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Abstract

A simple, finite and connected graph is denoted by G = (V,E). The primary
Zagreb index, denoted as M,(G), characterizes the graph topologically by
representing a squared degree sum of their vertices. Similarly, M, (G) denotes a second
Zagreb index, that offers a topological measure of summing the degree of the product
for adjacent vertices of graph G, We investigate a study of this topological indices
M;(G)&M,(G) and got some interesting results also.

Keywords: Zagreb indices, first Zagreb index, second Zagreb index, Fan graph,
Barbell graph, Thorn graph.

I. Introduction

In this paper, we derive expressions for M, (G) termed the primary Zagreb
index & M,(G) a second Zagreb index about a specific graph. Our formulations are
based on the number of vertices and certain positive integers denoted as a and b. Our
investigation involves an exploration of the properties of these topological indices,
M;(G) and M, (G), leading to the discovery of intriguing results. In this document, our
focus is exclusively on simple connected graphs free of loops and several boundaries.
Intended for the given graph G, the term V (G) and E(G) signifies all vertices set and
edges correspondingly. From the context of graph G, v a vertex degree was defined as
an edge count incident to v, denoted by all vertices and edges set, correspondingly. In
a graph G a vertex degree v is defined as an edge count that occurred to v, signified
asdegq(v).

The graphical invariant, often signified as the fixed number under the graph
automorphisms, is a numerical property associated with a graph that remains
unchanged despite structural variations. These numbers of invariants were termed as
the topological directories alternatively in a chemical graph theory field. A Wiener
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index stands as a straightforward and versatile topological index, proving to be an
invaluable tool for characterizing the structure and properties of molecules. Widely
employed in an area of pharmacology, chemistry, and materials science. Weiner index
was referred to as a total distance among each vertices pair in the corresponding graph.
The M;(G)and M,(G) Zagreb indices were presented in the work [I] and were
developed further in work [I]. In [lIl, IV, V], a primary characteristic of
M, (G)andM,(G)were outlined.

These two topological indices serve as indicators for the splitting degrees within the
essential carbon atom of the molecule. As noted in [VII1], path and star emerges as a
tree thus exhibiting smaller and larger M, (G) values, correspondingly. Thorn graph
idea was introduced initially by Gutman et al. [XI] and subsequently discovered to have
diverse chemical applications in [VI11, XII, X1, XIX, XX, XXI]. The characteristics
of both the first & second Zagreb indices that were among the first descriptors of a
molecular structure have undergone extensive research. Many mathematicians working
in chemistry have recently been interested in the concept of Zagreb coindices are
established through the definitions of the first Zagreb index, signified as M;(G), &
second Zagreb index signified by M, (G), which is shown below:

M, (G) = Yuvereldeg(w) + deg(v)] 1)

M3(G) = Yuveroldeg(w). deg(v)] )

In the work [XIV], M;(G) and M,(G) Zagreb indices were introduced, and key
properties of these indices were summarized. Subsequent research, reported in [XVI],
delves into recent findings on Zagreb indices, providing references to prior
mathematical investigations in this domain. In recent years, there has been an
exploration of novel variants of traditional Zagreb indices including the multiplicative
sum Zagreb index, multiplicative Zagreb indices,multiplicative Zagreb coindices, and
Zagreb coincides [VII, VIII, XIV, XVII]. Notably, both the first and second Zagreb
coindices of graph G are denoted as:

My = My(G) = Xuzver(o)ldeg(w) + deg(v)] @)

M; = M3(G) = Luzver(s)degw)deg(v)] (4)

We refer to Harary et al. [XXI11] for the theoretical nomenclature and notations for any
graph. [V, 1X, X, XI], report a few recent studies regarding Zagreb indices and
include references to earlier mathematical studies in this field. You may think of these
indices as molecular structure descriptors because they show how much the molecular
carbon-atom skeleton has branched.

For information on the historical context, computational approaches, and mathematical
characteristics of Zagreb indices, we recommend that the reader study [XII1X XIX,
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XX, XXI]. Numerous topological indices currently capturing attention in mathematical
chemistry are formulated depending on the degree of vertex within the molecular
graph.

Il. Literature Survey

Kinkar Ch Das, Kexiang XU et al [XIV] developed several lower and upper
bounds in the first and second Zagreb indices for the graph. The characteristics of the
two Zagreb indices, which are among the first descriptors of molecular structure, have
undergone extensive research. Many mathematicians working in chemistry have
recently been interested in the concept of Zagreb indices.

