcomy+cosh (w/2){)(2ua,6—Amycy)) '
—cosh((w/2))wcy(a; 160 -2vm;,cy) +
2< (—2avmycd+aq ((0(4uv+2A?)co+2uda,my))sinh((w/2)Q) > il (31)
(2¢covO+21a,mq)(cosh ((w/2)wcogmy+sinh ((w/2)])(2ua,6—Amycy)) '

P12(O=

P13(() =

+ 4co(I+sinh(w?)) (Aa,0—-2vcom,)w
4(2cqv0+Aa;mq)((2ua,0—-Am,cy) cosh(wd)+ co(I+sinh(w))wm,)

(( 4a,0(4pv+21%)co—8A(paim, - vmzc(z,))cosh(co()>
ek, (32)

P14({) = -

(—4a,0(4pv+212)co+8A(na?m,; —vm,cd)) cosh(wl)
M2 +4cy(I-sinh(w{)) (Aa,6-2vcom,)w
4(2¢cgvO0+iaimy)((—2pa10+Am;cy) cosh(w)+ co(I-sinh(w))wmy)

Pi5(0) = - e, (33)
aqco0{4vu sinh(w{)—A(—Asinh(w{)+w cosh(w{)+w))+
2 <2((u sinh(w{)Aa?m,)+vm,c3 (-1 sinh(w)+w cosh(w()+co))}>
(2covB+A1a;mq)((2ua 0 sinh(w))+com,(—Asinh(wl)+w cosh(w)+w))

Pie(Q) = = e’, (34)
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< aico0{4vusinh(w{)—A(—1sinh(w{)+w cosh(wl)—w))+
_ 2\ 2((u sinh(wd)Aadm,)+vm,cd (-1 sinh(wl)+w cosh(w()—w))}) i
P17 (9) = (ZeovO+Aazmy)( (21as0 Sinh(wd)) +comy (—A sinh(wd)+w cosh(@d)—o)) ¢ (35)

< (2cosh( (a)/4)5)2—1)c0(6/1a1—2vm2c0)w— )
mpy

2(—2Avmycd+aq(co0(4uv+A2)+2ula,my))

sinh((w/4){)cosh((w/4)9) el
P1g(9) = (2covO+Aa;my)(m;, (2cosh((w/4)0)%— 1)c0w+4smh((w/4)() ' (36)
(a1u8—(Amycy/2))cosh((w/4)0))

where, w = /12 — 4uv ,0 = \[—m,m;.

When A2 — 4uv < 0 and Au = 0 or uv # 0,

Pio(() = my(wia41(2¢ov0+1a;my) tan(w1{/2)—4cova, A0+4v m2c0+/12a1m1) 37)
19 - (2cgvO+daymq)(tan(w,{/2)0a; w1—O0la+2comyv) ’

P (() my(w1a1 (2covO+Aasmy) cot(w1{/2)+4cova; A0 —4v2im,cé +12 alml) (38)
20 - (2cgvO+Aaymq)(cot(w,{/2)0a; wi+0Aa;—2com,Vv) '

P, () = m,((tan(w;{)—sec(w1))(2covO+Aaimy)as wi—4cova; A0 +4v mzco—/lzalml) (39)
21 (2covO+2Aamq)((tan(wq{)—sec(w1{))0aiwq—O0Aai+2comyVv) '

__ my((tan(wi{)+sec(w10))(2cov0+Aa;my)aswy—4covas A0+4v2mycd—12am;,) ic

PZI(Z) - (2covO+2Aamq)((tan(wq{)+sec(w1{))0aiwq—O0Aai+2comyVv) e (40)

p (Z) ma((cot(w{)+esc(w1{))(2covO+iasmy)aswy +4cova A0 —4v m2C0+AZa1m1) (41)
23 (2cgvO+2a1mq)(0awq (cot(wqd)+csc(w1{))+0Aa—2comyv) '

p (Z) _ my ((cot(wi{)—csc(w1))(2cov+Aasmy)as wi+4covas A0 —4v2m,cd+1%2a%m;) 1( (42)
23 (2covO+2a1mq)(0awq (cot(wq{)—csc(w1{))+0Aa—2comyv)

