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Abstract

Estimating the variance matrix has an important role in statistical
applications and conclusions, in high—dimensional matrices if the number of
variables is greater than the number of observations P > n, the traditional statistical
methods are not reliable because they give uncontrolled estimates. Shrinkage
methods are used to estimate the high—dimensional variance matrix.

In this research, the high—dimensional variance matrix was estimated using
the robust Nonparametric method Minimum Regularized Covariance Determinant
(MRCD), which is based on Mahalanobis distance, and compared with the variance
matrix estimated by the Oracle method, which is based on the Frobenius criterion.

Keywords: Frobenius, High-Dimensional, Minimum Regularized Covariance
Determinant, Mahalanobis, Oracle, Parameter regulation, Shrinkage,

I. Introduction

There are some cases that the researcher faces in estimating the variance
matrix when the number of variables (p) is greater than the number of observations
(n), they are called high—dimensional data it has become common especially when the
study is about cancer, clinical, financial and signal processing ... etc.
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When P>n, the usual methods are inefficient in estimating the variance matrix, so the
shrinkage method is used in estimating the variance matrix,S=8T+(1-6)S where T is
the target matrix and § is the shrinkage coefficient 0< § < 1 [XIX].

To find the best estimation of the high—dimensional variance matrix, the systematic
variance estimation ( MRCD) was developed for estimating the variance matrix
method, which is a modification of the method (MCD), which is used for multivariate
and robust Nonparametric data.

By finding the subset h using the smallest distance computed from the regular
covariance to estimate the variance matrix.

S= % Y —x)(x; —x)", Inthe first section, a method was used to estimate the
variance matrix when p>n it is a generalization to (MCD) it is called the method of
estimating the regularized covariance (MRCD), and it is computed from
Mahalanobis distance using the regular covariance and finding the subset (h).In
section 2, the variance matrix was estimated in the high—dimensional data using the
shrinkage method, depending on the Frobenius distance. £ = (1-u)s +uF, £ shrinkage
covariance ,u shrinkage intensity O<u<1 ,F shrinkage Target, F = "TSE) ,p representing
dimension. the idea of the shrunken it to reduce the risk function E{||S — || 3}
=tr(£ — )% [XVII].

I1. Minimum Estimator of Regularized Covariance Determinant (MRCD)

Estimation depends on MRCD on the target matrix T and parameter
regulation.

The regularity covariance matrix is estimated for a set h of sub-data using the
smallest computed distance of regular covariance and an algorithm c-step, is applied
where the estimation MRCD depends on the target T matrix and regularization
parameter.

T=I, Q)
I represents the identity matrix with p variables and [X1X], T=R,, that is

R =Cjp*+(1-0)I,, (2
j ones matrix , -1/(p-1) <c<1

As for the regular covariance matrix, which depends on h [XIV].

Krem(H) = pT + (1-p) ¢xSy(H) ,0<p<1 ©)
Where S, (H) = (XH_“"z_(lx”_“") , cq consistency factor ,0<p <1 ,h=2"
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== i, X @)
51 = (6 — u) (i — )’ 5)
krem (1) = pT + (1-p)sy (6)
dpem 1(0D) = (6 — )’ kEclM (1) (x; —up) 1=1,2,...n (7)

Where dycp 1(i) Mahalanobis distance

ZiEHZ dRCM 1(1') < ZiEHl dRCM 1(1)

Ko :% DieH, Xi (8)
s2 =7 (i — ) (6 — 1) €)
krem (2) = pT + (1-p)s, (10)

det (kgem (2)) < det (krem (1)), 2 = H1 + krem (2) = krem (1)

To find the Minimum Regularized Covariance Determinant (MRCD) by using
the c-step algorithm as follows:

- estimate’s m; and scatter estimates S;, to obtain 6 robust were (i=1,2,...,6).
- determine Hy; containing h observation for minimum Mahalanobis distance d;.

- determine the smallest value of (0<p; <1 where p;I+ (1-p;)caSw(Hyi), if
max;{0.1;median;p,;} This leads to 6 different regularization parameters p.

