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Abstract

This study utilizes an innovative approach by combining the Laplace transform
with the variational iteration method to address one-dimensional heat equations
encountered in diffusion phenomena. Initially, the heat equation is transformed into a
modified form using the Laplace transformation. Subsequently, the variational
iteration method is employed to obtain both numerical and approximate analytical
solutions. In addition to graphical representations of the outcomes obtained using the
suggested, the study includes practical instances to demonstrate the efficacy of the
suggested approach.

Keywords: Laplace Transform, heat equations, Variational iteration method, Partial
differential equations.

I. Introduction

The study and analysis of one-dimensional heat equations play a pivotal role
in understanding diffusion processes across various scientific domains. Heat
conduction, a fundamental concept in physics and engineering, is often modeled by
one-dimensional heat equations. Researchers and scientists have continuously sought
efficient methods to solve these equations, aiming to gain insights into the temperature
distribution and heat transfer phenomena. In this context, a noteworthy development
emerges in the form of a hybrid method designed specifically for addressing one-
dimensional heat equations. This creative method provides a thorough and precise
response by fusing the advantages of many mathematical methodologies. Temperature
changes in one-dimensional heat equations often take place in relation to time and
space, and the hybrid technique provides a special combination of mathematical tools
to deal with the complexities involved in such processes of diffusion. The hybrid
method often incorporates established methodologies like the Laplace transform and
variational iteration techniques. By merging these approaches, researchers aim to
capitalize on the advantages each method brings to the table, resulting in a more robust
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and efficient solution strategy. This hybrid technigue not only enhances the method's
application but also extends the applicability of method to a wider range of situations.
The following is an explanation of the one-dimensional heat equation:

ou(x,t)

pn c*V2u(x, t) Q)

Laplace transform, which converts differential equations into simple equations

and convolutions into multiplications, is a crucial analytical technique for solving
differential equations. A well-known numerical technique for solving differential
equations is the variational iterative approach. If there is an exact solution to the
differential equations, variational iterations can be used to find it.
There are several new mathematical techniques available for evaluating two-
dimensional heat equations. Two-dimensional heat equations have been solved using
the finite difference approach [V]. In [I], the Chebyshev series solution for the two-
dimensional heat equations has been is presented. In [VI1], a methodical fusion of the
Finite Difference Method and Collocation method has been devised to tackle the
challenges posed by two-dimensional heat equations. This collaborative approach
showcases a strategic integration of numerical techniques, demonstrating its
applicability and efficiency in the realm of solving complex heat equation scenarios. In
[X111], the Radial basis function method has been illustrated to solve two-dimensional
heat equations. Meanwhile, the variational iteration technique has been introduced in
[IV, VI, XIV], for solving -nonlinear equations. Various methods for solving the one-
dimensional heat equations have been discussed in [I1, VIII, XI].

The implications of this hybrid method extend beyond the realm of theoretical
exploration. Its practical significance is particularly pronounced in fields such as
materials science, environmental engineering, and industrial processes, where a precise
understanding of heat distribution is crucial. By providing a versatile tool for solving
one-dimensional heat equations, this hybrid method contributes significantly to
advancing our ability to model and predict heat-related phenomena, offering valuable
insights for both academic research and practical applications. Some other methods and
applications related to differential equations have been discussed in [I11, IX, X XII].

I1. New Hybrid method for solving one-dimensional heat equations

This part introduces a hybrid approach that combines the L. T. method with the
modified variational iteration method. The goal is to address one-dimensional heat
P.D.E. that emerges in diffusion processes. The one-dimensional heat equation's exact
or analytical solution has been derived as a convergent series, featuring easily
computable components.