Py(() = my ((cot(w1{/4)—tan(w1{/4) )(2covO+ia;my)a; wg +8cova; A0—8vimycd+24%2a%m;) i (43)
25 - (2covO+2aimq)((cot(w1{/4)—tan(w1{/4))0a w1 +20Aas—4comyVv ) e

+4v2m,cg (Asin(w,{)+B)
_ +Aa?m{-A(4sin(w1{)+B)+(C; w,—Aw4 cos(w1{))} i
P26 (¢) = 04a NS 121/4:0m2(Alsinl(cul{)1+B) - elz’
(2cov+ alml){+a19((—A(Asin(wlz)+B)+(c1w1—Aw1cos(wlz))))

(2(11 co0{—-2A(4sin(w1{)+B)+(C1w1—Aw, cos(wﬁ))})
ma

(44)

m <2a1c09{—2/1(Asin(w1{)+B)+(—C1w1—Aw1 cos(wlg'))}+4v2mzcg(Asin(w1{)+B)
z +1a2m; {—A(Asin(w1{)+B)+(~Crw1 —Aw; cos(w1{))} i
P27(() = 041 : 2vcomy (Asin(w4{)+B) elf, (45)
(2covo+ alml){+a19((—A(Asin(a)l{)+B)+(—C1w1—Awl cos(w17))))

m (Zalcoe{ 22(Asin(w1{)+B)—(C1w1+Awq cos(w1{))}+4v?2 mzco(A51n(w1{)+B)>
i

_ +1a2mq {~A(4sin(w1{)+B)—(CLwq +Awq cos(w1())} i
Py (0) = : 2vc0m2(Alsm(w1§)1+B) - } e’, (46)

(ZC"VH”aiml){mw((—A(Asin(w1()+B)+(c1w1+Aw1 cos(@10))))

m <2a1c09{ 22(Asin(w1{)+B)—(—C1w1 +Awq cos(wq{))}+4v? mzco(ASIn(w1{)+B)>
+Aa?m; {-A(4sin(w10)+B)—(—( w1 +Awq cos(w1{))} ell (47)

P29(() =

2vcomy (Asin(w41{)+B)+

(2cov8 ”“1’"1){(119((—A(Asin(wlg)w)—(—clwl—Awl cos(@10))))

where in the solutions (45), (46), and (47), A and B are non-zero real constants that
satisfy A2 — B2 > 0, ;= /(A% — B?).

Md. Al Amin et al.

107



J. Mech. Cont.& Math. Sci., Vol.-19, No.-5, May (2024) pp 101-115

sin(w1{/2)wqco(a1A0-2vmycy) +
2\ cos(w1{/2) (—2Avmycd+(coB (4uv+A?)+2pda; my)a,)

P30 (9) = e, (48)

(2cgvO+L1aymy)(—sin (w1{/2)w,comy+cos (w1{/2)(2pa,6—-Ams,cyp))

( —cos(w1{/2)wqico(a;10-2vmy,cy) + >
2\sin(w1{/2) (—2Avm,cd+(coB(4uv+a2)+2pda;my)a,) ei(, (49)

m
P. =
31 (Z) (2cgvO+A1a;mq)(cos (w1{/2)wicomy+sin (w1{/2)(2ua;60—Am,cy))
m (a1¢06(4puv+22)+2A(paimy —vmycd)) cos(w1{)+
2 (1+sinw{)cow, (Aa16—-2vcym,)
(2cgvO+1aymy)((2ua,6—Am,cy) cos w1 {—(1+sinw,{)comywy)

P3,(0) = e¥, (50)
m ((a1c09(4uv+/12)+21(ua%m1—vmzcg))cos(w1§)+
2 (—1+sinw,{)cow, (Aa,6-2vcogm,)
(2cgvO+1aymq)((2ua,6—Am,cy) cos w1 {—(—1+sinw,{)com,wq)

e, (51)

