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Abstract

By combining the ZZ transform with Adomian polynomials, the semi-
analytical solutions to nonlinear Caputo partial fractional differential equations have
been derived in this work. The Caputo sense has been applied to the fractional
derivative. Using the proposed method, several fractional partial differential
equations have been resolved. When compared to other similar procedures, it has
been shown that applying the ZZ transform and breaking down the nonlinear
components using Adomian polynomials is quite convenient.

Keywords: ZZ Transform, Sumudu Transform, Adomian Polynomials, Caputo's
system of Fractional Partial Differential Equations (FPDE).

I. Introduction

There has been a trend in the use of fractional order derivatives to obtain a
thorough grasp of differential equations of integer order. The enduring nonlinearity in
these equations makes efficient solutions difficult to achieve, regardless of the
sequence in which derivatives are obtained.

In the applied sciences, systems of fractional nonlinear partial differential equations
frequently arise [VI, XII, XIV]. It is also evident that such a differential equation
exists in nonlinear dynamics [Il, I11]. Analytical solutions to these problems are quite
challenging. Therefore, one must take into account numerical or other methodologies.
Semi-analytical techniques have become widely used in recent decades to solve both
linear and nonlinear dynamical systems. These are a handful of them, Homotopy
Perturbation Method (HPM) [XI, XXI], Variational Iteration Method (VIM) [XX],
and New lIteration Method [IV]. In addition, nonlinearity is being addressed using
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other techniques such as the Laplace homotopy perturbation method [XI], and the
Laplace Adomian decomposition method [XVI]. Furthermore, the Shehu transform
and Sumudu transforms—also used in conjunction with these decomposition
techniques and referred to as STADM [XVII], Sumudu ADM[VII, VIII], and
Sumudu NIM [XI1X] is employed in place of the Laplace transform.

Zafar has developed a novel transformation known as the ZZ transform [XXII],
which he mixes with HPM [X, XV] to solve coupled fractional differential equations
that are nonlinear. To solve a particular system of fractional partial differential
equations, we are now combining the ZZ transform with the Adomian decomposition
approach in this work.

This paper introduces a novel approach to solving nonlinear systems of fractional
partial differential equations by combining the ZZ transform with the Adomian
polynomials. The following is the study's outline: Preliminary information is
provided in Section 2, the developed approach is presented in Section 3, the method
is applied to the FPDE system in Section 4, and the closing observations are enclosed
in Section 5.

Il.  Preliminaries:
[XI] 2z Transform:
Consider the following set X as:
X ={f(t):3M, vy, v, > 0,|f(1)] < M‘e%,if,t € (—1)' x [0,00)}
Next, the ZZ transform of f(t) € X may be expressed as follows:
ZZ[f()] = ZZ (us) = s_[om flut)e stdt.
[XH1] Inverse 22 transform:

Inverse ZzZ transform can be defined as:

ZZYzz(u,s)]=1f(t), fort=0.
Or

1 o+ico 1
(0 =22 22 W) = -e® 2z (ws)ds
2MJ ;e S8

In the complex plane, i.e.,(s=x+iy), this integral is considered along s= a. Here, s and
u are the ZZ transform variables, while o is a real constant.
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Definition 1:

The Caputo time derivative regarding t of order p>0 of y(x, t) in H(a, b) is defined as
[XX]:

n
. ft(t—i)“‘ﬁ‘lay—wdr{, if, i-1<f<mnen
Tn-p) -0 agn
8"y(x.) . (1)
—_ ,'f’ ﬁ =n

agn

B 4y =
D y(x, t) =

Definition 2:

The Sumudu Transform [VI1I1] of ‘ny(x, t) regarding t of order p >0:
5[0y 0] = wtFoew - Zpziu P fy(x, )], (2)
where f(x,u) is Sumudu Transform of y(x, t).

Definition 3: Mittag-Leffler function [VI]

1]
oo F-4

Eq.p(2) = ﬁ),z,B € C,Real(a) > 0. 3)

i=0 Tlei+
Definition 4:

The Sumudu transform [V] of t™ , i.e.

tm
) (—) =u",m=0,12,..
m!

And

s (r(;iﬂ) =u,B> -1 (4)

Basic Properties of 22 Transform [XIII]:
Lemma 1. If ZZ (u, s) and § (u) is the ZZ transform and Sumudu transform
of f(t) in X then ZZ (u,s) =s (D).