- The initial subset Hy; for wich py; < p repeat c-steps from using pI + (1-p) c,Sw
(Hy;) until convergen.

- the lowest determinant of pI + (1-p)c,S,,(H;) be the subset.
- compute MRCD location and scatter estimates.
Il.  The Oracle estimator

Shrinkage methods are often used to estimate the variance matrix in applications
where the number of variables is greater than the number of observations p>n. Oracle
estimate was used to estimate the high—dimensional covariance matrix based on
Frobenius distance.

The Oracle estimate £, :
. a 2
rr})lnE{ 120 — 2|3 (11) [ui]

S. 18y = (1-po )s +poF (12)
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_ E{(Tr(Z-8)(F-9)}
0 E{II5-FII%}

(1— %)Tr(f)+Tr2 [0)))

Po= (n+1—%)Tr(22)+(1— g)TrZ(z) (13)

Is specifies the optimal shrinkage coefficient

ECTR(E - $)(F-5)} = 2 E{Tr(s)} - 2 EqTr(zs)} + E(THS2)}

E{||s - F||"3= E {Tr(s2)} - 2E{TrF)} + {Tr(F2)}

= E(Tr(s?)} - 2

E{Tr($)} = Tr(z) (14)

E{Tr(s%)} = == Tr(z2) + 2 Tri(3) (15)

E{Tr2 (§)}=Tr2(x) + % Tr(z?) (16) [XV11]
111 . Simulation

Data were generated for sample sizes (125*125), (125*150),(150*250) to
estimate the determinant of high—dimensional matrix was applied using the target
function T=I,, T=R, and regularization parameter p=0.5 by using the Regularized
Minimum covariance Determinant and Oracle Estimator for Frobenius distance.

Table 1: the determinant of variance-covariance matrix by using Oracle
Estimator and MRCD

125x125 125x150 150x250
Oracle 2.3087e-128 -4.9306e-19 -3.4821e-20
MRCD T=I, 6.3640e-11 4.8994e-13 2.2263e-21
MRCD T=R, 5.9477e-42 9.7745e-51 9.1847e-86

1V . Discussion

The study showed the efficiency of the Oracle Estimator by comparing
covariance determinants when n=p, n<p.

When applying the genetic Algorithm MRCD, showed efficiency for using T=R, than
T=1,.

As for the real data, the experiment was conducted on the plot of land n=2, and
variables p=14, which were represented by organic fertilizers added to the soil and
observing the effect of the organic fertilizers on the content of the level of the tomato
crop of Nitrogen (N) , Phosphorous (P) , and Potassium (K) .
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Table 2 : real data for Oracle estimator and MRCD
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The results showed by comparing the variances and the determinant of the covariance
matrix the efficiency of Oracle estimating the high—dimensional data, as for to
comparison between MRCD for T=I,, T=R, that used regulation parameter p=0.75 ,
c=0.5.

The determinant of MRCD T = R, less than the determinant of MRCD T=I, , and the
R¢ =¢j, + (1-0)I,, ,ifc=0thenR, =1,

The experiment was conducted on two plots of land to which organic and chemical
fertilizers were added and their effect on the leaves of the tomato crop of Nitrogen,
Phosphorous and Potassium .

As for the variation in the content of leaves when adding organic and chemical
fertilizers, there is a small effect in containing Nitrogen, Phosphorous, and Potassium
when applying MRCD, as for Oracles’ estimate, there was a small effect on the
leaves’ containment of Phosphorous through the variations, as well as the lowest
determinant of variance matrix and for all methods in the leaves’ containment of
Phosphorous.

V . Conclusion

Using the Oracle method based on a Frobenius distance gave less variation
than other methods.

Fertilization with organic and chemical materials gives a high percentage of
leaves containing phosphorus. A comparison was also made between fertilization
with organic and chemical materials and not adding fertilizer to the soil, as it reduces
the percentage of phosphorus in the leaves as well as the percentage of potassium and
nitrogen.
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