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Abstract  

In this article, we examine the oscillation of a class of third-order damped 

nonlinear differential equations with multiple delays. Using the integral average and 

generalized Riccati techniques, new necessary criteria for the oscillation of equation 

solutions are established. The major effect is exemplified by an example. 

Keywords: Oscillation; nonlinear differential equations; third-order; delay 

arguments; damping. 

 I.    Introduction   

Differential equations are a modeling technique used in many different 

domains, and most of them have general solutions that are difficult to come up with. 

As a result, researchers have been very interested in the qualitative components of 

differential equations. Asymptotic characteristics and oscillation are two important 

elements of qualitative research that are still in trend. It is not difficult to discover 

during problem-solving that the past and present states have an impact on the future 

state as well. As a result, the problem description should incorporate some time delay 

in the equation. Readers who are interested in learning more about the theoretical and 

practical significance of qualitative research on neutral equations should read O. 

Arino et al. [XIII], G. S. Ladde et al. [III], and J. K. Hale [IV]. Real-world 

applications cover a range of models that involve oscillation phenomena. In the 

context of mathematical biology, certain models can describe oscillation and/or delay 

JOURNAL OF MECHANICS OF CONTINUA AND  

MATHEMATICAL SCIENCES 

www.journalimcms.org 

ISSN (Online) : 2454 -7190  Vol.-19, No.-4, April (2024) pp 60-82  ISSN (Print) 0973-8975 

 

 

 

 

https://doi.org/10.26782/jmcms.2024.04.00005


 

 

 

 

J. Mech. Cont.& Math. Sci., Vol.-19, No.-4, April (2024)  pp 60-82 

 

M. Sathish Kumar et al 

 

 

61 
 

behaviors using cross-diffusion expressions. For more information on this topic, refer 

to papers [II, VIII, IX, X]. 

Extensive research has been conducted on the subject of oscillation in third or 

higher-order differential equations, resulting in the development of various strategies 

to establish criteria for oscillation. Several publications, cited as [I, V, VI, VII, XI, 

XIV, XV, XVI, XVII, XVIII], give interesting developments about the oscillatory 

characteristics of solutions to differential equations and damped delay differential 

equations, with or without distributed deviating arguments.  

This work is concerned with the oscillatory and asymptotic behaviour of 

third-order damped nonlinear differential equations with many delays of the 

following form: 

  (𝑚1(𝑟)([𝑚2(𝑟)𝑦
′(𝑟)]′)𝛽)

′
+ 𝑝(𝑟)([𝑚2(𝑟)𝑦

′(𝑟)]′)𝛽 

   +∑  

𝑛

𝑖=1

𝑞𝑖(𝑟)𝑓 (𝑦(𝜃𝑖(𝑟))) = 0       (E) 

for 𝑟 ≥ 𝑟0, where 𝑚1,𝑚2, 𝑝, 𝑞𝑖 ∈ 𝐶𝑟𝑑(𝐼, ℝ+), 𝑓 ∈ 𝐶(ℝ,ℝ) satisfying 𝑦𝑓(𝑦) >

0,
𝑓(𝑦)

𝑦𝛽
≥ 𝐿 > 0 for 𝑦 ≠ 0, 𝜃𝑖 ∈ 𝐶(ℝ,ℝ) satisfying 𝜃𝑖(𝑟) ≤ 𝑟, 𝜃𝑖

′(𝑟) ≥ 0 and 

lim𝑟→∞  𝜃𝑖(𝑟) = ∞, 𝛽 ≥ 1 is a quotient of two odd positive integers. 

A solution of Eq.(E) is said to be oscillatory if it is neither eventually positive 

nor eventually negative, otherwise, it is nonoscillatory. Eq.(E) is said to be oscillatory 

in case all its solutions are oscillatory. In Section 3, we will use a generalized Riccati 

function and inequality technique to develop some new oscillatory and asymptotic 

conditions for Eq. (E). In Section 4, we will give some applications for a result. 

In the follow-up, we outline the prerequisites that ensure the following results:  

(C) then every solution of Eq. (E) is oscillatory or tends to zero. 

II.     Main Results 

While illustrating our primary results, we define a few of the auxiliary 

functions and lemmas in this section. For the sake of convenience, in the rest of the 

paper, set 

 𝒜(𝑟) = 𝑚1(𝑟)([𝑚2(𝑟)𝑦
′(𝑟)]′)𝛽 

 

𝜓1(𝑟,𝑚1) = ∫  
𝑟

𝑚1

 
[exp (−∫  

𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)]

1
𝛽

𝑚1

1
𝛽
(𝑠)

𝑑𝑠

𝜓2(𝑟,𝑚1) = ∫  
𝑟

𝑚1

 
𝜓1(𝑠,𝑚1)

𝑚2(𝑠)
𝑑𝑠

 

and we always assume 𝑟𝑖 ∈ 𝕋, 𝑖 = 1,2,… ,6. 
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Lemma 2.1. Assume that 

  ∫  
∞

𝑟0
 (
exp (−∫  

𝑠

𝑟0
 
𝑝(𝑠)

𝑚1(𝑠)
𝑑𝑠)

𝑚1(𝑠)
)

1

𝛽

𝑑𝑠 = ∞          (1) 

   ∫  
∞

𝑟0
 
𝑑𝑠

𝑚2(𝑠)
= ∞                 (2) 

and 𝑦 is eventually a positive solution of Eq. (E). Then, one of the following two 

cases holds. 

(𝐶𝐼)𝑦(𝑟) > 0, 𝑦′(𝑟) > 0, [𝑚2(𝑟)𝑦
′(𝑟)]′ > 0 

(𝐶𝐼𝐼)𝑦(𝑟) > 0, 𝑦′(𝑟) < 0, [𝑚2(𝑟)𝑦
′(𝑟)]′ > 0. 

Proof. Let (E) have a positive solution 𝑦(𝑟) on [𝑟0,∞), say 𝑦(𝑟) > 0, 𝑦(𝜃𝑖(𝑟)) > 0 

for 𝑖 = 1,2⋯ , 𝑛. 

  

[
𝒜(𝑟)

exp (−∫  
𝑟
𝑟0
 
𝑝(𝑠)

𝑚1(𝑠)
𝑑𝑠)
]

′

 =
exp (−∫  

𝑟
𝑟0
 
𝑝(𝑠)

𝑚1(𝑠)
𝑑𝑠)𝒜′(𝑟)−(exp (−∫  

𝑟
𝑟0
 
𝑝(𝑠)

𝑚1(𝑠)
𝑑𝑠))

′

𝒜(𝑟)

exp (−∫  
𝑟
𝑟0
 
𝑝(𝑠)

𝑚1(𝑠)
𝑑𝑠)

2

 =
𝒜′(𝑟)+𝑝(𝑟)([𝑚2(𝑟)𝑦

′(𝑟)]
′
)
𝛽
)

exp (−∫  
𝑟
𝑟0
 
𝑝(𝑠)

𝑚1(𝑠)
𝑑𝑠)

 = −
∑  𝑛
𝑖=1  𝑞𝑖(𝑟)𝑓(𝑦(𝜃𝑖(𝑟)))

exp(−∫  
𝑟
𝑟0
 
𝑝(𝑠)

𝑚1(𝑠)
𝑑𝑠)

< 0.                                                       

 (3) 

Then 
𝒜(𝑟)

exp (−∫𝑟0
𝑟
 
𝑝(𝑠)

𝑚1(𝑠)
𝑑𝑠)

 is strictly decreasing on [𝑟1,∞), and together with          

𝑚1(𝑟) > 0, exp (−∫𝑟0
𝑟
 
𝑝(𝑠)

𝑚1(𝑠)
𝑑𝑠) > 0, we deduce that [𝑚2(𝑟)𝑦

′(𝑟)]′ is eventually of 

on sign. We claim [𝑚2(𝑟)𝑦
′(𝑟)]′ > 0 on [𝑟2, ∞), where 𝑟2 > 𝑟1 is sufficiently large. 