Consider the following one-dimensional heat equation

ou(x,t) _

- c?V2u(x, t) 2
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with initial conditions

u(x,0) = f(x)
Applying L. T. of (2), we obtain

L{Z22 = 2L{v2u(x 1) @3)
This implies

pL{u(x, )} — u(x, 0) = c?L{V?u(x,t)} (4)
Applying initial conditions, we obtain

pL{u(x, 1)} = f(x) + c?L{V?u(x,t)} (5)

Divide both sides by p, so,
Lu(x 0} = 2 + SL{T?u(x, 1) (6)
By applying inverse L.T. of equation (6), we have,
u=f(x) + L1 [% L{VZu(x, t)}] (7
By employing the iteration method, we derive the following from equation (7)
Upyr = f(x) + L1 [% L{Vzum}] (8)

III. Numerical Experiments:

Here, some examples of heat equations are given and solved by using a new
hybrid method.

Example 1: Consider the following one-dimensional heat equation

= V) ©

with initial conditions

u(x,0) = sinx

Applying L.T. of (9), we have

L {%} = L{V2u(x t)} (10)

This implies

pL{u(x, )} — u(x, 0) = L{V?u(x,t)}
Applying initial conditions,

pL{u(x,t)} = sinx + L{V?u(x,t)}
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Divide both sides by p,

L{u(x 1)} = Si:" +%L{V2u(x, )} (11)

By applying inverse L.T. to equation (6), we have,
u=sinx +L7?! E L{VZu(x, t)}] (12)
By employing the iteration method, we derive the following from equation (12)

Up4p = sinx + L1 [% L{Vzum}] (13)
From (13), we obtain

U, = sinx
u; =sinx (1 —1t)

. ®?
u, = sinx 1—t+7

u; = sinx (1—t+ o "

2 3 _1)mp)m
U = sinx (1 - ¢4+ Q- O COTOTY

The solution is

u = lim uy,
n—oo
After simplification, we obtain
o [CINON
u = sinx (1—t+?—?...)

u =sinx e”t (14)
Table 1: Comparison between Exact and Approximate solutions at x =1
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Fig. 1.a. Physical behaviour of solutionatt=0

o

Fig. 1.b. Physical behaviour of solution at t = 1 sec
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Fig. 1.c. Physical behaviour of solution att = 2 sec
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Fig. 1.d. Physical behaviour of solution at t = 3 sec

The above figures represent the physical behavior of the solution u = sinx e™* att=
0sec,t=1sec,t=2secandt =3 sec respectively.

Example 2: Consider a two-dimensional Heat equation

Y = v2u(x 1) (15)
where

u(x,0) = e*
By applying L. T. on both sides of (15),

L{au((;: t)} = L{VZu(xt)}
This implies

pL{u(x,t)} — u(x,0) = L{V?u(x,t)}
Applying initial conditions,

pL{u(x,t)} = e* + L{V?u(x, t)}
Divide by p,

L, 0} = S+ L{V2u(x )} (16)
By applying the inverse L.T. to equation (16), we have,

u=eX+1°1 E L{VZu(x, t)}] (17)
By employing the iteration method, we derive the following from equation (17)

Upyg = e+ L71 [% L{Vzum}] (18)
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From (18), we obtain

u2=ex(1+t+(;—)!z)

2 3
wy = e (1404 g )

2 3 m
Uy = e (1+t+ S+ Oy O0)

2! 3! m!

The solution is obtained as

u = lim up,
n—oo
3 ®?  ©®°
u—eX<1+t+7+?+---
u = eX(eh)
u = eX+t

Table 2 : Comparison between Exact and Approximate solutions at x =1
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Fig. 2.a. Physical behavior of solution at t =0

o

Fig. 2.b. Physical behavior of solution at t =3

o
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Fig. 2.c. Physical behavior of solution at t =5
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Fig. 2.d. Physical behavior of solution at t = 8

The above figures represent the physical behavior of the solution u = e**t att=0
sec, t =3 sec, t = 5 sec and t = 8 sec respectively.

V. Conclusion

Based on the outcomes of the resolved numerical examples, it is evident that the
recently introduced semi-analytical technique, formed by combining the Laplace
transform and the modified variational iterative method, proves to be a highly effective
mathematical approach for resolving one-dimensional heat equations with ease. The
demonstrated efficiency of this method suggests its potential applicability to address
two-dimensional and three-dimensional linear as well as non-linear heat equations in
subsequent research endeavors.
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