P33(0) =

m (coa10(4uv+a2)+2A(paim,—vmycd)) sin(w,) -
2 (1+cos(w1{)cow (Aa,6—-2vcomy)
(2cgvO0+1a,m){(2ua,0—Amycy) sin(w, ) +wq com,(1+cos(w4{))}

P3,(0) = e¥, (52)
m ((coa19(4uv+lz)+21(uafm1—vm2cé)) sin(wﬁ)—)
2 (—1+cos(w1{)cow4 (Aa,6—-2vcom,)
(2cgv0+d1a,m){(2ua,0—Amycy) sin(wq ) +wq cogmy(—1+cos(w4{))}

P35(¢) = e¥, (53)

(2(~(cos(w1{/4)%co(8Aas —2vmyco)w)+(coas 6 (4uv+a2)+2(uraimy —Avmycd))
P36(() — sin(wq{/4)cosh(w1{/4)+w1co(Aa;0—2vcomy))my) eif

((2covB+2a;my)(2(cosh(w18/4)2m;cow)+2sin(w1/4)(az ub—Amzco)
cos(w1{/4)~w1m;cp))

, (54)

Where, W, = _AZ + 4,le B G = _mzml.
When u = 0 and Av # 0,
_ (ma(coasv(—=24f;—)0+2v2im, cZ (fi+cosh(A0)—sinh(A0) - f1A%aim,) 7

P3;(¢) = e, (55)

(2¢covO+21a,my)(—60Aa fi+comyv(fy+cosh(A{)—sinh(AQ)))

coa10(—(22 (cosh(A0)+sinh(A0))—-A(f1 +cosh(A{)+sinh(A]))))
2<+2v2m2c§2(f1+cosh(/1{)+sinh(/1z))—/12 (cosh(A{)+sinh(Ac))a%m1)

- i©
ng(() T (2covO+iaymy){ -62ay (cosh(l{)+sinh(l{))+c0m2v(l1+cosh(k()+sinh(/1{))}e ! (56)
where [, is an arbitrary constant.
Whenv #0,u =1=0,
—2v—A(v{+11))0+2(v{+l 5-2a3 i
P3o(O) = M (a16o(—2v—A(Wi+11))0+2(v{+1)vm,co—Aaim,) 1(, (57)

(2¢cgvB+1aimq)(— Baq+comy(v{+14))
where [, is an arbitrary constant.
V. Results and discussion

This section explores the explicit representations of solutions to the time
fractional PNLSE equation achieved through the extended Riccati technique. The
exact traveling wave solutions are depicted in the mentioned figures by assigning the
different parameter values. Figure 1 depicts kink solitons, while Figures 2 and 3
portray singular kink-type solitons. Figures 4 and 5 represent peakon and anti-bell
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type solitons, respectively. Figure 6 displays a singular periodic shape, whereas
Figures 7 and 8 illustrate periodic shape solitons. Lastly, Figure 9 showcases an anti-
bell solitary wave.

Fig.1: (a) represents a 3D plot of the solution (1) for the values, a; = cy =¢; =8 =
1, A=5, u=v=90,=03=2, 99 =01 =0.75 where x € [-10,10] and t €
[—10,10]; (b) visualizes the density plot for x € [-10,10] and t € [—10,10]; (c)
displays multiple 2D figure for x € [—10,10].

0.2190536088

012190536087

= 021905360865
0.2190536086
0.21905360855

N\ ——— s 0 10 . . 02190536085
toa E ° -10 Bl 0 s E

5 0 s i
x

Fig.2: (a) represents a 3D plot of the solution (2) for the values a; = ¢y =¢; =8 =
1,A=5u=v=2, gp =0, =0.75,0, = 2,03 = 4 where x € [-10,10] and t €
[—10,10]; (b) visualizes the density plot for x € [-10,10] and t € [—10,10]; (c)
displays multiple 2D figure for x € [-10,10].