Otherwise, assume there exists a sufficiently large 𝑟3 > 𝑟2 such that  
[𝑚2(𝑟)𝑦

′(𝑟)]′ < 0 on [𝑟3,∞). Then 

  

𝑚2(𝑟)𝑦
′(𝑟) −𝑚2(𝑟3)𝑦

′(𝑟) = ∫  
𝑟

𝑟3
 
[exp (−∫  

𝑠
𝑟0
 
𝑝(𝑠)

𝑚1(𝑠)
𝑑𝑠)]

1/𝛽
[𝑚2(𝑠)𝑦

′(𝑠)]
′

[exp (−∫  
𝑠
𝑟0
 
𝑝(𝑠)

𝑚1(𝑠)
𝑑𝑠)𝑚1(𝑠)]

1/𝛽 𝑑𝑠

 ≤
𝒜

1
𝛽(𝑟)

[exp(−∫  
𝑟3
𝑟0

 
𝑝(𝑠)

𝑚1(𝑠)
𝑑𝑠)]

1
𝛽

∫  
𝑟

𝑟3
 
[exp(−∫  

𝑠
𝑟0
 
𝑝(𝑠)

𝑚1(𝑠)
𝑑𝑠)]

1
𝛽

𝑚1

1
𝛽
(𝑠)

𝑑𝑠.            

  (4) 

By (1), we have lim𝑟→∞  𝑚2(𝑟)𝑦
′(𝑟) = −∞, and thus there exists a sufficiently large 

𝑟4 ∈ [𝑟3,∞) such that 𝑚2(𝑟)𝑦
′(𝑟) < 0 on [𝑟4,∞). By the assumption 

[𝑚2(𝑟)𝑦
′(𝑟)]′ < 0 one can see 𝑚2(𝑟)𝑦

′(𝑟) is strictly decreasing on [𝑟4,∞), and then 
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𝑦(𝑟) − 𝑦(𝑟4) = ∫  
𝑟

𝑟4

𝑚2(𝑠)𝑦
′(𝑠)

𝑚2(𝑠)
𝑑𝑠 ≤ 𝑚2(𝑟4)𝑦

′(𝑟4)∫  
𝑟

𝑟4

1

𝑚2(𝑠)
𝑑𝑠. 

Using (2), we have lim𝑟→∞  𝑦(𝑟) = −∞, which leads to a contradiction. So 
[𝑚2(𝑟)𝑦

′(𝑟)]′ < 0 on [𝑟2,∞). 

Lemma 2.2. Let 𝑦(𝑟) satisfies case (𝐶𝐼𝐼). Suppose 

lim sup
𝑟→∞

 ∫  
𝑟

𝑟0
(

1

𝑚2(𝜉)
∫  
∞

𝜉
 (
exp (∫  

𝜏

𝑟0
 
−𝑝(𝑠)

𝑚1(𝑠)
𝑑𝑠)

𝑚1(𝜏)
∫  
∞

𝜏
 
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝑑𝑠

exp (∫  
𝑠

𝑟0
 
−𝑝(𝑠)

𝑚1(𝑠)
𝑑𝑠)
)

1

𝛽

𝑑𝜏)𝑑𝜉 = ∞   (5) 

and then lim𝑟→∞  𝑦(𝑟) = 0. 

Proof. By Lemma 2.1, we deduce that 𝑦′(𝑟) is eventually of one sign. So there exists 

a sufficiently large 𝑟5 > 𝑟4 such that either 𝑦′(𝑟) > 0 or 𝑦′(𝑟) < 0 on [𝑟5,∞), where 

𝑟4 is defined as in Lemma 2.1. If 𝑦′(𝑟) < 0, together with 𝑦(𝑟) is eventually a 

positive solution of Eq. (E), we obtain lim𝑟→∞  𝑦(𝑟) = 𝛼 ≥ 0 and 

lim𝑟→∞  𝑚2(𝑟)𝑦
′(𝑟) = 𝜚 ≤ 0. 

We claim 𝛼 = 0. Otherwise, assume𝛼 > 0. Then 𝑦(𝑟) ≥ 𝛼 on[𝑟5,∞). Since 

lim𝑟→∞  𝜃𝑖(𝑟) = ∞, there exists 𝑟6 > 𝑟5 such that 𝜃𝑖(𝑟) > 𝑟5 on [𝑟6, ∞), and then 

𝑦(𝜃𝑖(𝑟)) ≥ 𝛼 on [𝑟6,∞). On the other hand, for 𝑟 ∈ [𝑟6,∞), an integration for (3) 

from 𝑟 to ∞ yields 

−
𝒜(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
 = − lim

𝑟→∞
 

𝒜(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
+∫  

∞

𝑟

 
−∑  𝑛

𝑖=1   𝑞𝑖(𝑠)𝑓(𝑦(𝜃𝑖(𝑠)))

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
𝑑𝑠

 ≤ − lim
𝑟→∞

 
𝒜(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
+ ∫  

∞

𝑟

 
−𝐿∑  𝑛

𝑖=1  𝑞𝑖(𝑠)𝑦
𝛽(𝜃𝑖(𝑠))

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
𝑑𝑠

 ≤ −𝐿∫  
∞

𝑟

 
∑  𝑛
𝑖=1   𝑞𝑖(𝑠)𝑦

𝛽(𝜃𝑖(𝑠))

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
𝑑𝑠

 ≤ −𝐿𝛼𝛽∫  
∞

𝑟

 
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
𝑑𝑠

 

which is followed by 

−[𝑚2(𝑟)𝑦
′(𝑟)]′ ≤ −[𝐿𝛼𝛽 (

exp(∫  
𝑟

𝑟0
 
𝑝(𝑟)

𝑚1(𝑟)
𝑑𝑡)

𝑚1(𝑟)
∫  
∞

𝑟
 

∑  𝑛
𝑖=1  𝑞𝑖(𝑠)

exp(−∫  
𝑠

𝑟0
 
𝑝(𝑠)

𝑚1(𝑠)
𝑑𝑠)
𝑑𝑠)]

1

𝛽

        (6)  
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Substituting 𝑟 with 𝜏 in (6), an integration for (6) with respect to 𝜏 from 𝑟 to ∞ yields 

𝑚2(𝑟)𝑦
′(𝑟) = lim

𝑟→∞
 𝑚2(𝑟)𝑦

′(𝑟) − 𝛼𝐿
1
𝛽∫  

∞

𝑟

 (
exp (−∫  

𝜏

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)

𝑚1(𝜏)

 × ∫  
∞

𝜏

 
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
𝑑𝑠)

1
𝛽

𝑑𝜏

 = 𝜚 − 𝛼𝐿
1
𝛽∫  

∞

𝑟

 (

𝑒
−
𝑝
𝑚1

𝑚1 (𝜏, 𝑟0)

𝑚1(𝜏)
∫  
∞

𝜏

 
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
𝑑𝑠)

1
𝛽

𝑑𝜏

 ≤ −𝛼𝐿
1
𝛽∫  

∞

𝑟

 (
exp (−∫  

𝜏

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)

𝑚1(𝜏)
∫  
∞

𝜏

 
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
𝑑𝑠)

1
𝛽

𝑑𝜏

 

which implies 

𝑦′(𝑟)

≤ −𝛼𝐿
1
𝛽

1

𝑚2(𝑟)
∫  
∞

𝑟

(
exp (−∫  

𝜏

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)

𝑚1(𝜏)
∫  
∞

𝜏

 
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
𝑑𝑠)

1
𝛽

𝑑𝜏    (7) 

Substituting 𝑟 with 𝜉 in (7), an integration for (7) with respect to 𝜉 from 𝑟6 to 𝑟 yields 

𝑦(𝑟) − 𝑦(𝑟6) ≤ −𝛼𝐿
1
𝛽∫  

𝑟

𝑟6

  [
1

𝑚2(𝜉)
∫  
∞

𝜉

 (
exp (−∫  

𝜏

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)

𝑚1(𝜏)

      × ∫  
∞

𝜏

 
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
𝑑𝑠)

1
𝛽

𝑑𝜏

]
 
 
 
 

𝑑𝜉.