Proof. The ZZ transform of f(t) is

2ZIF(O)] = 22 (u,5) sfmf(ut)e‘“dt

1]
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put ut= w, the above integral becomes

—sw dw

zzlf(O]=s | fones —

—5W

s [~ —sw
=;J- flw)e v dw

0
s s
— F —
@F Q)
where F is the Laplace transform of f(t).

We know the relation between Laplace and Sumudu Transform (see [V])
1 1
50)=5)7 (5)
v [
s s 5y (
ZZ (u,5) = (E) F (—) = (—)

Hence proved.

Thus

Theorem 1. The ZZ Transform of f(t)= t® is given by the following formula
ZZ[t"] = 2Z (u,5) = T(a+ 1) (E) a=0 (5)
Proof. Use Lemma 1 and Definition 4.

Theorem 2. The ZZ transform of Caputo Fractional partial derivative is defined as

sy B N
zZZ ['ny(x, t)] = (;) Y(x,v,8) — Xk (;) DE y(x,0) | =0 (6)
Proof. Use Lemma 1 and Definition 2.

I11.  Methodology

In this section, a detailed analysis of the algorithm has been provided. Let the
system of non-linear fractional partial differential equations in Caputo form as
follows:
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.'D«Eiyi' [:x!'rr) + RV! (xi':r) + NV! [:x!'! r) = hi'(x!t)! B!' > O’L = 1’2 SRR L
VE(X 0 lezp = a,,k=012.n-1i=12.nn-1<B, =n (7

Here 'Df“denotes the Caputo derivative and 'y, is recognized as the nonlinear part

of the given FPDE while Ry; denotes other linear operator terms. The h;(x,t) is
another function that belongs to X.

Applying Zz Transform to (7), we obtain:
ZZ [.D,E&Vi [:JL'!-, t) + R_V!-[:I!-, f) + Nyi’(xa':t)] =2ZZ [h:'(I: f)]

22 [DEy, (x, 0] + 2Z[Ry.(x, 0] + ZZ V3, (x, 0] = 22}, (x,0)

G)Bf (Yi(x,s,u) —a) + ZZ[Ry,(x, 0] + ZZ[Ny,(x,,0)] = 2Z[h,(x,D)].

sk

a=3323(5) Dy 0l

u~ Pi U~ Bi
V,(xp,s,u) =a+ (—) ZZ[h,(x,0)] — (—) ZZ[Ry, (x,,0]

g g

Bi
~(5)" zzivy, (0]

Ly

Taking inverse ZZ Transform we obtain

u

v (x,t) = ZZ"(a) + 221 [(;)Bf zz[h;-(x;-,r)]] -
zz ! [G)mzz [:Ry,.(x,.,t)]] -
zz ! [G)EE ZZ [Ny, [:x!-,f)]]

(8)

Assume the solution is in series form as y; (x,,t) =Zf;°=0 ¥;;(x;,t) and decompose

Ny, (x,,t) by Adomian polynomials [I] as given below.

NV! (Ii"t) = Z "q!'m
m=0

Ao = N () and 4,,,, is called Adomian polynomials (APs) computed as:
Ajp = N(.Va'o):
Ay = NI(:V:’O)(}’:’:L):
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2

"q!'2 = Nl(y!'ﬂ)yﬂ + ZL:N”(};!'D)

3
vy
Az = N (Vi) ¥ia + N Vig)dViaViz + - N (i), =

3!
1 dm S
App = ——— N EA’ :
im m! dam (Izo ya!)

A=0
The following recurrence relation was observed,

Vio(x.t) = 227 (a)

»

Vim (0, 0) = 2272 [(;)B"zz[h;-(r)]] —zz7* [(E)B"ZZ[R%.:m_ﬂtx, r)]] -

»

zz* [(;)BE ZZ[AE'(m—J_](x: f)] ,m=

9)

The answer is derived as the sum of the series components, i.e., by using the
aforementioned relation.

m

Vi(xpt) =Yoo + Y5y + Vip + - =limp, Z yi; (x 1)
j=0
To see a convergence analysis of the Adomian decomposition method see [XVIII].

IV. Applications
Example 1. Let the system of nonlinear FPDE as
Div(E,T) +wr:({D) +v( 1) =10<a=<1,
'DEW({, - -—wlD=10<p=1, (10)
with initial conditions

v(x,0) = et
w(x,0) =e%.

Applying ZZ transform to equation (10) we get
ZZ[Dfv(¢, 1] + 2Z[wre (& D]+ 22Z[v(E D] = 22[1],
2z [Dfw(s, 0| - 22 [vw; (8. 0] - 22 [w (&, D] = 22[1],

@a V(¢ wus) — @a v(£,0) + 2Z[w(v);] + 2Z[v] = 1

g

G)ﬁ W ws) - (;)ﬁ v(§,0) - 2Z[v(w);] - 2Z[w] =1
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u

V(& u,s) =e’ + (%)a — (;)azz[w(v)f] — (E)uzz[v]

W(&u,s) =e S+ (E)B + (E)B Zz[v(w)f] + (E)BZZ[W]

Applying inverse ZZ transform we get

24

U\ Uy ©

v(&,7) = ef + CEEY —zz—l[(;) 2z[w)]|- 2z [(;) 2Z[v]
7P N _ [ B

w(Z,1) ZE_E+F(B+ 572 [(;) zz{v(w)}| + 22 [(;) zz{w}]

Assume that the solution takes the form of infinite series components. The recurrence
formula is then produced by breaking down the nonlinear sections using Adomian
polynomials.

24

N L
Gt = e +1“(|rx+1)

ety
wy(é,t) =e +F[B+l)

Vpas(6.7) = —227 [(g)uzzmn]] —zz [(E)am[vn_ll]

W, (&1) =227 [G)Bzz[sn] n=12.. (12)

+ 221 [G)Bzz[wn_l]

where A,, B, are Adomian polynomials for nonlinear terms N, =
w(v),f, N, =v(w) ¢ respectively, and are calculated below.

1 dm N N
Am = i ((Z”)(Z)‘ (”*)*)) i

By, = - ﬂNz ([Zgl:olkvk)(z?:olk (WA:)E)) |2=0 (12)

m! dAm

A few polynomials are calculated as
Ag =Wy (vo)g

Ay =wy (vo),f + W (vl)f

Ay=w; (vo)f +wy (vl)f + Wy (vz)f
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Similarly,

By = vo(Wo)g
B, = v, [:Wo)f + v1(W1)§ + vo(wz)fm

Therefore, calculating the few terms as below

v, (¢,1) = -2z [(%)azz[,qo]l —zz1 [(E)azz[vo]

u B 1~ B
1) =2Zt||—) zz[B zz7-) zz
wi(£,7) (5) zziBol|+ (5) z2lwo]
In solving the above, we get
1+ e%)r® e )ro+h 72
N T il L ol L
Ma+1) T(a+p+1) T(2a+1)
—1+e %)k e % )Ttk r2B
w0 = )£ _ )

TE+1D) T(atP+1) T2B+D

Now

v,(&,7) = —2Z [(%)azz[ﬂl]l —zz1 [(E)azz[vl]

w,(¢,7) = 2zt (%)EZZ[Bl] +zz1 (g)ﬁzz[wl]

Again, on solving, we have

(2 +e¥)r2®  (ef — 1)ro+P
r(Za+ 1) rMa+p+1)
(o +B+ et p2a+p
(F(rx+ 1T + 1)) r2a+p+1)
( T(c+ 2B + 1)e ) N
T(B+ DI(a+ B+ DT (2a+ 28+ 1)) ©
(e) - 3

TTa+r2p+ D" TGa+D

1.2:(+|3

v - Fa+f+D

+ (1 +2¢%)
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(—2+e¥)r?F (e % +1)r%*F _ ro+2B
w2(8.7) = B+ 1) Fra+pB+1) +(2-e E)r(a+2[3+1)
F(a+ B+ 1)e™* T+ 2E
* (F(a+ DTGB + 1)) F(a+ 28+ 1)
( r(2a+ B+ De? )rzmzﬁ
Mo+ DIN{a+p+ 1T(2a+ 2B + 1)
(e ) 36

2a+p

TCa+B+1"  TGE+D
Continuing like this to obtain the other components.

Therefore, we have

m

v 1) =v (&) v (&) v, 1) + - =lim,, L Z v, (£,7)

=0

w(& D =w, (& +w,E D +w (D) + - =lim,,_ . Z w,, (£, 1)

Thus
st 1+ e )r2a ro+f p2otd
Vg = - fat1) (F(2a+)l) TTarprD) 1+ Zef)rtzm B+1)
. ( M(a+p+1)e’ ) p2o+p
I(a+ DI(+1))T(2a+p+1)
[(a+2p+1)e ys2p
(HB+HFM+B+1H@&+2B+D)r

3a

e‘f a+2f r

Tt 2B+ 1) I(3a+ 1)
e th (~1+et)2B  eiph
T+D) T+l  Tarp+D
a+2p Ma+p+1)es ro+28

P
M ey (Ha+ﬂrw+lJFm+ZB+U
( I(2a+B+1)e ) ras2g
T(a+ Dl(a+ B+ Or2a+28+1))°

(7)) e, TF
fZatp+D)’  T@B+1)

+o

w(¢ 1) = et +

+ oo,
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In particular for @ = f=1 in the series solution become

: ¢ T :
v(ET) =e (l—r+§—§)+...=e

£ LT £

— & _ _ e — @S T
w(, 1) =e (l+r+2!+3!)+ =e

The above solution matches the solution found in [IX].
Example 2. Let the non-linear system of FPDE as follows

DEv(EnT) = —v—prw, + p,w, 0 <a < 1,

‘Dfp(f,r}, )=p0<B=1,

DEw(E, N, 1) =w—vpwy —v,w,,0 <8< 1,

Subject to initial conditions
v(n.0)=¢+n,
p.n0)=1+&-n,
w(,n,0) ==¢ +7.
Applying ZZ transformation to (13), we have
ZZ[Dfv(¢n. 0] = —2Z[v] — 2Z[psw,] + 2Z [p, v ],

2z |DEp(&,0.0)| = 22[p]

zz[Diw(¢n. 0] = 2Z[w] — 2Z[v;w:] — 22Z[v,w,],

g

G)a V(Enus) — (;)av[x,o) = —2Z[v] — 2Z[p;w,] + 2Z[p,w;].

@B P(E.n.u.5) - @Bp(m) = Z[p]

g

N 5
(;) W(&nu,s)— (;) w(x,0) = zZ[w] — 22 [vfwg] — ZZ[U,}W,} ]

(13)

VEDus) =& +n - (g)azz[v] - (%)aZZ[pEW,}] + (5 zz[p,we),

u
5

B
P(&nu,s) = 1+{—r}+(g) ZZ[p]

&

wenus) = ¢ +n+(5) 2200 - () 22lvem] - (5) 22[om,)
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Applying inverse ZZ transform, we get

v(EnT) =E+n—2271 {(g)uzz[v]} —zz1 {(%)azz[wl]}

+ 7z [(g)aZZ[Nz]l,

B
pEnD = 1+§-y+227(2) 22 D)

w(&n,1) ==& +71 +ZZ‘1[(%)SZZ[W]]—ZZ‘l[(%)SZZ[NS]]

—zz1 (E)Szz[m]

»

where, N,, N,, Ny, N,, are nonlinear terms D:W, , DyWg , VW , VpW, respectively.

After breaking down the nonlinear terms using Adomian polynomials and allowing
the solutions to take the form of infinite series components, the following recurrence
formula was discovered.

ve(&n 1) =&+7
po&nn=1+&—n
wo(&n,1) =—-+1

e, = —z27(3) 1w
+ 2271 [G)

(%) zzip)

—-zzt [(g)azz[ﬂn]l

24

ZZ[B,] l

Pnes (&m0 = 2271

(14)
W1 (&m0 =221 [(E)SZZ[W]I —-zz~* [@azz[cn]l -
a8
zz-1 [G) zz[nn]l n=12..

where A4, B, C,, D,are Adomian polynomials for nonlinear terms N, = pP:W,,
N, = p,wg, N; = vgwg , N, = v,w, , and are calculated by

A = =2 N (B0 2 (00 ) (Z020 A (W1),)) o
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B = o Ny (270 2% (01)) (R0 2 9):) ) a0
Cn = e N (B2 (0 ) (B A W);)) a0
Dy, = mi;_mm N, ((kazolk (vk)q)[zkngﬂk (W;.:),?)) l1=0 (15)