We have uncovered compelling results concerning the Thorn graph about the number
of vertices and positive integers a and b. These findings are noteworthy, even in light
of the many elegant results previously achieved on this matter. The initial Zagreb index,
represented as M1(G), is a graph theoretical parameter that characterizes the degree and
size distribution of graph G. This index reflects the graph’s complexity and can offer
insights into its structural properties. The second Zagreb index, labeled My(G), is
another topological index used to analyze the chemical and physical properties of
molecules in chemistry. This index can provide information about the branching and
connectivity of the graph.

Numerous investigations have examined the characteristics and uses of the Zagreb
indices. In [X1V], researchers investigated the relationship between these indices and
various graph properties, such as stability, chromatic number, and eigenvalues. These
indices can be thought of as molecular structure descriptors because they show how
branching the molecular carbon atom skeleton is [XXIV]. In other works, we have
applied Zagreb indices in chemical and mathematical contexts, shedding light on their
significance in different domains.

Overall, the first and second Zagreb indices serve as valuable tools for graph analysis
and have found applications in diverse fields due to their ability to capture key aspects
of a graph’s structure and behavior. Further research in this area could involve
exploring their applications in different contexts and extending their utility in graph
theory and related disciplines.

The complexity and topological characteristics of molecules are measured in chemistry
and computer science using the topological Zagreb indices. These indices can be used
to forecast physical and chemical characteristics like boiling points, toxicity, and
biological activity, which can be useful in the development of new drugs and the study
of new materials. Scientists can enhance their understanding of a molecule’s behavior
and characteristics through the utilization of Zagreb indices. These indices effectively
encapsulate the distribution of atoms and bonds within a molecule. We have discovered
some intriguing findings for thorn graphs about the number of points and positive
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integers like a and b, even though many beautiful results on this issue have already
been attained.

This manuscript is structured as shown: In the section 3, the structural properties of the
Thorn graph are presented and the first and second Zagreb indices of the Thorn
graph Tap(Pn) are computed, for any value of a and b. In section 4, here is the
estimation of the first and second Zagreb indices of the Barbell graph B(K,,, K,,) & a
the first and second Zagreb indices of the fan graph. We present a comparative research
of the Topological Zagreb indices that are produced mathematically and manually. We
found that the two values were the same.

I11.  The Thorn graph’s First & Second Zagreb Indices of Path
I11.i. Definition of Thorn graph of a Path [ X1, XXII]

Consider any pair of distinct positive integers, denoted as a and b where a # b.
Let B,(n = 3) represent a path on n vertices, namely vy, v,, ..., v,.The Thorn graph

of P,is symbolized as T, ,(P,), achieved by appending ad; + b, a pendant vertices
number to each P,vertex, at which deg; denotes a vertex degree v;,1 < i < n.

I1.ii. Hlustration
2 3 7 21 17 7
8 14 15 31 22 2
- 6 9 3 28
\ P o _.'/o 1 0® e 20, .
T:_;(Pf:’ H le S n, A N , .H; , n .29
b 4 - — — &n
s | ™, A )
4 - d » L] ] 4 @ » 6 LS
5 10 ¢ 12 17 @ 19 o 51 0
Fig.1.

I11.iii. Structural Properties of Thorn graph
LWV I[TepBII=IV (R +2(@ + b)+(n — 2)(2a + b)
[V [Tap (P)]| = 2a(n — 1) +n(1 + b)
2. |E[Tap (Pl = [E(PN)|+2(@a + b)+ (n — 2) + (2a+h)
|E[T,p(P)]|=n — 1—-2a+n(2a+Db)
3. ®[Tab (Pn)] =2, where o(G) is the clique number.6
4. x[Tap (Pn)] = 2, where %(G) is the coloring number. since [Tap (Pn)] is a tree.
5. K[Tap (Pn)] = 1 where k(G) is vertex connectivity number.
6. Tap(Pn)isa[l,a+b, 2a+ 2b+ 2, 2a + b] - regular graph.
7. v[Tab (Pn)] = n, at whichy (G)denotes the domination number G.
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Let’s compute the indices of the topology of the Thorn graph that are derived from
the path.