                   (8) 

By (8) and (5) we have lim𝑟→∞  𝑦(𝑟) = −∞, which leads to a contradiction. So we 

have 𝛼 = 0, and the proof is complete. 
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Lemma 2.3. Assume (1) and (2) hold. If 𝑦(𝑟) is eventually a positive solution of Eq. 

(E) such that with case (𝐶𝐼) for 𝑟 ≥ 𝑟1 ≥ 𝑟0, where 𝑟1 is sufficiently large. Then for 

𝑟 ∈ [𝑟1,∞), we have 

𝑦′(𝑟) ≥
𝜓1(𝑟, 𝑇3

∗)

𝑚2(𝑟)

(

 
 𝒜

1
𝛽(𝑟)

[exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)]

1
𝛽

)

 
 

 

and 

𝑦(𝑟) ≥ 𝜓2(𝑟, 𝑇3
∗)

(

 
 𝒜

1
𝛽(𝑟)

[exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)]

1
𝛽

)

 
 
. 

Proof. By Lemma 2.1 we have 
𝒜(𝑟)

exp (∫𝑟0
𝑟
 
𝑝(𝑟)

𝑚1(𝑟)
𝑑𝑡)

 is strictly decreasing on [𝑇3
∗, ∞). So 

𝑚2(𝑟)𝑦
′(𝑟) ≥ 𝑚2(𝑟)𝑦

′(𝑟) − 𝑚2(𝑇3
∗)𝑦′(𝑇3

∗)

 = ∫  
𝑟

𝑇3
∗
 
[exp (−∫  

𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)𝑚1(𝑠)]

1
𝛽
[𝑚2(𝑠)𝑦

′(𝑠)]′

[exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)𝑚1(𝑠)]

1
𝛽

𝑑𝑠

 ≥
𝒜

1
𝛽(𝑟)

[exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)]

1
𝛽

∫  
𝑟

𝑇3
∗
 
[exp (−∫  

𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)]

1
𝛽

𝑚1

1
𝛽
(𝑠)

𝑑𝑠

 = 𝜓1(𝑟, 𝑇3
∗)

𝒜
1
𝛽(𝑟)

[exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)]

1
𝛽

,

 

and then 

𝑦′(𝑟) ≥
𝜓1(𝑟, 𝑇3

∗)

𝑚2(𝑟)

(

 
 𝒜

1
𝛽(𝑟)

[exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)]

1
𝛽

)
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Furthermore, 

𝑦(𝑟) ≥ 𝑦(𝑟) − 𝑦(𝑇3
∗) = ∫  

𝑟

𝑇3
∗
 𝑦′(𝑠)𝑑𝑠

 ≥ ∫  
𝑟

𝑇3
∗
 
𝜓1(𝑠, 𝑇3

∗)

𝑚2(𝑠)

(

 
 𝒜

1
𝛽(𝑠)

[exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)]

1
𝛽

)

 
 
𝑑𝑠

 ≥

(

 
 𝒜

1
𝛽(𝑟)

[exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)]

1
𝛽

)

 
 
∫  
𝑟

𝑇3
∗
 
𝜓1(𝑠, 𝑇3

∗)

𝑚2(𝑠)
𝑑𝑠

 = 𝜓2(𝑟, 𝑇3
∗)

(

 
 𝒜

1
𝛽(𝑟)

[exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)]

1
𝛽

)

 
 

 

which is the desired result. 

Lemma 2.4. If 𝑋 > 0 and 𝑌 > 0, and  𝜆 > 1, then 

𝜆𝑋𝑌𝜆−1 − 𝑋𝜆 ≤ (𝜆 − 1)𝑌𝜆. 

Theorem 2.1. Assume that (1), (2), (5) holds. Assume that there exist two 

nonnegative functions 𝜁1(𝑟), 𝜁2(𝑟) ∈ 𝐶
1([𝑟0,∞), ℝ) with 𝜁1(𝑟) > 0, such that 

 lim
𝑟→∞

 sup
𝑟

𝑇
 {𝐿

∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′

 +
𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑇)[𝑚1(𝑠)𝜁2(𝑠)]
1+

1
𝛽

𝑚2(𝜃(𝑠))

−
𝑚2(𝜃(𝑠))𝜁1

′(𝑠) + (𝛽 + 1)𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑇)[𝑚1(𝑠)𝜁2(𝑠)]

1
𝛽

(𝛽 + 1)𝑚2

1
𝛽+1

(𝜃(𝑠))𝜁1

𝛽
𝛽+1

(𝑠)(𝜃′(𝑠))
𝛽
𝛽+1𝜓1

𝛽
𝛽+1

(𝜃(𝑠), 𝑇) }
 

 
𝑑𝑠 = ∞.       (9)

 

Then conclusion (𝑪) holds. 

Proof. Assume (E) has a nonoscillatory solution 𝑦 on 𝐼. WLOG, we may assume 

𝑦(𝑟) > 0, 𝑦(𝜃(𝑟)) > 0 on [𝑟1,∞). By Lemmas 2.1 and 2.2, there exists sufficiently 
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large 𝑟2 such that [𝑚2(𝑟)𝑦
′(𝑟)]′ > 0 on [𝑟2,∞), and either 𝑦′(𝑟) > 0 on [𝑟2, ∞) or 

lim𝑟→∞  𝑦(𝑟) = 0. 

Now we assume 𝑦′(𝑟) > 0 on [𝑟2,∞). Since lim𝑟→∞  𝜃(𝑟) = ∞, there exists 𝑟3 > 𝑟2 

such that 𝜃(𝑟) > 𝑟2 on [𝑟3,∞). So 𝑦′(𝜃(𝑟)) > 0 on [𝑟3,∞). 

Define a generalized Riccati function: 

𝜔(𝑟) = 𝜁1(𝑟)𝑚1(𝑟) [
([𝑚2(𝑟)𝑦

′(𝑟)]′)𝛽

𝑦𝛽(𝜃(𝑟))exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
+ 𝜁2(𝑟)] 

Then for 𝑟 ∈ [𝑟3,∞), we have 

𝜔′(𝑟) =
𝜁1(𝑟)

𝑦𝛽(𝜃(𝑟))
[

𝒜(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
]

′

+ [
𝜁1(𝑟)

𝑦𝛽(𝜃(𝑟))
]

′

(
𝒜(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
)

 +𝜁1(𝑟)[𝑚1(𝑟)𝜁2(𝑟)]
′ + 𝜁1

′(𝑟)𝑚1(𝑟)𝜁2(𝑟)

 =
𝜁1(𝑟)

𝑦𝛽(𝜃(𝑟))

{
 
 

 
 exp (∫  

𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡) (𝒜(𝑟))′ − (exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡))

′

𝒜(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
2

}
 
 

 
 

 + [
𝑦𝛽(𝜃(𝑟))𝜁1

′(𝑟) − (𝑦𝛽(𝜃(𝑟)))
′
𝜁1(𝑟)

𝑦𝛽(𝜃(𝑟))𝑦𝛽(𝜃(𝑟))
](

𝒜(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
)

 +𝜁1(𝑟)[𝑚1(𝑟)𝜁2(𝑟)]
′ + 𝜁1

′(𝑟)𝑚1(𝑟)𝜁2(𝑟)