A Few polynomials are calculated below.
Ap = (Po)f(wo)q
Ay = (pl)f(wo)r} + [:po)f(wﬂq
Ay = (pz)f(wro)f + (Pl)g(wl)q + (pa)f(“’z);q
Ay =...
By = (pO)r}(WO)E
B, = [:pl);q(wﬂ)f + (po)y;[:WJf
B, = (p2)y(Wo)g + (p)y(wdg + (Do) y (W) ¢

Co= (vo)f(Wo)f
€= (vl)f(Wo),f + (vo)f(Wﬂf
€, = (vz)f(Wo)f + (91)5(1*'”1)5 + (vo)f(wz)f

Dy = (vo)q(Wo);?

D; = (vy), (W), + (vo), (W),

D, = (vz)q(Wo);? + (vl)r}(wl)r} + (vo)q(Wz);?
Dy =...

The few components are calculated below.
_ 1 u 4 1 u [+ 4
vi(En,1) = —22 [(;) zz [vo]} -2z [(;) zz [AO]}

+ 221 [(E)azz[Bo]l,

pi(&n1) =221 (E)BZZ[PO]
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wy(&,n,1) = 2271 (E)azz[wo] ~ 7z (;)Szz[co] — 7z (;)Szz[oo]

v (En1) = —22 [(E)“zz i€ + 1)

—-zz™ [(%)azz[@o)f(wo)n]l
+ 2zt [(E)QZZ[(;JO),?(WO)E]]

p (&) =221

(E)BZZ[:L +E- n]]

&
wy (&, 1) = 227 G) zz[-¢ +7]| -2z

(%)8 z2z [(vo)g(Wo)f]]

—zz 1

(2)8 z2z [(vo)q (Wﬂ)r}]]

On solving, we get

-[C(

v, (&) =—(+mn)

o+ 1)
B
pi(&n1)=(1+ 5_”)r([3+ )
1.8
wy(€n.17) = (—§+n)r(6+ )

Similarly,

vy (&1 =—-2271 [(E)uzz[vl]

—zz-1 [(E)uzz[ﬂl]l

+ 221 [(E)QZZ[BJ],

p(&n1) =271 (E)B ZZ[p,]

wy(,m,7) = 227 (E]Szz[wl] — 2z (g)azz[cl] —zz7 (E)SZ[DI]
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In solving the above, we have

va(En D) = E+0)pm s
2P
p.(&n, 1) = (1+f—ﬁ')m
1.28
w,(&,n,7) = (—fJﬂ?)m

Continuing like this, to obtain the other components, therefore,

m

V(END) = 16D+ (0D + v ET) o =l ) v En.)

i=0

pEn. 1) =p(En D) +pEn ) + (600 + - = lim,, Z P (E1.7)

WEET) =W 60,0+ WD) + W (E,0) 4 o =iy ) Wy (0,7

=0

Hence

o 2o

T
- + +
Ma+1) T2a+1) -

v(EnT) =(E+n) (l )= (& +mEL (=)

P 2P

(B+1) T(2B+1
+ ) = (=E + E,(-t%) (16)

p(§,n,r)=(1+§—n)(l+r )+---)=(1+§—H)Ea(r'3)

Ts T
T(E+1) i r(z6+1)

w(En 1) = (-¢+m)(1+

In particular, fora = 8 = § =1 in (16), the solution becomes
v(En =(E+ne™
p&.n.1) = (1 +&—nler
w(S.n.1) = (=¢+n)er

The above solution matches with the solution obtained in [IX].

Amandeep Singh et al

A Special Issue on ‘Recent Evolution in Applied Sciences and Engineearing’.

14



J. Mech. Cont. & Math. Sci., Special Issue, No.- 11, May (2024) pp 1-17

V. Conclusion

This article uses Adomian polynomials to adjoin the ZZ transform to solve

the system of nonlinear fractional differential equations. For the solution of nonlinear
linked fractional partial differential equations, this approach seems to be quite
helpful. This approach yields an answer that is very consistent with the solution found
using other conventional methods. As a result, this method provides an effective way
to handle non-linear systems of FPDE with simplicity. In the future, this method may
be expanded to solve higher-order coupled fractional differential equations.
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