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Abstract

In this article, we examine the oscillation of a class of third-order damped
nonlinear differential equations with multiple delays. Using the integral average and
generalized Riccati techniques, new necessary criteria for the oscillation of equation
solutions are established. The major effect is exemplified by an example.
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I. Introduction

Differential equations are a modeling technique used in many different
domains, and most of them have general solutions that are difficult to come up with.
As a result, researchers have been very interested in the qualitative components of
differential equations. Asymptotic characteristics and oscillation are two important
elements of qualitative research that are still in trend. It is not difficult to discover
during problem-solving that the past and present states have an impact on the future
state as well. As a result, the problem description should incorporate some time delay
in the equation. Readers who are interested in learning more about the theoretical and
practical significance of qualitative research on neutral equations should read O.
Arino et al. [XIII], G. S. Ladde et al. [lll], and J. K. Hale [IV]. Real-world
applications cover a range of models that involve oscillation phenomena. In the
context of mathematical biology, certain models can describe oscillation and/or delay
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behaviors using cross-diffusion expressions. For more information on this topic, refer
to papers [I1, VI, 1X, X].

Extensive research has been conducted on the subject of oscillation in third or
higher-order differential equations, resulting in the development of various strategies
to establish criteria for oscillation. Several publications, cited as [I, V, VI, VII, XI,
X1V, XV, XVI, XVII, XVIII], give interesting developments about the oscillatory
characteristics of solutions to differential equations and damped delay differential
equations, with or without distributed deviating arguments.

This work is concerned with the oscillatory and asymptotic behaviour of
third-order damped nonlinear differential equations with many delays of the
following form:

(ma ) [y )y O1E) + p) ([ (r)y' (1)
£y a@r (yem)) =0  ®
i=1

for r>r, where my,my,p,q; € Cq(,R,), f €C(RR) satisfying yf(y)>
o,% >L>0 for y=#0,6€C(RR) satisfying 6;(r)<r8/(r)>0 and
lim, 4 0;(r) = o, > 1 is a quotient of two odd positive integers.

A solution of Eq.(E) is said to be oscillatory if it is neither eventually positive
nor eventually negative, otherwise, it is nonoscillatory. Eq.(E) is said to be oscillatory
in case all its solutions are oscillatory. In Section 3, we will use a generalized Riccati
function and inequality technique to develop some new oscillatory and asymptotic
conditions for Eq. (E). In Section 4, we will give some applications for a result.

In the follow-up, we outline the prerequisites that ensure the following results:
(C) then every solution of Eq. (E) is oscillatory or tends to zero.
Il.  Main Results

While illustrating our primary results, we define a few of the auxiliary
functions and lemmas in this section. For the sake of convenience, in the rest of the
paper, set

A(r) = my (1) ([ma(r)y' ()])F

1
Wy (r,my) = Lt [eXp (‘ f:] ,51(8) ds)]ﬁ

1
m? (s)
" Py(s,my) ds
m, Ma(s)

and we always assume r; € T,i = 1,2, ...,6.

ds

lpZ (T', ml) =
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Lemma 2.1. Assume that

1
© exp(—f: T:(SZ ds) B
foo ds - o (2)
To my(s)

and y is eventually a positive solution of Eq. (E). Then, one of the following two
cases holds.

(CHy() > 0,y'(r) > 0,[m(r)y' ()] >0
(Cy() >0,y'(r) <0,[my(r)y' ()] > 0.

Proof. Let (E) have a positive solution y(r) on [ry, ), say y(r) > 0,y(6;(r)) >0
fori=1,2--,n.