 =
𝜁1(𝑟)

𝑦𝛽(𝜃(𝑟))
[
(𝒜(𝑟))′ + 𝑝(𝑟)([𝑚2(𝑟)𝑦

′(𝑟)]′)𝛽

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
] +

𝜁1
′(𝑟)

𝜁1(𝑟)
𝜔(𝑟)

 − [
𝜁1(𝑟)(𝑦

𝛽(𝜃(𝑟)))
′

𝑦𝛽(𝜃(𝑟))
]

𝒜(𝑟)

𝑦𝛽(𝜃(𝑟))exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
+ 𝜁1(𝑟)[𝑚1(𝑟)𝜁2(𝑟)]

′

 = −
𝜁1(𝑟)

𝑦𝛽(𝜃(𝑟))
[
∑  𝑛
𝑖=1  𝑞𝑖(𝑟)𝑓(𝑦(𝜃𝑖(𝑟)))

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
] +

𝜁1
′(𝑟)

𝜁1(𝑟)
𝜔(𝑟)

 − [
𝜁1(𝑟)(𝑦

𝛽(𝜃(𝑟)))
′

𝑦𝛽(𝜃(𝑟))
]

𝒜(𝑟)

𝑦𝛽(𝜃(𝑟))𝑒
−
𝑝
𝑚1

𝑚1 (𝑟, 𝑟0)
+ 𝜁1(𝑟)[𝑚1(𝑟)𝜁2(𝑟)]

′
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≤ −𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑟)𝜁1(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
+
𝜁1
′(𝑟)

𝜁1(𝑟)
𝜔(𝑟)

− [
𝜁1(𝑟)(𝑦

𝛽(𝜃(𝑟)))
′

𝑦𝛽(𝜃(𝑟))
]

𝒜(𝑟)

𝑦𝛽(𝜃(𝑟))exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)

+ 𝜁1(𝑟)[𝑚1(𝑟)𝜁2(𝑟)]
′. 

then 

𝜔′(𝑟) ≤ −𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑟)𝜁1(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
+
𝜁1
′(𝑟)

𝜁1(𝑟)
𝜔(𝑟) + 𝜁1(𝑟)[𝑚1(𝑟)𝜁2(𝑟)]

′

 −𝜁1(𝑟) [
𝛽𝑦𝛽−1(𝜃(𝑟))𝑦′(𝜃(𝑟))𝜃′(𝑟)

𝑦𝛽(𝜃(𝑟))
]

𝒜(𝑟)

𝑦𝛽(𝜃(𝑟))exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)

       (10) 

By Lemma 2.3 and 𝑦′(𝑟) > 0, we have 

𝜔′(𝑟) ≤ −𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑟)𝜁1(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
+
𝜁1
′(𝑟)

𝜁1(𝑟)
𝜔(𝑟) + 𝜁1(𝑟)[𝑚1(𝑟)𝜁2(𝑟)]

′

−[
𝛽𝜁1(𝑟)𝜃

′(𝑟)

𝑦(𝜃(𝑟))
]

{
 
 

 
 

𝜓1(𝜃(𝑟), 𝑟3)

𝑚2(𝜃(𝑟))

𝑚1

1
𝛽
(𝜃(𝑟))[𝑚2(𝜃(𝑟))𝑦

′(𝜃(𝑟))]′

[𝑒
−
𝑝
𝑚1

(𝜃(𝑟), 𝑟0)]

1
𝛽

}
 
 

 
 

×
𝒜(𝑟)

𝑦𝛽(𝜃(𝑟))exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)

 

By Lemma 2.1, 
𝒜(𝑟)

exp (∫𝑟0
𝑟
 
𝑝(𝑟)

𝑚1(𝑟)
𝑑𝑡)

 is strictly decreasing on [𝑟2,∞). So 

(𝑚1(𝜃(𝑟)))
1
𝛽[𝑚2(𝜃(𝑟))𝑦

′(𝜃(𝑟))]′

[𝑒
−
𝑝
𝑚1

(𝜃(𝑟), 𝑟0)]

1
𝛽

>
(𝑚1(𝑟))

1
𝛽[𝑚2(𝑟)𝑦

′(𝑟)]′

[exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)]

1
𝛽

 

for 𝑟 ∈ [𝑟3, ∞), and we get 
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𝜔′(𝑟) ≤ −𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑟)𝜁1(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
+
𝜁1
′(𝑟)

𝜁1(𝑟)
𝜔(𝑟) + 𝜁1(𝑟)[𝑚1(𝑟)𝜁2(𝑟)]

′

 −𝛽
𝜁1(𝑟)𝜃

′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)

𝑚2(𝜃(𝑟))
[
𝜔(𝑟)

𝜁1(𝑟)
− 𝑚1(𝑟)𝜁2(𝑟)]

1+
1
𝛽

.

              (11) 

Using the following inequality 

(𝑢 − 𝑣)
1+

1
𝛽 ≥ 𝑢

1+
1
𝛽 +

1

𝛽
𝑣
1+
1
𝛽 − (1 +

1

𝛽
)𝑣

1
𝛽𝑢 

we obtain 

[
𝜔(𝑟)

𝜁1(𝑟)
− 𝑚1(𝑟)𝜁2(𝑟)]

1+
1
𝛽
≥
𝜔
1+

1
𝛽(𝑟)

𝜁1
1+
1
𝛽
(𝑟)

+
1

𝛽
[𝑚1(𝑟)𝜁2(𝑟)]

1+
1
𝛽

−(1 +
1

𝛽
)
[𝑚1(𝑟)𝜁2(𝑟)]

1
𝛽𝜔(𝑟)

𝜁1(𝑟)
.

                             (12) 

A combination of (11) and (12) yields: 

𝜔′(𝑟) ≤ −𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
𝜁1(𝑟) + 𝜁1(𝑟)[𝑚1(𝑟)𝜁2(𝑟)]

′

 −
𝜁1(𝑟)𝜃

′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)[𝑚1(𝑟)𝜁2(𝑟)]
1+

1
𝛽

𝑚2(𝜃(𝑟))

 +
𝑚2(𝜃(𝑟))𝜁1

′(𝑟) + (𝛽 + 1)𝜁1(𝑟)𝜃
′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)[𝑚1(𝑟)𝜁2(𝑟)]

1
𝛽

𝑚2(𝜃(𝑟))𝜁1(𝑟)
𝜔(𝑟)

 −𝛽
𝜁1(𝑟)𝜃

′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)

𝑚2(𝜃(𝑟))

𝜔
1+
1
𝛽(𝑟)

𝜁1
1+
1
𝛽
(𝑟)

    (13) 

Setting 

𝜆 = 1 +
1

𝛽
,  𝑋𝜆 = 𝛽

𝜁1(𝑟)𝜃
′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)

𝑚2(𝜃(𝑟))

𝜔
1+

1
𝛽(𝑟)

𝜁1
1+
1
𝛽(𝑟)
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𝑌𝜆−1 = 𝛽
1

𝛽+1

[
 
 
 𝑚2(𝜃(𝑟))𝜁1

′(𝑟) + (𝛽 + 1)𝜁1(𝑟)𝜃
′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)[𝑚1(𝑟)𝜁2(𝑟)]

1
𝛽

(𝛽 + 1)𝑚2

1
𝛽+1

(𝜃(𝑟))𝜁1

𝛽
𝛽+1(𝑟)(𝜃′(𝑟))

𝛽
𝛽+1𝜓1

𝛽
𝛽+1(𝜃(𝑟), 𝑟2) ]

 
 
 
 

Using Lemma 2.4 in (12) we get that 

𝜔′(𝑟) ≤ −𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑟)𝜁1(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
+ 𝜁1(𝑟)[𝑚1(𝑟)𝜁2(𝑟)]