I11.vi. First Zagreb index of Tap (Pn)

M, (Ta,b(Pn)) — (4n-6)a?+ (4n-4)ab + nb? +a(10n-14) + b(5n-4) +( 4n - 6),

n=3 5)
Proof:
Let n,,n,,..,n, be the vertices ofp,. Let n,',n," ,...,n,*"® are the pendant vertices

attached with n;; letn,’, n,",..., , n,***Pare the pendant vertices attached with n,; ...let
N,y .. n,_1 292 are the pendant vertices attached with n,,_;; and let n,’, n,,"
,...,n, @ Pare the pendant vertices attached with n,respectively.

Degree of all the vertices of T, ,(B,)is given by

1,if vis the pendant vertex of T, , (B,)

a+b+1,if visthe terminal vertex of B,
deg(v) =
2a + b+ 2,if vis the internal vertex of P,

(6)

In the thorn graph Ta (Pn), there are two points of degree a + b + 1. These are the two
vertices that are connected to the two new vertices that are added to the path P, to form
the thorn graph. The thorn graph Tap (Pn), also has 2a(n — 1) + nb, pendant vertices.
These are the vertices that are connected to the 2a vertices that are added to the n — 1
edges of the path P, to form the thorn graph. The remaining (n—2) vertices of the thorn
graph are internal vertices, and they have a degree of 2a + b + 2. This is because these
vertices are connected to the two new vertices that are added to the path P, to form the
thorn graph, and they are also connected to 2a of the vertices that are added to the n —
1 edges of the path P, to form the thorn graph.

My (Typ(P) = [deg(ny) + deg(n)] + [deg(ny) + deg(ny)] + -+ + [deg(ny) +
deg (n§a+b))] + [deg(ny) + d(ny)] + [deg(n,) + d(ny)] + [deg(n,) +
deg(ny)] + -+ [deg(nz) + deg(nz)(2a+b)] + [deg(n,) + deg(nz)] + -+
[deg(nn_1) + deg(ny_)] + [deg(nn_,) + deg(ny_)] + -+ + [deg(n_1) +
deg (n4)] + ldeg (nn—s) + deg(ny)] + [deg(ny,) + deg(ny)] + [deg (ny) +
deg(ny)] + -+ [deg(nn) + deg (n,(la+b))] (M

=[(a+b)la+b+2)+(a+b+1D)+(@a+b+2)]+(n—-3)[(2a+
b)2a+b+3)+2QR2a+b+2)]+[2a+b)2a+b+3)]+ Ba+2b+3)]+
[(@a+b+2)(a+b)] (8)
A. P. Pushpalatha et al
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My (T, (B)) = (4n — 6)a® + (4n — 4)ab + nb? + a(10n — 14) + b(5n — 4) +
(4n —6),n >3 9)

I11.v. llustration:

Consider T, ,(F;). Herea=b=2; n=6

2 3 6 %9
18 30
5 ¢ 7 11 13 25
T@) W n N A Yl
22(Fs ] ? [ —i —’ — o,
° T ) ¢ e ¢ R
4 8 ¢ 10 . 0¢ 2 24 2 °
14 16 21 27 32
15
Fig. 2.

The degree of all the vertices of T,y (Pn) are given below;

() ny, ng are of degreea + b + 1 = 5

(i) (n—2) Points are of degree 2a + b + 2 = 8

(iii) All the pendant points are of degree (2a + b)n — 2a = 32

My(T,,(B)) = (4n — 6)a® + (4n — 4)ab + nb? + a(10n — 14) + b(5n — 4) +
(4n — 6) (10)

M;(T,(Ps)) = 338 (11)

For T, ,(E,), Mi[T> »(B;)] can be calculated manually:

Table : 1.

¢ Mymg|ng| Mg| Msimgl 1) 20 3{ 4]5| 6| 7| 8| 910|1t] 12| 13 4{1s] 18| 17) 18] 19

)| 24{22\23| 241 15) 26| 27\ 26 28| 30) 31| 32)[(C)

M) 3

The Topological index Mi[Tap (Pn)] calculated manually and by using the formula
appears to be same.
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I11.vi. Second Zagreb index of Tap(Pn)
The second Zagreb index is

M,(G) = (8n-14)a® + (8n-10)ab + b?(2n — 1) + a(12n — 22) + b(6n —8) +
(4n—-8), n=>3 (12)

Proof:
Let n,,n,,..., n,be the vertices of P,.. Let n,", n," ..., n,*"® are the pendant vertices
attached n,; let n,’, n,",..., , ny***are the pendant vertices attached with n,; . . . let

Moy M,y 1 2%TP are the pendant vertices attached with n,,_;; and let n,’, n,,"’

..., %" Pare the pendant vertices attached with n, respectively. The second Zagreb
index is
My (Tap(By)) = [deg(ny). deg(ny)] + [deg(ny).deg(ny)] + -+ +

|[deg(n). deg (n{**)] + [deg(n,). deg(ny)] + [deg(n,). deg(n})] +

[deg(ny).deg(ny)] + - + [deg(ny). deg (ny) @**P] + [deg (ny). deg (ns)] +
-+ [deg(ny-1).deg(ny-1)] + [deg(nn_1).deg(ny_ )] + -+
|deg(ny_1).deg (n24")] + [deg (). deg(ny)] + [deg(ny). deg(ny)] +

[deg(ny,).deg(n;))] + -+ [deg(nn). deg (nﬁlﬁb))] (13)

=[(at+b)(atb+1) + (atb+1)(2atb+2)] +
(n-3)[(2a+b)(2a+b+2)+(2a+b+2)?] + [(2a+b)(2a+b+2) + (at+b+1)(2a+b+2)] +
[(at+b+1)(at+b)] (14)

M,(G) = (8n-14)a? + (8n-10)ab+b? (2n-1)+a(12n-22)+b(6n-8) +(4n - 8) ,n > 3 (15)
I11.vii. Hlustration

Considerr, ; (R,).

1 2 g 3 g 10 4 15
1] I 1; T4
T:.i(PE):
! 3 16 18 21
: y ) "

Fig. 3.
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Consider T 4 (Pg)
0] InTy 4 (Pg), N1, ne are of degreea +b + 1 =4

(i) (n — 2) points are of degree 2a+b+2=7
(iti))  All the pendant vertices are of degree (2a + b)n — 2a =26

Then,
M2[Ta,b(Pn)]=(8n—14)a2 + (8n—10)ab+b 2 (2n—1) + a(12n — 22) + b(6n
—8)+ (4n—8) (16)
MZ[TZ,l[PEuD] =367 (7
M2[T; 4 (Pg)] can be calculated manually
Table : 2
* Myfly | M| M| Nsim | 1] 2| 3] 4[5] 6| 7| 8| 9|10] 11| 12/ 3] 24(15| 16| 17/18] 19] 20| 21|22/ 23| 24| 3|6 M)
1 444 4
no|t e 17777 %
Iy o IRRIRE %
I e IEREE %
s £ 17777 B
" ' Wayn
MG 3

The Topological index M2[T5 ; (Pg)] calculated manually and through the formula are
the same.

IV. Barbell Graph’s First and Second Zagreb
IV.i. Barbell graph definition: [XXII]

An n-Barbell graph is the straightforward graph that is formed on linking two indices
of the complete graph K,,with bridge. This is signified by B(K,, K;,) where n is greater
than or equal to 3.

IV.ii. The structural properties of the n-Barbell graph
1. Vertices: The n-Barbell graph has 2n vertices.
2. Edges: The n-Barbell graph hasn2 — n + 1 edges.

3. Degrees: vertices (2n — 2) were of n — 1 degree & two vertices were ofn —
degree

A. P. Pushpalatha et al
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IV.iii. Hlustration
18] v,
B (K5 Ks) :
uz

us Vi Vs

Fig. 4.
IV.iv. Result
In Barbell graph B(Kn, Kn)
(i) Mi[B(K, K,)]=2(n — 1)[n*~n+1],n=> 3 (18)
(i) M2[B (K, Kn)]=(n — 1)?[n®* —n+2],n> 3 (19)

Proof:

Let B(Kn,Kn) denotes the Barbell graph having vertex sets {1, 15, ... i, } and assume
{vy, v, ...v,. Jwill be another vertex set that has vertices disjoint complete graph K,, .

Join u;, 1 < i < n with any one of the {1, 17;, ... 1%;. } vertex disjoint complete
graph K, say v; , 1 =1 <= n.

Let us [which is of degree n — 1 ] be the vertex which is adjacent to uz, Us, . . . , Un-1
are of degree (n — 1) and uswill be adjacent to u,, which is of nvdegree . The index of
1%t Zagreb’s Barbell graph B(Kn,Kn) can be determined by computing the contributions
of the edges with regard to vertex u; as

[deg(uy) + deg(u,)] + [deg(uy) + deg(uz)] + -+ + [deg(uy) +
deg(un-1)] + [deg(uy) + deg(uy)] = 2(n —D(n - 2) + (2n - 1) (20)

Also, vertex u, be the vertex which is adjacent to us, Us, . . . U, with each degree n—1
respectively. The contributions of the edges Concerning vertex u, to the first Zagreb
index of B(K, K;) can be calculated as follows:

[deg(uy) + deg(u3)] + [deg(uy) + deg(uy)] + -+ + [deg(uy) +
deg(un_1)] + [deg(uy) + deg(uy)] = 2(n —1D(n—-3) + 2n—1) (21)

The impact of the edges concerning the vertex us to the first Zagreb index of
B(Kn’Kn)are calculated using a similar approach to vertex u,.

[deg(uz) + deg(uy)] + [deg(uz) + deg(us)] + -+ + [deg(usz) +
deg(u,—1)] + [deg(u3) + deg(upy)] =2(n—1(n—4) + (2n—1) (22)

A. P. Pushpalatha et al
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For the vertex u,», the contributions of the edges with respect to vertex u,- to the
1%Zagreb index of B(K, K,,) are calculated as

[(n-1)+(n-)]+[(n-1)+n] =2(n — 1)+(2n — 1) (23)

For vertex u,1, the contributions of the edges concerning vertex u, to the
1%Zagreb index of B(K, K, ) are calculated as;

[deg(u,_1) +deg(u,) =n—1+n=2n-1 (24)

For the vertex u,,, the contributions of the edges concerning vertex un to the first Zagreb
index B(K, K, )are calculated as;

[deg(u,) +deg(vi)]=n+n=2n (25)

For the vertex v, the contributions of the edges concerning vertex v to the first Zagreb
index of B(K,, K, )are calculated as;

[deg(vy) +deg(vy)] + [deg(vy) +deg(v3)] + -+ + [deg(u,) +
deg(vy—1)] + [deg(vy) + deg(vy)] =2(n —1D(n—-2)+ (2n—1) (26)

For a vertex v, ,the contributions of the edges with respect to vertex v,to the first
Zagreb index of B(K,, K, )are calculated as;

[deg(v,) + deg(vs)] + [deg(vy) + deg(vy)] + -+ + [deg(v,) +
deg(vy—1)] + [deg(vy) + deg(v,)] =2(n—1D(n—-3)+ (2n—1) (27)

For a vertex v,-1, the contributions of the edges with respect to vertex v, to the first
Zagreb index of B(K, K, ) are calculated as;

[deg(vp_q1) +deg(v)]l=n—1+n=2n-1 (28)
My[B(K, Kp)1=2{2(n-1)[(n — 2)+(n — 3)+...+3+2 + 1]} + 2(n —
1)(2n—1)+2n (29)
M,[B(K, K, )] =2(n-1)[n* —n+1] + 2n,n>3 (30)

IV.v. lllustration:

Uy g

B(Ks,Ks):

y . i‘— —
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My[B(K, K,)] =2(n-1)[n? —n+ 1] + 2n

My[B(Ks Ks)] =2(5—-1)[52 =5+ 1] +2x5=178

For B (Ks, Ks), M1[B(Ks, Ks)] can be calculated manually
Table : 3

(31)
(32)

The Topological index of M1[B(Ks, Ks)] calculated both methods follow the same
underlying principles and use the same formula, they should produce identical results.

IV.vi. Second Zagreb index of B(K,, Kn)

M2[B(Kn, Kn)]=2{[(n-2)(n — 1)?*+n(n — D]+ [(n — 3)(n—D*+n(n — )]+

[m=4Hm—-12+nn — D]+ ---+[L.(n — D?]+n(n-1)}+n?
=2m-DH(n — 2)+ (n—3)+ - +3+2+ 1+ 2n(n—1)(n — 1) +n?
=2(n—1)’[(n — 2)(n—1)/2] + 2n(n — 1)*+n?