’

T @) O]

[ ) ]/ ~ exp(— fro ml(s)ds)cﬂ’(r)—<exp(— f’”o ml(s)ds)> A(T)
O] 2

exp(— fro ml(s)ds) exp(— fr 4 ds)

7o mq(s)

~ cﬂ’(r)+p(r)([mz(r)y’(r)]')ﬁ) 3)

T _p(s)
exp(— f"o ml(s)ds)

_ 3R amF(y(0u))
a exp(— f: p(s) ds)

0 my(s)
Then % is strictly decreasing on [r;,), and together with
P romy ()

my(r) > 0, exp (—f ! LS)ds) > 0, we deduce that [m,(r)y’(r)]’ is eventually of

To m4(s)
on sign. We claim [m,(r)y’(r)]’ > 0 on [ry, ), where r, > r; is sufficiently large.
Otherwise, assume there exists a sufficiently large r; > 1, such that
[m,(r)y'(r)]’ < 0on[rs,). Then

70 mq(s)

[ [exp(— I LIO) ds)ml(s)]l/ﬁ

To m1(s)

I [exp(- 15, 262as)] masr' )]

my(r)y'(r) —m,(r3)y'(r) = ds

c,q% [eXp(— pIC) ds)]% )
< ® T fr?; Tolml(s) ds.
[exp(— frr3 p() ds)]ﬁ mf(s)

0 mq(s)

By (1), we have lim,_,,m,(r)y’(r) = —oo, and thus there exists a sufficiently large
14 € [r3,00) such that m,(r)y'(r) <0 on [ry,o). By the assumption
[m,(r)y’(r)]’ < 0 one can see m,(r)y’(r) is strictly decreasing on [r,, ), and then
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r !
m(s)y'(s) 1
y) -y = [ L2

e )

wszwmﬁ

Using (2), we have lim,_..,y(r) = —oco, which leads to a contradiction. So
[m2(r)y’(r)]" < 0o0on [ry, ).

Lemma 2.2. Let y(r) satisfies case (C;;). Suppose

1
T —p(s) -
i r 1 o (00 ) o S aas ) B
P b\ e ( mo I w(,27e) )T ®

and then lim,_,, y(r) = 0.

Proof. By Lemma 2.1, we deduce that y'(r) is eventually of one sign. So there exists
a sufficiently large rs > r, such that either y'(r) > 0 or y'(r) < 0 on [rg, ), where
1, is defined as in Lemma 2.1. If y'(r) < 0, together with y(r) is eventually a
positive  solution of Eg. (E), we obtain lim,,,y(@)=a=0 and
limr—>oom2 (r)y'(r) =0 < 0.

We claima = 0. Otherwise, assumea > 0. Then y(r) = a on[rg, o). Since
lim,_,,0;(r) = oo, there exists ry > rg such that 6;(r) > rs on [rg, ), and then
y(6;(r)) = a on [rg, ). On the other hand, for r € [rg, ), an integration for (3)
from r to oo yields

AW AW +fw—;;qx@ﬂﬂ@@»LB
r p(r) T oo r p(r) . s p(s)
exp (f] gy ) exp (1} ey ) exp (= gy )
. A(T) ©—LYE, qi(s)yP(6:(5))
< —lim + ds
T rom r p(r) fr s p(s)
exp (1} ey ) exp (= [} 2y )
(7 ZE ai()yP(6:(s))
= Lfr exp(—fs p(s) ds) ds
7o My (S)
® Yic1 qi(s)
< —Laf L ds
row
which is followed by
I l; eXp(f:o 111171(7.1)” dt) o ?—1 ils %
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Substituting r with 7 in (6), an integration for (6) with respect to T from r to oo yields

T _p(s)
1 oo fexp(— [ ds
my(N)y'(r) = limmy(r)y'(r) — aLf fr ( my Z)l = )
1
o Yi=1 qi(s) '
xj i=1 4023 ds | dt
A s _p(s)
exp (— fro m, (5) ds)
1
ms B
B Y (e il S T TOREA
o\ Mm@ (_ N 751(8) ds)
1
() ?
< —ozL%foo exp( ro ™ (5) ds> foo 2izs 4i) ds | dr
= \ m, (7) o e (- [ 2 as)
7o My (S)
which implies
y'(r) 1
e p(s) ?
<—aL% 1 f°° exp( fro ml(s)ds)fw 2izs 4() ds | dt (7)
T m®), ™ (0) « e~y ECas)
0 My

Substituting r with & in (7), an integration for (7) with respect to & from r, to r yields

v p(s)
1 7 1 o [ exp (— o M, (5) ds)
y(r) = y(re) < ~alf f mz@)L ™)

% ]I ®
® Yic1 qi(s)

X L ds | drl

e

dé.