′

 −
𝜁1(𝑟)𝜃

′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)[𝑚1(𝑟)𝜁2(𝑟)]
1+

1
𝛽

𝑚2(𝜃(𝑟))

 +

[
 
 
 
 
𝑚2(𝜃(𝑟))𝜁1

′(𝑟) + (𝛽 + 1)𝜁1(𝑟)𝜃
′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)[𝑚1(𝑟)𝜁2(𝑟)]

1
𝛽

(𝛽 + 1)𝑚2
1

𝛽 + 1
(𝜃(𝑟))𝜁1

𝛽
𝛽+1

(𝑟)(𝜃′(𝑟))
𝛽
𝛽+1𝜓1

𝛽
𝛽+1(𝜃(𝑟), 𝑟2) ]

 
 
 
 

    (14)

 

Substituting 𝑟 with 𝑠 in (14), an integration for (14) with respect to 𝑠 from 𝑟3 to 𝑟 

yields 

 ∫  
𝑟

𝑟3

 {𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′

 +
𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)[𝑚1(𝑠)𝜁2(𝑠)]
1+

1
𝛽

𝑚2(𝜃(𝑠))

−
𝑚2(𝜃(𝑠))𝜁1

′(𝑠) + (𝛽 + 1)𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)[𝑚1(𝑠)𝜁2(𝑠)]

1
𝛽

(𝛽 + 1)𝑚2

1
𝛽+1

(𝜃(𝑠))𝜁1

𝛽
𝛽+1

(𝑠)(𝜃′(𝑠))
𝛽
𝛽+1𝜓1

𝛽
𝛽+1(𝜃(𝑠), 𝑟2) }

 

 
𝑑𝑠

 ≤ 𝜔(𝑟3) − 𝜔(𝑟) ≤ 𝜔(𝑟3) < ∞,

 

which contradicts (9). 

Theorem 2.2. Assume that (1), (2), (5) holds. Assume that there exist two 

nonnegative functions 𝜁1(𝑟), 𝜁2(𝑟) ∈ 𝐶
1([𝑟0,∞), ℝ) with 𝜁1(𝑟) > 0, such that 
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 lim sup
𝑟→∞

 ∫  
𝑟

𝑇

 {𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′

                                            +
𝛽𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑇)𝜓2
𝛽−1

(𝜃(𝑠, 𝑇))𝑚1
2(𝑠)𝜁2

2(𝑠)

𝑚2(𝜃(𝑠))

−
[𝑚2(𝜃(𝑠))𝜁1

′(𝑠) + 2𝛽𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑇)𝜓2

𝛽−1
(𝜃(𝑠, 𝑇))𝑚1(𝑠)𝜁2(𝑠)]

2

4𝛽𝑚2(𝜃(𝑠))𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑇)𝜓2

𝛽−1
(𝜃(𝑠, 𝑇))

}𝑑𝑠 = ∞.   (15)

 

Then conclusion (𝑪) holds. 

Proof. Assume (E) has a nonoscillatory solution 𝑦 on 𝐼. Similar to Theorem 2.1, we 

may assume 𝑦(𝑟) > 0 on [𝑟1,∞). By Lemmas 2.1 and 2.2, there exists sufficiently 

large 𝑟2 such that [𝑚2(𝑟)𝑦
′(𝑟)]′ > 0 on [𝑟2,∞), and either 𝑦′(𝑟) > 0 on [𝑟2, ∞) or 

lim𝑟→∞  𝑦(𝑟) = 0. Now we assume 𝑦′(𝑟) > 0, 𝑦′(𝜃(𝑟)) > 0 on [𝑟3,∞), where 𝑟3 >
𝑟2 is sufficiently large. Let 𝜔(𝑟) be defined as in Theorem 2.1 By Lemma (3), for 𝑟 ∈
[𝑟3,∞), we have the following observations: 

𝑦′(𝜃(𝑟))

𝑦(𝜃(𝑟))
≥
𝑦′(𝜃(𝑟))

𝑦(𝜃(𝑟))
=
𝑦′(𝜃(𝑟))

𝑦𝛽(𝜃(𝑟))
𝑦𝛽−1(𝜃(𝑟))

 ≥
𝜓1(𝜃(𝑟), 𝑟3)

𝑚2(𝜃(𝑟))𝑦
𝛽(𝜃(𝑟))

{
 
 

 
 

𝑚1

1
𝛽
(𝜃(𝑟))[𝑚2(𝜃(𝑟))𝑦

′(𝜃(𝑟))]′

[𝑒
−
𝑝
𝑚1

(𝜃(𝑟), 𝑟0)]

1
𝛽

}
 
 

 
 

𝑦𝛽−1(𝜃(𝑟))

≥
𝜓1(𝜃(𝑟), 𝑟3)

𝑚2(𝜃(𝑟))𝑦
𝛽(𝜃(𝑟))

{
 
 

 
 

𝑚1

1
𝛽
(𝜃(𝑟))[𝑚2(𝜃(𝑟))𝑦

′(𝜃(𝑟))]′

[𝑒
−
𝑝
𝑚1

(𝜃(𝑟), 𝑟0)]

1
𝛽

}
 
 

 
 

 

×

𝜓2
𝛽−1(𝜃(𝑟), 𝑟3) {

𝑚1

1
𝛽
(𝜃(𝑟))[𝑚2(𝜃(𝑟))𝑦

′(𝜃(𝑟))]′

𝑚2(𝜃(𝑟))𝑦
𝛽(𝜃(𝑟))

}

𝛽−1

[𝑒
−
𝑝
𝑚1

(𝜃(𝑟), 𝑟0)]

1
𝛽

{
 
 

 
 

𝑚1

1
𝛽
(𝜃(𝑟))[𝑚2(𝜃(𝑟))𝑦

′(𝜃(𝑟))]′

[𝑒
−
𝑝
𝑚1

𝑚1 (𝜃(𝑟), 𝑟0)]

1
𝛽

}
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× 𝜓2
𝛽−1(𝜃(𝑟), 𝑟3)

{
 
 

 
 

𝒜
1
𝛽(𝑟)

[exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)]

1
𝛽

}
 
 

 
 

 

≥
𝜓1(𝜃(𝑟), 𝑟3)𝜓2

𝛽−1(𝜃(𝑟), 𝑟3)

𝑚2(𝜃(𝑟))
{

𝒜(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡) 𝑦𝛽(𝜃(𝑟))
}.           (16) 

Using (16) in (10) we get that 

 

𝜔′(𝑟) ≤ −𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑟)𝜁1(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
+
𝜁1
′(𝑟)

𝜁1(𝑟)
𝜔(𝑟) + 𝜁1(𝑟)[𝑚1(𝑟)𝜁2(𝑟)]

′

− 𝜁1(𝑟) [
𝛽𝑦𝛽−1(𝜃(𝑟))𝑦′(𝜃(𝑟))𝜃′(𝑟)

𝑦𝛽(𝜃(𝑟))
]

𝒜(𝑟)

𝑦𝛽(𝜃(𝑟))exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
 

                 ≤ −𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑟)𝜁1(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
+
𝜁1
′(𝑟)

𝜁1(𝑟)
𝜔(𝑟) + 𝜁1(𝑟)[𝑚1(𝑟)𝜁2(𝑟)]

′ 

        −𝛽𝜁1(𝑟)𝜃
′(𝑟)

𝜓1(𝜃(𝑟), 𝑟3)𝜓2
𝛽−1(𝜃(𝑟), 𝑟3)

𝑚2(𝜃(𝑟))
{

𝒜(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡) 𝑦𝛽(𝜃(𝑟))
}

2

 

 

             = −𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑟)𝜁1(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
+
𝜁1
′(𝑟)

𝜁1(𝑟)
𝜔(𝑟) + 𝜁1(𝑟)[𝑚1(𝑟)𝜁2(𝑟)]

′ 

  