Fig. 3: (a) represents a 3D plot of the solution (5) for the valuesa; = ¢; =0 =1,
co=15A1=5 u=3,v=2, gy=0,=0.5, g, =0.75, g3 =2.5, where x €
[-10,10] and t € [—10,10]; (b) visualizes the density plot for x € [-10,10] and t €
[—10,10]; (c) displays multiple 2D figure for x € [—10,10].
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(b) [0}

o
-

Fig.4:(a) represents a 3D plot of the solution (7) for the valuesA =g, =04 =
05 a,=pu=15 B=cy==1, ¢t =125, 1521=4, v=15, g, =0.35,
03 = 2, where x € [-10,10] and t € [-10,10]; (b) visualizes the density plot for
x € [-10,10] and t € [—10,10]; (c) displays multiple 2D figure for x € [—10,10].

0327483590116
03274835901 158

0327483590156

5

03274535901 154

01.3274835001152
® asnmsens
03274 148
7: 4
144
5 0 s

0327383890115 |

e & &

0327483590145 |

0327483590142

Fig.5:(a) represents a 3D plot of the solution (10) for the valuesa; = 4 =v = g3 =
2,co=ci=B=0,=1,1=05, 0y =0.75, p; = 0.55 where x € [-10,10] and t €
[-10,10]; (b) visualizes the density plot for x € [-10,10] and t € [—10,10]; (c)
displays multiple 2D figure for x € [-10,10].
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Fig.6: (a) represents a 3D plot of the solution (15) for the valuesa, = 0.95, ¢y, =8 =
u=1 ¢, =051=p3=2, v=15, 9o =0, =0.25, 0, =0.75 where x €
[—10,10] and t € [—-10,10]; (b) visualizes the density plot for x € [-10,10] and t €
[—10,10]; (c) displays multiple 2D figure for x € [—-10,10].
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2=

Fig.7: (a) represents a 3D plot of the solution (16) for the values A = 1.25, B = ¢, =
ci=B=0y=1 a=1=903=05 u=v=90,=2, 00 =15 where x€
[-10,10] and t € [—10,10]; (b) visualizes the density plot for x € [-10,10] and t €
[—10,10]; (c) displays multiple 2D figure for x € [—-10,10].

Fig.8: (a) represents a 3D plot of the solution (16) for the valuesa, = 1 = 0.5, ¢, =
a=f=u=v=1,99=0, =0.75, 0, = 2,03 =3 where x € [-10,10] and t €
[—10,10]; (b) visualizes the density plot for x € [-10,10] and t € [—10,10]; (c)
displays multiple 2D figure for x € [—10,10].

@ (b)
10
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Fig. 9: (a) represents a 3D plot of the solution (16) for the valuesa; = cy =c¢; = =
v=p3=110=0521=p=0,909 =0, =0.75, 0, = 3, where x € [-10,10] and
t € [-10,10]; (b) visualizes the density plot for x € [-10,10] and t € [-10,10]; (c)
displays multiple 2D figure for x € [—10,10].
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VI.  Conclusion

This study successfully uncovered various solitary wave solutions to the
time-fractional perturbed nonlinear Schrédinger equation describing the behavior of
solitons in nonlinear optical fibers. The comprehensive analysis of solutions has been
facilitated by transforming a nonlinear fractional differential equation into a nonlinear
differential equation through the utilization of traveling wave transformation and the
beta derivative. The application of the extended Riccati equation method elucidated
the nature of these solutions, revealing solitons and soliton-type solutions
characterized by trigonometric and hyperbolic functions. The obtained solutions
comprehend numerous arbitrary parameters that might be useful to analyze the
underlying characteristics of complex physical phenomena. By comparing the model
(1) studied by several authors with other methods [XXVII, XX, XXII], we deduce
that our method provides new solutions for the same model studied. The nature of
solutions varies qualitatively depending on individual parameters. Graphical
representations exhibit a rich structure of physical forms, including kink, bell-shaped,
periodic, and anti-cuspon, among others. These physical solutions play an important
role in the interpretation of wave propagation studies and are necessary to verify
numerical and experimental results in the fields of nonlinear optics, quantum
mechanics, engineering, etc. Moreover, in view of mathematical analysis, we see that
the used method is efficient integrability for constructing exact soliton solutions.
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