By (8) and (5) we have lim,_,y(r) = —oo, which leads to a contradiction. So we
have a = 0, and the proof is complete.
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Lemma 2.3. Assume (1) and (2) hold. If y(r) is eventually a positive solution of Eq.
(E) such that with case (C;) for r = r; > 1y, where ry is sufficiently large. Then for
r € [ry, ), we have

1
Y 2 Y. (r,T3) |/ AP () \l

O\ [o (17 25 )] )

and

AP ()
-
e (1 iy )|

is strictly decreasing on [T, o). So

y(r) =z (1, T3)

A)

exp(fr p() dt)

Tomq (1)

Proof. By Lemma 2.1 we have

my(N)y'(r) 2 my(r)y' () — my(T3)y' (T3)
1

| [ee (- 77 gy ) m )
T3

[exp (— f:o p(s) ds) ml(s)]%

my(s) 1
AF(r) " [eXp (_ J 751( ES)) ds)F

[exp (fr p(r) dt)]% g m%(s)
1

To My (T)

1

my(s)y' ()’
ds

v

ds

APB(r)

[exp (frz @) dt)]%’

my ()

=,(r,T3)

and then

1, T3) o‘l%(r)
my (1) 2
e (1, 5 )]

my (1)

y'(r) =
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Furthermore,

T

y() 2 y@) ¥ = |y (@ds

1
> " 1Pa(s,T3) AP (s) ds

T my(s) [exp (_ fs p(s) ds>]%

7o My (S)

1
Jl?(r) "y(s,T3) ds

e (17 20 ) )

o my (1)

Y, (r, T5) AP .
oo 255

my(r)

which is the desired result.
Lemma24.1f X >0andY > 0,and A > 1, then
AXYA1 —xA < (1 - 1)YA

Theorem 2.1. Assume that (1), (2), (5) holds. Assume that there exist two
nonnegative functions ¢; (1), {,(r) € C([ry, ), R) with ¢; (r) > 0, such that

lim su i=1 4i(s)%i(s)
im sup< L

meT exp (— f:o TZSS)) ds

) = §1(8)[my(s)32(s)]

1
RAGIAOIACONY [my ()¢ ()] P

m,(6(s))
1
M (8(5))31(5) + (B + D31 ()8' ()1 (6(s), DImy ()8 (P |
- I 7 7 ds =00. (9)

e B
B + Dm0 ()0 ()P (), T) )
Then conclusion (€) holds.

Proof. Assume (E) has a nonoscillatory solution y on I. WLOG, we may assume
y(r) > 0,y(0(r)) > 0 on [r;, ). By Lemmas 2.1 and 2.2, there exists sufficiently
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large r, such that [m,(r)y’(r)]’ > 0 on [ry, ), and either y'(r) > 0 on [ry, ) or
lim,_,y(r) =0.

Now we assume y'(r) > 0 on [r,, o). Since lim,_,,0(r) = oo, there exists r; > r,
such that 6(r) > r, on [r3, ). So y'(6(r)) > 0 on [rz, ).

