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Abstract 

The Boron Nitride Nanotubes (BNNTs) are cylindrical nanostructures made 

up of nitrogen and boron atoms stacked hexagonally. Comparable to carbon 

nanotubes, BNNTs have exceptional mechanical, electrical, and thermal capabilities. 

The increasing prevalence of micro-electromechanical systems in different 

technological fields underscores the necessity of gaining a comprehension of their 

mechanical behavior. The behaviour of Functionally Graded Boron Nitride 

Nanotube-Reinforced Composite (FG-BNNTRC) concerning microbeam cracks 

during free movement is investigated in this study. BNNT can be added to a matrix of 

polymers in four distinct manners to give reinforcements. The BNNTRC substance 

features are expected by the standard of integrating fractured microbeams. This 

study's primary goal is to investigate the free vibration properties of FG-BNNTRC 

cracked micro beams. It is crucial to focus on evaluating how different BNNT 

reinforcing structures, volume %, dimension/thickness ratio, and length scale 

elements affect vibration frequencies. This paper evaluates the vibration of fractured 

microbeams having length dependency using the modified couple stress theory. 

Following examining the effects of various causes, it emerges that the frequencies 

exhibit noticeable variances. The study shows that when the thickness of the beam 

becomes closer to the length scale parameter, the size impact gets stronger. The 

thickness of the beam grows, and the size impact decreases. The results are 

significant consequences with the design in addition to developing innovative 

composite materials for micro-scale applications, demonstrating the details of the 

complex interplay among nanoscale reinforcements and structural integrity. 
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I.     Introduction 

Size-dependent vibration Analysis of Cracked Microbeams is to find out the 

size differences that affect how cracked microbeams vibration. Due to their small 

dimensions, microscale objects, including microbeams have special mechanical 

characteristics. The foundational strength and vibration properties are further 

impacted by the existence of cracks [XIV]. Cracks are one of the most significant 

flaws in a structure, particularly in smaller ones. A torsional spring is used to simulate 

cracks and the impact of these cracks on vibration systems' inherent frequencies and 

component lifetimes is examined. A single system crack's effects have been studied in 

certain studies [II]. Due to a complex interaction of elements, microbeams display 

unique behaviors at the microscopic scale. The goal of this work is to shed light on 

the intricate relationships between size-dependent vibrations in microstructures and 

how they influence the mechanical response of composite materials as an entire 

structure [XV]. Vibration-based techniques have been presented in recent decades to 

identify cracks in beam structures. These techniques fall into three categories: 

experimental, numerical, and analytical. Regardless of the approach, the most 

important stage that forms the foundation for further vibration analysis is fracture 

modeling [I]. The crack models are categorized as local flexibility models and 

consistent continuous cracked beam models based on the theory of fracture modeling. 

The local flexibility model has been utilized for vibration analysis of fractured beams. 

The spread of cracks results in catastrophic mishaps. To make sure that structures are 

reliable and secure, researchers have created numerous structural approaches for 

damage detection, including magnetic flux leakage, ray detection, and sonic emission 

[XII]. Local flexibility is a good way to define the crack that develops in the 

structure. The amount of flexibility will alter when a crack appears and spreads. The 

local crack flexibility has significant theoretical and technical significance in the 

identification of structural damage and can reflect the extent of the damage to the 

structure [XX]. Currently, the most used crack models are those that utilize the 

corresponding drop-section approach, the uniform crack beam theory, or local 

adaptability. These characteristics make Boron Nitride Nanotubes (BNNTs) attractive 

for use in radiation shielding, high-temperature composites like Metal Matrix 

Composites (MMC), transparent bulk composites, and mechanical reinforcing 

applications [XXVII]. Micro beams have a simple geometric shape: a straight one. 

For instance, knowledge has been discovered that carefully bent micro beams are 

appropriate for use in electrical micro relays, microvalves, micro shutter placement, 

and micro resonators [VI]. Since these flexed micro beams exhibit snap-through 

movement and vibration, they have been suggested to be employed as actuators and 

switches. According to a study, micro beams for micro springs or Micro-Electro-

Mechanical-System (MEMS) components might be made to resemble semi-circles, 

serpentines, or spherical [VI]. The impact of geometrically nonlinear deformations on 

the nonlinear dynamic response of piezoelectric cylindrical shells reinforced with 

BNNTs was examined using the finite difference technique. The stability of single-

walled BNNTs was investigated using a three-dimensional (3D) finite element 

approach The impact of tube radius on BNNT vibration frequencies, both 
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longitudinally free and torsional [XXIII]. The study's goal is to analyze the size-

dependent vibration of fractured microbeams in composite structures reinforced by 

FG-BNNTRC.  