−𝛽𝜁1(𝑟)𝜃
′(𝑟)

𝜓1(𝜃(𝑟), 𝑟3)𝜓2
𝛽−1(𝜃(𝑟), 𝑟3)

𝑚2(𝜃(𝑟))
[
𝜔(𝑟)

𝜁1(𝑟)
− 𝑚1(𝑟)𝜁2(𝑟)]

2

 

 

 = −𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑟)𝜁1(𝑟)

exp(∫  
𝑟

𝑟0
 
𝑝(𝑟)

𝑚1(𝑟)
𝑑𝑡)
+ 𝜁1(𝑟)[𝑚1(𝑟)𝜁2(𝑟)]

′ 

 

−
𝛽𝜁1(𝑟)𝜃

′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)𝜓2
𝛽−1(𝜃(𝑟), 𝑟3)𝑚1

2(𝑟)𝜁2
2(𝑟)

𝑚2(𝜃(𝑟))
 



 

 

 

 

J. Mech. Cont.& Math. Sci., Vol.-19, No.-4, April (2024)  pp 60-82 

 

M. Sathish Kumar et al 

 

 

73 
 

+[
𝑚2(𝜃(𝑟))𝜁1

′(𝑟) + 2𝛽𝜁1(𝑟)𝜃
′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)𝜓2

𝛽−1(𝜃(𝑟), 𝑟3)𝑚1(𝑟)𝜁2(𝑟)

𝑚2(𝜃(𝑟))𝜁1(𝑟)
]𝜔(𝑟) 

                                   −
𝛽𝜁1(𝑟)𝜃

′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)𝜓2
𝛽−1(𝜃(𝑟), 𝑟3)

𝑚2(𝜃(𝑟))𝜁1
2(𝑟)

𝜔2(𝑟) 

       ≤ −𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑟)𝜁1(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
+ 𝜁1(𝑟)[𝑚1(𝑟)𝜁2(𝑟)]

′ 

     −
𝛽𝜁1(𝑟)𝜃

′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)𝜓2
𝛽−1(𝜃(𝑟), 𝑟3)𝑚1

2(𝑟)𝜁2
2(𝑟)

𝑚2(𝜃(𝑟))
 

+
[𝑚2(𝜃(𝑟))𝜁1

′(𝑟) + 2𝛽𝜁1(𝑟)𝜃
′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)𝜓2

𝛽−1(𝜃(𝑟), 𝑟3)𝑚1(𝑟)𝜁2(𝑟)]
2

4𝛽𝑚2(𝜃(𝑟))𝜁1(𝑟)𝜃
′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)𝜓2

𝛽−1(𝜃(𝑟), 𝑟3)
  (17) 

Substituting 𝑟 with 𝑠 in (17), an integration for (17) with respect to 𝑠 from 𝑟3 to 𝑟 

yields 

 ∫  
𝑟

𝑟3

 {𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′

 +
𝛽𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)𝜓2
𝛽−1(𝜃(𝑠), 𝑟3)𝑚1

2(𝑠)𝜁2
2(𝑠)

𝑚2(𝜃(𝑠))

−
[𝑚2(𝜃(𝑠))𝜁1

′(𝑠) + 2𝛽𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)𝜓2

𝛽−1(𝜃(𝑠), 𝑟3)𝑚1(𝑠)𝜁2(𝑠)]
2

4𝛽𝑚2(𝜃(𝑠))𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)𝜓2

𝛽−1(𝜃(𝑠), 𝑟3)
}𝑑𝑠

 < 𝜔(𝑟3) − 𝜔(𝑟) ≤ 𝜔(𝑟3) < ∞,

 

which contradicts (15). 

Theorem 2.3. Let (1), (2), (5) hold and define 

𝔻 = {(𝑟, 𝑠) ∣ 𝑟 ≥ 𝑠 ≥ 𝑟0, 𝑟, 𝑠 ∈ 𝕋} 

If there exists a function 𝐻 ∈ 𝐶(𝔻,ℝ) such that 

𝐻(𝑟, 𝑟) = 0, for 𝑟 ≥ 𝑟0,  𝐻(𝑟, 𝑠) > 0 

for 𝑟 > 𝑠 ≥ 𝑟0, and 𝐻 has a nonpositive partial derivative 𝐻′(𝑟, 𝑠) with respect to the 

second variable, and for all sufficiently large 𝑡, 



 

 

 

 

J. Mech. Cont.& Math. Sci., Vol.-19, No.-4, April (2024)  pp 60-82 

 

M. Sathish Kumar et al 

 

 

74 
 

lim sup
𝑟→∞

 
1

𝐻(𝑟, 𝑟0)
∫  
𝑟

𝑟0

 𝐻(𝑟, 𝑠){𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′

+
𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑇)[𝑚1(𝑠)𝜁2(𝑠)]
1+
1
𝛽

𝑚2(𝜃(𝑠))

   −

[
 
 
 𝑚2(𝜃(𝑠))𝜁1

′(𝑠) + (𝛽 + 1)𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑇)[𝑚1(𝑠)𝜁2(𝑠)]

1
𝛽

(𝛽 + 1)𝑚2

1
𝛽+1

(𝜃(𝑠))𝜁1

𝛽
𝛽+1(𝑠)(𝜃′(𝑠))

𝛽
𝛽+1𝜓1

𝛽
𝛽+1(𝜃(𝑠), 𝑇) }

 

 
𝑑𝑠 = ∞.   (18)

 

Then conclusion (𝑪) holds. 

Proof. Assume (E) has a nonoscillatory solution 𝑦 on 𝐼. Similar to Theorem 2.1, we 

may assume 𝑦(𝑟) > 0 on [𝑟1,∞). By Lemmas 2.1 and 2.2, there~exists~sufficiently 

large 𝑟2 such~that [𝑚2(𝑟)𝑦
′(𝑟)]′ > 0~on~[𝑟2,∞), and either 𝑦′(𝑟) > 0 on [𝑟2, ∞) or 

lim𝑟→∞  𝑦(𝑟) = 0. Now we assume 𝑦′(𝑟) > 0, 𝑦′(𝜃(𝑟)) > 0 on [𝑟3,∞), where 𝑟3 >
𝑟2 is sufficiently large. Let 𝜔(𝑟) be defined as in Theorem 2.1. Then by (14), for 𝑟 ∈
[𝑟3,∞), we have 

𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑟)𝜁1(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
− 𝜁1(𝑟)[𝑚1(𝑟)𝜁2(𝑟)]

′ +
𝜁1(𝑟)𝜃

′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)[𝑚1(𝑟)𝜁2(𝑟)]
1+1/𝛾

𝑚2(𝜃(𝑟))

 − [
𝑚2(𝜃(𝑟))𝜁1

′(𝑟) + (𝛽 + 1)𝜁1(𝑟)𝜃
′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)[𝑚1(𝑟)𝜁2(𝑟)]

1
𝛽

(𝛽 + 1)𝑚2
1

𝛽 + 1

(𝜃(𝑟))𝜁1

𝛽
𝛽+1

(𝑟)

× (𝜃′(𝑟))
𝛽
𝛽+1𝜓1

𝛽
𝛽+1(𝜃(𝑟), 𝑟2)] ≤ −𝜔

′(𝑟).

(19) 

Substituting 𝑟 with 𝑠 in (19), multiplying above by 𝐻(𝑟, 𝑠) and then integrating with 

respect to 𝑠 from 𝑟3 to 𝑟 yields 
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 ∫  
𝑟

𝑟3

 𝐻(𝑟, 𝑠) {𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′

 +
𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)[𝑚1(𝑠)𝜁2(𝑠)]
1+

1
𝛽

𝑚2(𝜃(𝑠))

 −

[
 
 
 𝑚2(𝜃(𝑠))𝜁1

′(𝑠) + (𝛽 + 1)𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)[𝑚1(𝑠)𝜁2(𝑠)]

1
𝛽

(𝛽 + 1)𝑚2

1
𝛽+1

(𝜃(𝑠))𝜁1

𝛽
𝛽+1

(𝑠)(𝜃′(𝑠))
𝛽
𝛽+1

𝛽
𝛽+1(𝜃(𝑠), 𝑟2) }

 

 

≤ −∫  
𝑟

𝑟3

 𝐻(𝑟, 𝑠)𝜔′(𝑠)𝑑𝑠

=𝐻(𝑟, 𝑟3)𝜔(𝑟3) + ∫  
𝑟

𝑟3

 𝐻𝑑𝑠𝑠(𝑟, 𝑠)𝜔(𝑠)𝑑𝑠

≤𝐻(𝑟, 𝑟3)𝜔(𝑟3) ≤ 𝐻(𝑟, 𝑟0)𝜔(𝑟3).

 

Then 

∫  
𝑟

𝑟0

 𝐻(𝑟, 𝑠) {𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′

+
𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)[𝑚1(𝑠)𝜁2(𝑠)]
1+
1
𝛽

𝑚2(𝜃(𝑠))
 

= ∫  
𝑟3

𝑟0

 𝐻(𝑟, 𝑠) {𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′ 
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 +
𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)[𝑚1(𝑠)𝜁2(𝑠)]
1+

1
𝛽

𝑚2(𝜃(𝑠))

 − [
𝑚2(𝜃(𝑠))𝜁1

′(𝑠) + (𝛽 + 1)𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)[𝑚1(𝑠)𝜁2(𝑠)]

1
𝛽

(𝛽 + 1)𝑚2

1
𝛽+1

(𝜃(𝑠))𝜁1

𝛽
𝛽+1(𝑠)(𝜃′(𝑠))

𝛽
𝛽+1𝜓1

𝛽
𝛽+1(𝜃(𝑠), 𝑟2)

} 𝑑𝑠

 +∫  
𝑟

𝑟3

 𝐻(𝑟, 𝑠) {𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′

 +
𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)[𝑚1(𝑠)𝜁2(𝑠)]
1+

1
𝛽

𝑚2(𝜃(𝑠))

 −

[
 
 
 
 
𝑚2(𝜃(𝑠))𝜁1

′(𝑠) + (𝛽 + 1)𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)[𝑚1(𝑠)𝜁2(𝑠)]

1
𝛽

(𝛽 + 1)𝑚2
1

𝛽 + 1
(𝜃(𝑠))𝜁1

𝛽
𝛽+1(𝑠)(𝜃′(𝑠))

𝛽
𝛽+1𝜓1

𝛽
𝛽+1(𝜃(𝑠), 𝑟2) }

 
 

 
 

𝑑𝑠

 ≤ 𝐻(𝑟, 𝑟0)𝜔(𝑟3) + 𝐻(𝑟, 𝑟0)∫  
𝑟3

𝑟0

  | 𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′

 +
𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)[𝑚1(𝑠)𝜁2(𝑠)]
1+

1
𝛽

𝑚2(𝜃(𝑠))

− [
𝑚2(𝜃(𝑠))𝜁1

′(𝑠) + (𝛽 + 1)𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)[𝑚1(𝑠)𝜁2(𝑠)]

1
𝛽

(𝛽 + 1)𝑚2

1
𝛽+1

(𝜃(𝑠))𝜁1

𝛽
𝛽+1(𝑠)(𝜃′(𝑠))

𝛽
𝛽+1𝜓1

𝛽
𝛽+1(𝜃(𝑠), 𝑟2)

]|  𝑑𝑠

 

 

 

 

 

 

 

 



 

 

 

 

J. Mech. Cont.& Math. Sci., Vol.-19, No.-4, April (2024)  pp 60-82 

 

M. Sathish Kumar et al 

 

 

77 
 

So 

 lim
𝑟→∞

 sup
1

𝐻(𝑟, 𝑟0)
{∫  

𝑟

𝑟0

 𝐻(𝑟, 𝑠) {𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′

 +
𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)[𝑚1(𝑠)𝜁2(𝑠)]
1+

1
𝛽

𝑚2(𝜃(𝑠))

 −

[
 
 
 𝑚2(𝜃(𝑠))𝜁1

′(𝑠) + (𝛽 + 1)𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)[𝑚1(𝑠)𝜁2(𝑠)]

1
𝛽

(𝛽 + 1)𝑚2

1
𝛽+1

(𝜃(𝑠))𝜁1

𝛽
𝛽+1

(𝑠)(𝜃′(𝑠))
𝛽
𝛽+1𝜓1

𝛽
𝛽+1(𝜃(𝑠), 𝑟2) }

 

 
𝑑𝑠

}
 

 

 ≤ 𝜔(𝑟3) + ∫  
𝑟3

𝑟0

  | 𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′

 +
𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)[𝑚1(𝑠)𝜁2(𝑠)]
1+

1
𝛽

𝑚2(𝜃(𝑠))

 −

[
 
 
 𝑚2(𝜃(𝑠))𝜁1

′(𝑠) + (𝛽 + 1)𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)[𝑚1(𝑠)𝜁2(𝑠)]

1
𝛽

(𝛽 + 1)𝑚2

1
𝛽+1

(𝜃(𝑠))𝜁1

𝛽
𝛽+1

(𝑠)(𝜃′(𝑠))
𝛽
𝛽+1𝜓1

𝛽
𝛽+1(𝜃(𝑠), 𝑟2)

𝑑𝑠.

 < ∞

 

which contradicts (18). 

Theorem 2.4. Assume that (1), (2), (5) hold and let 𝐻 be defined as in Theorem 2.3, 

such that 

 lim
𝑟→∞

 sup
1

𝐻(𝑟, 𝑟0)
{∫  

𝑟

𝑟0

 𝐻(𝑟, 𝑠) {𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′

 +
𝛽𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑇)𝜓2
𝛽−1

(𝜃(𝑠, 𝑇))𝑚1
2(𝑠)𝜁2

2(𝑠)

𝑚2(𝜃(𝑠))

−
[𝑚2(𝜃(𝑠))𝜁1

′(𝑠) + 2𝛽𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑇)𝜓2

𝛽−1
(𝜃(𝑠, 𝑇))𝑚1(𝑠)𝜁2(𝑠)]

2

4𝛽𝑚2(𝜃(𝑠))𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑇)𝜓2

𝛽−1
(𝜃(𝑠, 𝑇))

} 𝑑𝑠} = ∞.     (20)

 

Then conclusion (𝑪 ) holds. 

Proof. Assume (E) has a nonoscillatory solution 𝑦 on 𝕋0. Similar to Theorem 2.1, we 

may assume 𝑦(𝑟) > 0 on [𝑟1,∞), where 𝑟1 is sufficiently large. By Lemmas 2.1 and 
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2.2, there exists sufficiently large 𝑟2 such that [𝑚2(𝑟)𝑦
′(𝑟)]′ > 0 on [𝑟2, ∞), and 

either 𝑦′(𝑟) > 0 on [𝑟2, ∞) or lim𝑟→∞  𝑦(𝑟) = 0. Now we assume 𝑦′(𝑟) >
0, 𝑦′(𝜃(𝑟)) > 0 on [𝑟3,∞), where 𝑟3 > 𝑟2 is sufficiently large. Let 𝜔(𝑟) be defined 

as in Theorem 2.1. Then by (17), for 𝑟 ∈ [𝑟3,∞), we have 

𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑟)𝜁1(𝑟)

exp (∫  
𝑟

𝑟0
 
𝑝(𝑟)
𝑚1(𝑟)

𝑑𝑡)
− 𝜁1(𝑟)[𝑚1(𝑟)𝜁2(𝑟)]