Ma[B(Kn, Kn)] = (n — 1)2[n®—n + 2] +n?,n> 3

IV vii. lllustration:

M2[B(Kn, Kn)] =(n-1)?[n?> — n+2]+n?,n>3

Here n=5, My[B(Ks, Ks)] = (5 — 1) [52—5 + 2] + 52 = 377

For M2[B(Ks, Ks)] can be calculated manually

A. P. Pushpalatha et al
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Table : 4

The Topological index M,(B(Ks,Ks))calculated manually and through the
formula are the same.
IV.viii. Result
For the regular graph G(p,q), at which p denotes vertices number and g signifies
number of edges, first Zagreb indexM,(G) will be equivalent to 2qgr, and the second
Zagreb index is M2(G) equal to gr2.
IV.ix. Hlustration
For a Petersen graph G, p=10,9=15,r=3

M1(G) =Zuge e [d(w) + d(v)] = 2qr =90 (39)

My(6) = Tupe ) [d(w).d(v)] =G =135 (40)
In the Petersen graph, each vertex has a degree of 3, M;(G)and M, (G) are calculated
manually:

Table: 5

Vg | Vp | Vg | Uy [ Vs | Vg | Vg | Vg | Vg | Vip | M(G)

vy 6| 6 6 18
v, 6| s 6 18
v, 6 6 12
v, 6 6
Vg 6 6
v 6 6 12
v, 6 6
Vg 6 6
vy 6 6

V10

My (G) 20

A. P. Pushpalatha et al
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Mz(G) are calculated manually:

Table : 6
Uy [ Vs | Vg | Vy | Vs | Vg | Vg | Vg | Vg | Vyg | Mi(G)
v, 9] 9 9 27
v, o o 9 27
Vs 9 9 18
Vg 9 9
Vs 9 9
v, 9 9 18
v 9 9
Vg 9 9
Vg 9 ]
Vio
Mo (G) 135

The Topological indices M1(G) and M(G), manually and through the formula, both
methods should yield the same results.

1V.X. Theorem

Let G be a Fan graph, Fri(= Pn +K1), n > 3. Attach k pendant vertices with the full
degree vertex u of G, The resulting graph is represented by G1. Then

Mi(G;) =k(k+2n+ 1) +n(n+9)— 10 (41)
and
M2(Gy) =k(k +4n—2) +n(B3n+7)—15 (42)

Proof:

Fig. 6.

Consider Gas Fn+1 havingvy, v,,..., v,_1, vy as its vertices and u be the only one full
degree vertex in G. (ie) A(G) = dege(u) = n.

A. P. Pushpalatha et al
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Attach k-pendant vertices at u and those points are labeled as p1, p2, . .
resultant graph is denoted by Gi1.Then A(G1) = dege1(u) = n + k.

The 1% Zagreb index of the graph is computed as
M1y(G1) =k(k+2n+1) +n(n+9)-10
Mi(G1) =k(k +2n+1) +n(n+9)— 10,n>3

The second Zagreb index of graph is computed as
Ma(G1) =k(k +4n—2) +n(3n+7) — 15,n>3

1V .xi. llustration

Let ¢ = F;. Attach five pendant vertices with u. The resultant graph is G.

Pz P3 Pa

P1 Ps
G u
v
Uz U3 Va
Fig. 7.
M1(G1) =k(k+2n+ 1) +n(n +9) - 10

Heren=4,k=5.
My(G1) = 5(14) + 4(13) — 10 =112
My(G1) =k(k + 4n — 2) + n(3n + 7) — 15
Heren=4,k=5
Ma(G1) = 5(19) + 4(19) — 15 = 156

M1(G.) is calculated manually:

Table : 7
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., Px. Then the

(43)
(44)

(45)

(46)

(47)
(48)

(49)
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M2(G,) is calculated manually:

Table : 8

The Topological indices M1(G1) and M2(G1) calculated manually and through
the formula are the same.

V. Conclusion

This article has successfully derived expressions for the first and second Zagreb
indices of the Thorn graph from path Pn, and has also presented calculations for the
first and second Zagreb indices of Barbell graph B (Kn, K) and Fan graph Fn. These
findings not only contribute to our understanding of graph theory but also pave the
way for further exploration across various families of graphs in different directions.
The results of this research indicate numerous possibilities for extending the study to
encompass additional graph families and explore diverse research trajectories. This
opens up new avenues for investigation and potential applications in various branches
of Engineering. Overall, the insights gained from this study have the potential to make
significant contributions to the field of graph theory and its practical applications,
highlighting the importance of continued research and exploration in this area.
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