Define a generalized Riccati function:

(Ima (' 1Y
yPOexp (f; 2 ae

w(r) = ¢ (rmy(r)

) + 0(r)

Then for r € [r3, ), we have

W' (1) = G() c%l(r) [ am 1 A(r)
VPO |axp (7 p(r) dt yB(6(r)) ( RG] dt)
U o 11, ()

+¢1(1) [m1(7')¢2(7')] + (1(7')m1(7')52(r)
(oor (7 P , s p@) A\ )
4o !e"p (57 7,6y ) 400 ‘(exp (5 s dt)) cﬂ(r)L
yEO)) l exp (fr p(r) dt) J

Tom (T')

s yﬁ(e(r))q(r)—(yﬁ(e(r)))’zl(r)K A(T) )
B(O B(o r p(r)
yEO)yP(O(r)) exp (L b 8) dt)
AGIUAGIAGI BIHGLAGIAD
_ 4@ [ +p@) Iy @I | 40
ACQ)) exp ( I ﬂzzl(zr)) dt) G
[amGAEE)) A(r)
YEO) | s acryexp ( I p(r) dt)

my (r)

w(r)

+ G (MMM

_ ¢1(r)
yE(O())

w(r)

Y ai(Mf(y(6:(r)) N {1(r)
exp (f: ) dt) A

my (r)
[amGfeE)) A(r)

YO | yP@me Gy T O OeO!
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i1 ()¢ (1) {1
()

<-L + w
exp( ; mp_1(7(2) dt) S
~ [zl(r)(yﬁ(e(r))) A(T)
YEOW) |58 0¢r))exp ( i 751(2) dt)
+ (MM (MG M)
then
() £ -1 ZELIDUD L BB ) 4 ¢, 0 00
exp (fro mdt) (10)
—4,() [ﬁyﬁ_l(Q(T))Y'(G(T))Q'(T) A(r)
yh(O() yB(6(r))exp ( rZ nll)l(Zr)) dt)

By Lemma 2.3 and y'(r) > 0, we have

YoM ) ’
([ 200 ) "G O T SOOI

my(r)

w'(r)<-L

1
REAGLEG) Y1 (0(r), 75) mf (O(r)m (0(r))y' @)’
1

y(6() m,(8(r)) 7
[e’_mi((?(r),ro)

A(r)

yE @ exp ([ 24 r)

X

TR0 )

romq(r)

By Lemma 2.1, % is strictly decreasing on [r;, o). So

1 1
(my (0())F [m(6(r)y' (6(r)]’ S (my (r)E[m, (r)y' ()]’
1
ool 550

To M4 (T')

5
[e_mi(tﬁ)(r). ro)]

for r € [r3, ), and we get
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Yisn (M@ | G
+

o My (7)

w'(r)<-L

w(r) + (MM (MM

(11)
$ ()8 () h1(0(r),13) [w(r)
m,(6(r)) ¢ (1)

145
—B —my(r){; (7‘)] :

Using the following inequality
1 11 441 1
w—v)"B>u"B+ EvHﬁ - (1 + —) vhu

we obtain

1

w(r) 5 WB )
Fs-mmam| "2
& Fm

1 L
+ = [my (M) P

¢1(r) B

(12)

1
13 [ (M (P (r)
(1+ /3) G

A combination of (11) and (12) yields:

Yie1 qi(1)

exp (frz % dt
1
L@ Y0, 1)y (0] E
m,(0(r))
1
, MOONAC) + B+ DEOE O O, )l (NGO
ENCONAG)

1
IRAGEIGTACIOEDPNIG

m,(0(r) i
1

w'(r)y<-L

) AGEIAGILAGIAG]S

(13)
)

()

Setting

1

1=1 +l’ X = ’B51(7”)9'(1‘)1/)1(9(1‘),1‘3)w”f(r)
147

A

B m; (9 (T))
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Yl_l = BB

1
%l[mz(e(r))fl(r) +(B+ 1)(1(r)9 (M), (6(r), TS)[ml(r)ZZ(r)]F-!
L @+om (e ))zﬁ“(r)(e O 0w |
Using Lemma 2.4 in (12) we get that

S, a6 )
exo (1, ey )

L@ Y00, )y (NG P
m, (6(r)

w'(r) <-L + MM (M@

[ s

|m2 CENG) + B+ DGO ONOD.ImOEOF
L

- i BT TOE PO,

1
| an
|

Substituting r with s in (14), an integration for (14) with respect to s from r3 to r

yields
J

3

L2t AORE) (o) imy ()50
exp (-, T )
(1(5)9 ()P1(6(s), 7”3)[7"1(5)(2(5)]
m,(0()
1
OO B DO O OO r)lm (Y (s)]ﬁ}

B+ 1)m’“1<9( ))c‘”%s)(e (s))ﬁ+lwﬁ“<e(s) )

S w(ry) —w) < w(ry) < ox,

which contradicts (9).

Theorem 2.2. Assume that (1), (2), (5) holds. Assume that there exist two
nonnegative functions ¢, (1), {,(r) € C([ry, ), R) with ; (r) > 0, such that
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imsup [ {L 2 ‘f(s)f;)(s) - GO EEE]
e (e (LR o)
L BG(9)0 ©P1(005), TS (665, T))mE () ()
mz(e(s))
(665 + 28416 ()pa (0G), TIE (e<s,T))m1<s)¢2(s)]2} 45— (15)
45m,(0(9))5: ()8 () (0), T (0. 1)) |

Then conclusion (€) holds.

Proof. Assume (E) has a nonoscillatory solution y on I. Similar to Theorem 2.1, we
may assume y(r) > 0 on [r;, o). By Lemmas 2.1 and 2.2, there exists sufficiently
large r, such that [m,(r)y’(r)]’ > 0 on [ry, ), and either y'(r) > 0 on [ry, ) or
lim,_ . y(r) = 0. Now we assume y'(r) > 0,y'(6(r)) > 0 on [r3, ), where r3 >
1y is sufficiently large. Let w(r) be defined as in Theorem 2.1 By Lemma (3), for r €
[r3, ), we have the following observations:

y' @) y' @) _ y'0a) o1
YO “y@@)  yPOE)”

[ 1

Y1(6(r),13) m? (0(r)[m,(8(r))y’ (9( )

— my(0(r)yP(6(r) l [

ClQ))

e_p (6(), ro)

mq

)

! £y3-1<9(r))
|
)

(

Y1(0(r),73) é
“my(8(M)yP(8()) l

""%I»—\

)
OEDIm Oy GBI E
|
)

[e » (6(r), ro)

1 B-1
F ! !
g1 m? (6(r)[m,(0(r)y’ (0(r))] }
(9(7"),1"3) 1
2 @) YPO() £
{ TR Jmf )Mo (6()y' ()]’

ez @) g It [efi wm| J
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1
APB(r)
1
r p(r) )]F
[ew (el

_ P (6@, )y (6, ) A(r) 16)
o m (B(r)) r p() '
2 exp (fro dt) yB(6(1))

my (1)

x P10, 75)

Using (16) in (10) we get that

Loy rqig()f)l(r) * 2%2 o) + )M (ML)
exp (fro my (1) dt)

e [ﬂyﬁ‘l(ﬁ(r))y’w (1)6'() Ar)
yPO@) v @ exp (f) 20 ar)

o mq (1)

w'(r)<-L

D GGG
= (17 22 dt)+<1<r>

my (1)

o) + ()M (M@

—B& (M6 (r)

2
W1(0(r), T3 )YE T (6(r), 73) A(T)
O o1, 2 ) 700

L aa) | U |
- exp (J7, 2 a) aaCIORRAOILAGIEQ)

o my (7)

Y1(0(r), ) T (O, 73) [w(r)
m,(6(r)) G

2
=B (16’ (r) - ml(T)Cz(T)]

1 2§ () '
= L ZEORO 4 ¢ )y ()6 0]
eXp(fTO ml(r)dt)

PG (8, r)wh T (B(r), r)mE (NG ()
m; (9(7”))
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N [mz (631 () + 23,18’ Y18, T)Ps *(6(r), 13)my (1), (r)

m,(0(r)3: () ()

_BG@O @Pi (0@, )PSO, 1)
m,(6(r)¢2(r)

+ (MM (M GM)]

w?(r)