I.i.   Key contributions 

The purpose of this research is to examine broken micro beams' free vibration 

characteristics using an FG-BNNTRC. In addition to investigating how different 

length scale variables, length/thickness ratios, volume percentages, and BNNT 

reinforcement patterns affect vibration frequencies, this study emphasizes the 

importance of these findings in developing novel micro-scale composite materials by 

highlighting the complex relationship between structural integrity 

and nanoscale reinforcements. 

II.    Related works 

The study [III] discovered each of the linear and nonlinear free vibration 

techniques could be used to analyze spinning two-dimensional grading micro-beams 

containing equal and unequal porosity distribution. The axial and thickness directions 

exhibit variations in the material characteristics. To monitor corrosion damage caused 

by chloride in reinforced concrete beams, extensive experimental research is 

presented in the paper [XXI]. To identify, classify, and pinpoint damage, a system 

that combines vibration-based monitoring with acoustic emission detection is 

developed. The study [XVI] provided a size dependencies are recorded in the modern 

constructions that have been designed and manufactured using innovative materials 

whose characteristics change in a continuous pattern. The work [XXII] used the 

simplistic elasticity method to analyze the natural fiber-reinforced composite panel 

having corners pointed reinforcement that is completely cracked by vibration and 

buckling. The work [XIX] analyzed the vibration of an Axially Functionally Graded 

(AFG) beam that has been post-buckled fractured. The complex differential equations 

are solved using an arc-length technique after being transformed into a set of 

algebraic equations via the Differential Quadrature (DQ) method. The study [VII] 

discussed Peridynamics (PD) was used to analyze the free vibration of broken plates. 

The numerical implementation was carried out using commercial finite element 

software, ANSYS, and a peridynamic Mindlin plate formulation. The paper [XXIV] 

examined the influence of surface and electric fields on the axial buckling of BNNTs. 

The outcomes are compared to the simulations of molecular dynamics to confirm that 

the concept of surface elasticity has been utilized effectively. The study [VIII] 

described a new aligned 3D epoxy/boron nitride nanosheet composite for thermal 

interface materials made using the radial freeze-casting technique. As a highly 

thermally conductive filler, hexagonal boron nitride (h-BN) has been employed in the 

construction of heat transport networks in polymers. The study examined the critical 

buckling load of a Boron Nitride Nanotube. BNNT is characterized by a higher 

Young's modulus, resistance to oxidation and corrosion, hardness, endurance at high 

temperatures, and piezoelectric and pyroelectric properties. The study [XIII] 

addressed the nonlocal vibration behavior of carbon/boron carbide nano-hetero-tubes 

in the context of a magneto-thermal atmosphere using a complex numerical model. 

Combining the best qualities from both architectures, hybrid nanotubes made of 

carbon and boron-nitride nanotubes have emerged as novel building blocks.The work 
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[XVII] examined the nonlinear acceleration of nanocomposite beams under 

transversal periodical stimulation that is seated on a nonlinear elastic basis. The study 

[XVIII]provided innovative functionality grading beams constructed from 

piezoelectric structures and carbon nanotube reinforcement composites were studied. 

The study [XI] provided a forced vibration analysis of a simply supported beam made 

of a composite material reinforced with carbon nanotubes that were exposed to a 

harmonic point load in the center. The single-walled carbon nanotubes are reinforced 

in a variety of distributions by a polymeric matrix that makes up the composite beam. 

The paper [IV] evaluated the free movement properties of dual beams made of single-

walled functionally grading composite reinforced by significant nonmaterials. An 

interfacial spring holds the double beams of the construction connected. The study 

[XXVI] reported a straightforward, scalable, and high-throughput purification of 

BNNT using a modified version of the well-known sorting method known as liquid 

polymeric two-phase extracting. In the future, it is anticipated that the endeavor to 

purify BNNT on a large scale by solution purification is going to have a major role in 

the macroscopic realization of its outstanding features. The work [X] examined the 

axial buckling of BNNTs or boron nitride nanotubes. For this purpose, molecular 

mechanics is employed while taking into style contact that unites every atom of 

nitrogen and boron. The study [XXV] presented the free longitudinal vibrations of a 

fractured nano-beam to piezoelectric effects on the Non-Local Strained Gradient 

Theory (NSGT) and Euler-Bernoulli beam concept. Splitting nanoparticles into two 

sections and connecting these to a revolving spring serves as a model for nano-beam 

separation. The paper [V] examined the free vibration of a sandwich microbeam that 

is resting on a Winkler-Pasternak substrate and has a porous core reinforced by 

composite face sheets made of functionally graded carbon nanotubes. The 

displacement components are explained, assuming the beam is exposed to thermal 

stress and exists in a thermal environment. 

III.     The Modified Couple Stress (MCS) Theory 

The enhancements made over classical couple stress theory make non-local 

flexibility and adapted couple stress theories more user-friendly. The energy of strain 

distribution is dependent on the radius of curvature tensor and the strain tensor, by the 

updated coupled stress theory that is put out below. