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Abstract

Indian cities are extending and growing very rapidly with the increase in
population. As a result, there is a need to implement mass transit systems such as metro
rail to meet their day-to-day mobility requirements. In recent years metro rail has
grown in many Indian cities. Much like a graph that is made up of vertices and edges,
a metro network is composed of stations and a metro route connecting them, where
each station represents a vertex and any two vertices are adjacent whenever there is a
link (metro route) between them. In this paper, we try to study the structure of a metro
network via a graph theoretical approach.
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I. Introduction

Metro rail is becoming the most popular means of public transport in India with
an operational network of 660 km across 12 cities. Metro rail is often built underground
(also known as “subway” or “tube”) or elevated above the ground and is suitable for
metro cities or metropolitan areas which have large populations. It works with high
capacity and frequency for covering shorter distances as compared to trains. The first
metro in India started back in the year 1984 in Kolkata. Delhi metro is the second oldest
and is the largest and the busiest among all other metros in India. Following the
successful operation of Delhi Metro, all other big cities in India have also started to
implement metro projects. All the metros in India are operated by autonomous local
authorities except the Kolkata metro which is controlled by the Indian Railways.

A metro network is a structure composed of a set of stations and connections among
them. A metro network graph is a graph where each station represents a vertex and any
two vertices are adjacent whenever there is a link (metro route) between them. In short,
a metro network graph is a graphical representation of a metro network with the help
of graph theory.
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I1. Some Preliminary Definitions:

A graph G consists of a finite non-empty set V(G) of points/vertices together
with a prescribed set E(G) of unordered pairs of distinct points of V(G), where each
pair of points denotes an edge.

1.
2.

A subgraph of G is a graph having all of its points and lines in G.

A graph G is said to be connected if every pair of points is joined by a path;
otherwise, it is said to be disconnected.

A graph on n vertices is said to be a complete graph if every pair of vertices
is joined by an edge. It is denoted by K,.

The minimum number of vertices (edges) whose removal from a graph G
results in a disconnected or a trivial graph is called the point-connectivity
(line-connectivity) of G.

A cut point of a graph is one whose removal increases the number of
components, and a bridge is such an edge.

In a graph G the maximal complete subgraph is called a clique. The number of
vertices in a clique is called the clique number, denoted by w(G).

The chromatic number, y(G) is defined as the minimum n for which G has
an n-coloring (Assignment of colors to its vertices so that no two adjacent
vertices have the same color).

Methodological Approach
Graphical Representation of Metro Network

The metro network can be represented with the help of graph G = {V ,E },

where V is the set of vertices (nodes) and E set of all edges. The set V includes all the
stations present in the network while the set E includes the metro track present between
two stations that are directly connected. The graph G = {V/, E } is always connected.

Edges between vertex i and vertex j means there are two metro tracks, one for going
from station i to station j and another for coming from station j to station i. Thus in the
metro network graph edges are considered as non-directional links.
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Fig: 3.1. Chennai Metro network Fig: 3.2. Graphical Representation of
Chennai Metro Network

Based on the nature of vertices, they are divided into the following types :
a) Multi-channel vertex.
b) Single-channel vertex.
¢) No-channel vertex.

In the case of Multi-channel vertices, we have more than one option to pass through
the vertex i.e. itis possible to switch lines (edges) without exiting the system. In Single-
channel vertices there is only one way to pass through the vertex and here we cannot
switch lines (edges) without exiting the system. Whereas in No-channel vertices we
cannot pass through it i.e. they are end vertices with degree one.

I1Lii. Indicators to study metro networks
a) Connectivity of network:
The connectivity of the network is expressed by the formula

Sum of the degrees of all the vertices
N =

Total number of vertices

It is more convenient for passengers to travel to their respective destinations in a metro
network having greater connectivity as compared to a metro network having lesser
connectivity.

b) Average length between two consecutive stations of the network:

The average length between two consecutive stations of the network is expressed by
the formula
Total length of the metro network

Ay =
N7 Total number of edges present in the network
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For any two metro networks having equal total length, the network having a lower
average length has more stations as compared to the network having a higher average
length.

c) Complexity of the network:
The complexity of the network is expressed by the formula
Total number of edges present in the network e

Cmy = =_
N Total number of vertices v

For a network having n stations (vertices), the complexity of the network, Cm,, lies
between

n-—1 n-—1

<CmNS

n 2
Cmy = nT_l implies that there is no Multi-channel vertex present in the metro
network graph and Cmy = nT_l implies that every station is connected with every
other station in the metro network graph.
d) Extension of the network:

Considering all those vertices of the network only which are either multi-channel or
no-channel and treating all the edges lying between two no-channel vertices or two
multi-channel vertices or between multi-channel and no-channel vertices as one edge
(i.e. Ignoring all single-channel vertices present in the network).

The extension of the network is expressed by the formula

_ Possible number of edges — Actual number of edges in the network
=

possible number of edges
ep - eA

ép

For any metro network, an extension of the network, E, lies between 0 and 1.
ie. 0 < Ey < 1.