Yiz1 ()4 ()
<-L
exp (frz p(T) dt)

my(r)
_BG@O @Y1(6(), )YE (), s ImE () (1)
msp (9(7‘)) ,
N [ma (6L () + 28810 )1 (O, s )h ~ (B, 5)my (r)E(r)] -
4By ((r) 8 (10" ), (0(r), )Py~ (0(r), 73)

Substituting r with s in (17), an integration for (17) with respect to s from r3 to r
yields

f {L Li=1 qi($)41(5) )_{1(5)[m1(5)(z(5)]'

exp (— frz 751(8) ds

PG ()0 ()P1(8(s), 3)¥5 ' (B(s), )M ()33 (s)
ma(6(s))

 [ma060)EE) + 28650 ()P1.O), ) O(6), rIma ()4 ol .
4Bm(8(5))41(5)0" ()11 (0(s), r)P5 ' (8(s), 73)

<w(r3) —w(r) < w(rz) <o,

which contradicts (15).
Theorem 2.3. Let (1), (2), (5) hold and define
D={rs)Ir=s=r,rseT}
If there exists a function H € C(ID, R) such that
H(r,r)=0,forr =21y, H(r,s) >0

forr > s > ry, and H has a nonpositive partial derivative H'(r, s) with respect to the
second variable, and for all sufficiently large ¢,
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Y1 ()1 (s)

im sup ——— H( 0) f S C rg(gg)d)—<1<s)[m1<s)cz(s)]
0 1
RACIIOTA ORI A
m2(9(5))

[mz(H(S))€1(S) +(B+ 1){1(5)9 ($)p1(6(s), T)[ml(S)(z(S)] l

= 0. (18)
| (ﬁ+1)m‘*“(e< ))zﬁ“(s)(e (s))ﬂﬂw‘*“(e(m )

Then conclusion (C) holds.

Proof. Assume (E) has a nonoscillatory solution y on I. Similar to Theorem 2.1, we
may assume y(r) > 0 on [r;, ). By Lemmas 2.1 and 2.2, there exists sufficiently
large r, such that [m,(r)y'(r)]’ > 0 on [r,, ), and either y'(r) > 0 on [r,, ) or
lim,_,. y(r) = 0. Now we assume y'(r) > 0,y'(6(r)) > 0 on [r3, ), where r; >
1, is sufficiently large. Let w(r) be defined as in Theorem 2.1. Then by (14), for r €
[r3,0), we have

i 1 1 9’ 1 9 ) 1 2 1+1/y
L Li=1 rql(;()f) ®__ AQIUAGISGIE: LM MY ( 1(;)(;3()7*[)731 %M
exp (fr ) dt) 2

. Imz OENGE) + B+ DL OB OO DIMOGOF g 9)

B+ Dmag

x (6 (T))f”“lljﬁﬂ(ﬁ(r)' Tz)l < —w'(n).

Substituting r with s in (19), multiplying above by H(r, s) and then integrating with
respect to s from r5 to r yields
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= 1) My (s)82 ()]

" Yiz1 qi(s)6i(s)
«fr ) {Lexp< lqu P(Sl) ds )

’ 1o my(S)

(1(5)9 ©)P1(8(5), ) [ma ()3 ()]
m,(6(s))

1
[mz(G(S))(l(S) +(B+ 1)(1(5)9 (S)llh(@(S) T3) [m1(s)2(5)] B}

l (B + 1)m’3“(9(s))c’f“(s)<9 (s))ﬁﬂﬁﬂ(e(s) )
< —f H(r,s)w'(s)ds

=H(r,r3)w(r3) + fr H%s(r,s)w(s)ds
<H(r,1)a(r;) < H(r,r)o(rs).