′

 +
𝛽𝜁1(𝑟)𝜃

′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)𝜓2
𝛽−1(𝜃(𝑟), 𝑟3)𝑚1

2(𝑟)𝜁2
2(𝑟)

𝑚2(𝜃(𝑟))

 −
[𝑚2(𝜃(𝑟))𝜁1

′(𝑟) + 2𝛽𝜁1(𝑟)𝜃
′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)𝜓2

𝛽−1(𝜃(𝑟), 𝑟3)𝑚1(𝑟)𝜁2(𝑟)]
2

4𝛽𝑚2(𝜃(𝑟))𝜁1(𝑟)𝜃
′(𝑟)𝜓1(𝜃(𝑟), 𝑟3)𝜓2

𝛽−1(𝜃(𝑟), 𝑟3)

 ≤ −𝜔′(𝑟)

            (21) 

Substituting 𝑟 with 𝑠 in (17), multiplying both sides by 𝐻(𝑟, 𝑠), and then integrating 

with respect to 𝑠 from 𝑟3 to 𝑟 yields 

 ∫  
𝑟

𝑟3

 𝐻(𝑟, 𝑠) {𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′

+
𝛽𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)𝜓2
𝛽−1(𝜃(𝑠), 𝑟3)𝑚1

2(𝑠)𝜁2
2(𝑠)

𝑚2(𝜃(𝑠))

−
[𝑚2(𝜃(𝑠))𝜁1

′(𝑠) + 2𝛽𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)𝜓2

𝛽−1(𝜃(𝑠), 𝑟3)𝑚1(𝑠)𝜁2(𝑠)]
2

4𝛽𝑚2(𝜃(𝑠))𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)𝜓2

𝛽−1(𝜃(𝑠), 𝑟3)
}𝑑𝑠

≤ −∫  
𝑟

𝑟3

 𝐻(𝑟, 𝑠)𝜔′(𝑠)𝑑𝑠

    =𝐻(𝑟, 𝑟3)𝜔(𝑟3) + ∫  
𝑟

𝑟3

 𝐻′(𝑟, 𝑠)𝜔(𝑠)𝑑𝑠

≤𝐻(𝑟, 𝑟3)𝜔(𝑟3) ≤ 𝐻(𝑟, 𝑟0)𝜔(𝑟3).

 

Then similar to Theorem 2.3, we obtain 
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 lim
𝑟→∞

 sup
1

𝐻(𝑟, 𝑟0)
{∫  

𝑟

𝑟0

 𝐻(𝑟, 𝑠) {𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′

 +
𝛽𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)𝜓2
𝛽−1(𝜃(𝑠), 𝑟3)𝑚1

2(𝑠)𝜁2
2(𝑠)

𝑚2(𝜃(𝑠))

−
[𝑚2(𝜃(𝑠))𝜁1

′(𝑠) + 2𝛽𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)𝜓2

𝛽−1(𝜃(𝑠), 𝑟3)𝑚1(𝑠)𝜁2(𝑠)]
2

4𝛽𝑚2(𝜃(𝑠))𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)𝜓2

𝛽−1(𝜃(𝑠), 𝑟3)
}𝑑𝑠}

 ≤ 𝜔(𝑟3) + ∫  
𝑟3

𝑟0

  | 𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′

 +
𝛽𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)𝜓2
𝛽−1(𝜃(𝑠), 𝑟3)𝑚1

2(𝑠)𝜁2
2(𝑠)

𝑚2(𝜃(𝑠))

−
[𝑚2(𝜃(𝑠))𝜁1

′(𝑠) + 2𝛽𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)𝜓2

𝛽−1(𝜃(𝑠), 𝑟3)𝑚1(𝑠)𝜁2(𝑠)]
2

4𝛽𝑚2(𝜃(𝑠))𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑟3)𝜓2

𝛽−1(𝜃(𝑠), 𝑟3)
|  𝑑𝑠

 < ∞,

 

which contradicts (20). 

By considering 𝐻(𝑟, 𝑠) as a selection of specific functions, such as (𝑟 − 𝑠)𝑚, in 

Theorems 2.3 and 2.4, we can derive several corollaries. For instance, if we let      

𝐻(𝑟, 𝑠) = (𝑟 − 𝑠)𝑚,  𝑚 ≥ 1 

then we have the following corollaries. 

Corollary 2.1. Assume that (1), (2), (5) holds. If 

 lim
𝑟→∞

 sup
1

(𝑟 − 𝑟0)
𝑚 {∫  

𝑟

𝑟0

  (𝑟 − 𝑠)𝑚 {𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′

 +
𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑇)[𝑚1(𝑠)𝜁2(𝑠)]
1+

1
𝛽

𝑚2(𝜃(𝑠))

−

[
 
 
 
 
𝑚2(𝜃(𝑠))𝜁1

′(𝑠) + (𝛽 + 1)𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑇)[𝑚1(𝑠)𝜁2(𝑠)]

1
𝛽

(𝛽 + 1)𝑚2
1

𝛽 + 1
(𝜃(𝑠))𝜁1

𝛽
𝛽+1

(𝑠)(𝜃′(𝑠))
𝛽
𝛽+1𝜓1

𝛽
𝛽+1

(𝜃(𝑠), 𝑇)
}
 
 

 
 

𝑑𝑠

}
 
 

 
 

= ∞.
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Then conclusion (𝑪) holds. 

Corollary 2.2. Assume that (1), (2), (5) holds. If 

 lim
𝑟→∞

 sup
1

(𝑟 − 𝑟0)
𝑚
{∫  

𝑟

𝑟0

  (𝑟 − 𝑠)𝑚 {𝐿
∑  𝑛
𝑖=1  𝑞𝑖(𝑠)𝜁1(𝑠)

exp (−∫  
𝑠

𝑟0
 
𝑝(𝑠)
𝑚1(𝑠)

𝑑𝑠)
− 𝜁1(𝑠)[𝑚1(𝑠)𝜁2(𝑠)]

′

 +
𝛽𝜁1(𝑠)𝜃

′(𝑠)𝜓1(𝜃(𝑠), 𝑇)𝜓2
𝛽−1

(𝜃(𝑠, 𝑇))𝑚1
2(𝑠)𝜁2

2(𝑠)

𝑚2(𝜃(𝑠))

−
[𝑚2(𝜃(𝑠))𝜁1

′(𝑠) + 2𝛽𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑇)𝜓2

𝛽−1
(𝜃(𝑠, 𝑇))𝑚1(𝑠)𝜁2(𝑠)]

2

4𝛽𝑚2(𝜃(𝑠))𝜁1(𝑠)𝜃
′(𝑠)𝜓1(𝜃(𝑠), 𝑇)𝜓2

𝛽−1
(𝜃(𝑠, 𝑇))

} 𝑑𝑠} = ∞.

 

Then conclusion (𝑪) holds. 

III.     Applications 

Example 3.1. Consider the 3rd-order nonlinear delay differential equation with a 

damping term: 

[(𝑟𝑦′′(𝑟))𝛽]
′
+

1

𝑟𝛽+1
(𝑦′′(𝑟))𝛽 +∑  

𝑛

𝑖=1

𝑞𝑖(𝑡)𝑓(𝑦(𝜃𝑖(𝑟))) = 0,  𝑟 ∈ [2,∞) 

where 𝛽 ≥ 1. By Corollary 2.1 we deduce that every solution of Eq. (E) is oscillatory 

or tends to zero. 

IV.    Conclusion 

This paper conducted a thorough investigation into the oscillatory behavior of 

a specific subclass of the third-order nonlinear delay differential equation with a 

damping term. We focused our investigation specifically on their canonical form, 

which was enhanced by the inclusion of damping terms. This study utilized Riccati's 

technique and the comparison method to establish rigorous criteria that guaranteed 

the existence of oscillatory behavior in the solutions. 
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