When Ey = 0, we say that the network is complete and no further extension is
possible.

e) Diameter of the network:

For any two no-channel/end vertices a and b , the distance between a and bmeans the
minimum number of edges that we need to cover to reach from a to b. It is denoted by
d(a,b).

The diameter of the network is expressed by the formula

Dy = Max {d(a,b) : where a and b are any two no — channel vertex}
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I11L.iii. Significance of some graph theoretical terms in metro network
a) Line-connectivity:

For any two metro networks having the same number of stations (vertices) and links
(edges), the network having lower line connectivity is simpler as compared to the
network having higher line connectivity.

i.e. lower line connectivity => simpler network
higher line connectivity => complex network.

b) Point-connectivity:

For any metro network, the higher point connectivity implies better connection among
all the stations present in the network.

c) Bridge:

The presence of a bridge between station x and station y indicates that there is only one
path connecting station x with station y and there is no other way of going from station
x to station y. As a result, it will cause over crowded of passengers at all those stations
which lie between station x and station y.

d) Chromatic number:

The lower chromatic number of the metro network graph implies that the network is
simpler and has less connectivity among all its stations.

Whereas a higher chromatic number indicates that the network is complex and all the
stations present in the network are well connected.

e) Cligue number:

For any two metro networks having the same number of stations (vertices) and links
(edges), the network having a higher clique number is more complex as well as has
better connectivity among stations as compared to the network having a lower clique
number.

IV.  Application: A Study of the Indicators for Hyderabad and Bangalore Metro
Networks

a) Hyderabad metro network:
Number of vertices (stations) = 57
Number of edges (links) = 57

Total length of the metro network = 69 km
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® Multi-channel vertex
@® Single-channel vertex
@® No channel vertex

Fig : 4.2. Graphical Representation of Hyderabad Metro Network

Different indicators of the Hyderabad metro network are as follows:
i Connectivity of network,

Sum of the degrees of all the vertices
N =

Total number of vertices
_ 114

T 57
=2
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ii. The average length between two consecutive stations of the network,

Total length of the metro network

 Total number of edges present in the network

69
=57 o

=121 km
iii. Complexity of the network,

Ay

Total number of edges present in the network

C =
My Total number of vertices
B 57
57
=1
iv. Extension of the network,

Ey
Possible number of edges — Actual number of edges in the network
possible number of edges
28 -8
- 28
=0.71
V. Diameter of the network,
Dy = Max {d(a,b)
: where a and b are any two no
— channel vertex}
=26

b. Bangalore metro network:

Number of vertices (stations) = 40

Number of edges (links) = 39

Total length of the metro network = 42.3 km
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BCo

Fig: 4.3. Bangalore Metro Network

@ Multi-channel vertesc
@® Single-channel vertex
@ No channel vertex

Fig : 4.4. Graphical Representation of Bangalore Metro Network
Different indicators of the Bangalore metro network are as follows:
i Connectivity of network,

Sum of the degrees of all the vertices
N =

Total number of vertices
78

T 40
=195
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ii. The Average length of the network ,
Total length of the metro network

Ay =
N7 Total number of edges present in the network

_ 423
= 39
= 1.08 km

iii. Complexity of the network,

Total number of edges present in the network

Cmy = -
N Total number of vertices

39

T 40
= 0.97
iv. Extension of the network,

__ Possible number of edges — Actual number of edges in the network

N possible number of edges
_10-4
10
= 0.6
V. Diameter of the network,

Dy = Max {d(a,b)
: where a and b are any two numbers
— channel vertex}
=23

If we compare the various indicators of the Hyderabad and Bangalore metro networks,
the following conclusion can be drawn:

i) The connectivity of the Hyderabad metro network is slightly better than the
connectivity of the Bangalore metro network.

ii) The average length between two consecutive stations of the Hyderabad metro
network is a bit more as compared to the Bangalore metro network and so the Bangalore
metro network has slightly less waiting time.

iii) The Hyderabad metro network is slightly more complex than the Bangalore metro
network.

iv) With the existing stations only, the Hyderabad metro network is more extendable
as compared to the Bangalore metro network.

v) The diameter of the Hyderabad metro network is more than that of the Bangalore
metro network.

V. Advantages and Disadvantages of Metro Rail
Advantages:
i) It helps to minimize traffic as it takes cars and buses off the road.
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ii) Gets us to our respective destinations at a fast speed with good comfort.

iii) The accident rate in the metro is far less as compared to other means of
transport.

iv) Travelers do not have to wait for long.
Disadvantages:

i) Elevated metro lines cause noise pollution.

ii) Huge cost of construction.

iii) High fares as compared to other public transport.

iv) It creates heavy traffic on the road during the construction of metro tracks as
well as stations.

VI. Conclusion

The main objective of this paper is to show the importance of graph theoretical
notions while studying the properties of metro networks. With the help of different
indicators, we were able to examine several interesting statistics regarding metro
networks in different cities. Such as by looking at connectivity, we may be able to
predict how convenient it is for passengers to travel to their destination in that particular
region. The average length of edges gives the idea regarding waiting time and time
taken to cover a particular distance in a network. By looking at an extension of the
network, we can say to what extent a further extension of the network is possible.
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