Then

[ 9 r 2 IORD (i, sy 001
To exp( fr ds )

o my(s)

51(5)9 ()1 (0(), 73)[my ()0, ()]
m, (9(5))

= §1(8)[my(s)32 ()]

{ Yiza1 qi($)61(s)

B -fro ) Lexp( f: nlfz(g)d )
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51 ()6 (s)Y1(8(s),13)[Mm;(s)¢, (5)]
m2(9(s))

1
Imz(e(s))a (s) + (B + 1)61 ()6' ()1 (0(s), rg)[m1<s)<2 (s)]ﬁ}
B+ 1)mﬁ“(e(s))c‘*“(s)(e (s))ﬁﬂwﬁ“(e(s) )

+ f H(r,s) | L—2imt ql(s)f;)(s) — ()M () ()]’
3 exp( I p ds)

o my(s)

(1(5)9 ()1(0(5), 75 My ()% ()]
mz(e(s))

[ D
_|ma(06)dis) + B + RHOLIOVACIORAILIOIAONY '} i

l + +1

| 6+ Om g (06 DT 06,

Yic1 4:(8)(s)
exp( frs 2 d)

m;(s)

< H(r r)w(r;) + H(r ) f L LSS5 (6)]

51(5)9 ()91 (8(), ) [my ()3 ()]
mz(e(s))

1
[mz(e(s))q () + (B + 1)<1 ()8" ()1 (6(s), rg)[ml(s)zz (s)]ﬁ]
B+ 1)mﬁ“(e(s))zf“(s)(e (s))ﬁﬂwﬁ“(e(s),rz)
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So

limsup J HG 5 L2 O o, 0,007
’ e (= by 7t )
1

51 (5)0'($)Y1(0(5),13)[m1 ()¢ (5)]

m(6(s))
1
[mz(e(s»zl [(5) + (B + D3 ()0 ()1 (6(s), rg)[m1<s)<2 (s)]Fl l
B
| (ﬁ+1)m‘*“<9<s))<ﬁ“(s)<e (s))ﬁﬂl/)’*“(e(s) ) )

izt qi(s)$1(s)
exp( fr p(S) d

0o M4 (S)

< w(ry) + f L ) — L)y ()02 ()]’

(1 (5)0'($)Y1(0(5),13)[m1(5)¢2 (5)]
m,(6(s))

1
l[mz(g(s))ﬁ(s) + B+ 1)(1(5)9 (s)1(6(s), 73)[m1(5)(2(5)]p

| @+Dmi s ))cﬁ“(sxe (s))ﬁ+lwﬁ+1<e<s).rz>

< 0

which contradicts (18).

Theorem 2.4. Assume that (1), (2), (5) hold and let H be defined as in Theorem 2.3,
such that

lim sup (1 ){f H(r.s){L 2o ";(;f;)() ~ GO M ()6 )
To exp( fr NO) ds)
A O OR AN AN EHOS
m2(0())
M85 () + 28.9)0 (W (B(), IS (6Cs, T))ml(s)zz(s)]} }zw_ 0
4Bmy(0())3 ()0’ ()1 (6(), TYPE " (8(s,T))

Then conclusion (C ) holds.

Proof. Assume (E) has a nonoscillatory solution y on T,. Similar to Theorem 2.1, we
may assume y(r) > 0 on [ry, ), where r; is sufficiently large. By Lemmas 2.1 and
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2.2, there exists sufficiently large r, such that [m,(r)y'(r)]’ > 0 on [r,, o), and
either y'(r) >0 on [ry,0) or lim,,,y()=0. Now we assume y'(r) >
0,y'(6(r)) > 0 on [r3, o), where r; > r, is sufficiently large. Let w(r) be defined
as in Theorem 2.1. Then by (17), for r € [r3, ), we have

2it1 (MG

L AGILAGIAAGIN
e ([, )
4 B ()8 (M1 (0(r), Ts)ll)f_l(@(r), r3)mi (r){3(r)
m,(6(r)) (21)

[ma (0N () + 286, ()0 (1 (O r)WE O r)my (G|
4ma(O(r))s ()8! ()P (0(r), )y~ (0(r), 73)

< —-w'(r)

Substituting r with s in (17), multiplying both sides by H(r, s), and then integrating
with respect to s from r5 to r yields

[ s {L 2oL 8D @ (66T
" exp (- 1) )

BL(S)8' (521 (B(s), 1YL (B(s), ) mE ()3 ()

' m,(6())

[ma0(s))3i (5) + ZBcl(s)e'(s)Ipl(e(s).r3>¢§‘1(9(s),rg)ml(sxz(s)]z} ;
— S

4Bm (8()){1(5)0" ()1 (B(s), 75Dy~ (B(s),73)

< - fr H(r,s)w'(s)ds

=H(r,r3)w(rs) + fr H'(r,s)w(s)ds
<H(r,r3)w(y) < Hs(r, 1) w(13).

Then similar to Theorem 2.3, we obtain
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. 1 " Z?:l q:(s)¢1(s) '
Tll_)rgosup—H(r’ro) {fr H(r,s) {L eXp( f: 751(2) ds) — 1()[m1(5)¢2(s)]

[351(5)9 QI ACIORDARCIORDLHOIO
m,(6(s))

[ma@nG + 26660 @ EO L O rIm@EE] ]
4Bma(8())6 ()6 (S (6(5), ) (6(s),7)

T3

Ty ()% ()
ew (=1 ,5(22) s)
| B0 (0(), )05~ (0(s), i) mE ()T ()
m,(0(5)
[m2(0())¢1(5) + 2B8()0" ()1 (O(s), 5 )wE (6 (s), rg)ml(sxz(s)]
) 451, (0(5))3 ()0 ()1 (B(), T)py " (0(5), 73)

< w(rs) + L

= 01(8)[my ()82 (s)]

To

< o0,
which contradicts (20).

By considering H(r,s) as a selection of specific functions, such as (r —s)™, in
Theorems 2.3 and 2.4, we can derive several corollaries. For instance, if we let

H(r,s)=r—-s)", m=>1
then we have the following corollaries.

Corollary 2.1. Assume that (1), (2), (5) holds. If

. m Z?:l q;(s)¢1(s) ,
rlggosur)m{ [[e-9 {Lexp EFcmEley

o My (S)

1
145
B

(1(5)9 ($)¥1(8(s), T)[m1(s)52(s)]
m,(6(s))

)

-
J

h
1
|ma@E)EE) + B + D (s)e ($)11(8(s),T) [m1<s)cz (s)]FL
| B+Dmapig i (e(s))z‘“%s)(e (s))ﬁﬂwﬁ“(a(s).ﬂ J
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Then conclusion (C) holds.

Corollary 2.2. Assume that (1), (2), (5) holds. If

1 i1 4i()4i(s)

lim sup———— fr (r—s)"<L —0(8) M1 ()L ()]
msup 3wy ). 0)

(r To) 0 eXp (_ fro ml(s) ds)
_I_ﬁfl (8" ()1 (8(s), TIPs ' (O(s, THME(5)EZ (5)

mz(6(s))
_[mz(Q(S))C{(S)+2ﬁ¢1(5)9'(5)¢1(9(5),T)lpzﬁ_l(@(slT))ml(S)iz(S)]z dsb = oo
4Bm,(8(s))G()8" ()1 (6(s), THy ' ((s, T))

Then conclusion (€) holds.
I11.  Applications

Example 3.1. Consider the 3™-order nonlinear delay differential equation with a
damping term:

;1 c
[0y 0] + 7 070D + ) aOF (6:)) = 0, 7 € [2,00)
i=1

where § = 1. By Corollary 2.1 we deduce that every solution of Eq. (E) is oscillatory
or tends to zero.

IVV. Conclusion

This paper conducted a thorough investigation into the oscillatory behavior of
a specific subclass of the third-order nonlinear delay differential equation with a
damping term. We focused our investigation specifically on their canonical form,
which was enhanced by the inclusion of damping terms. This study utilized Riccati's
technique and the comparison method to establish rigorous criteria that guaranteed
the existence of oscillatory behavior in the solutions.
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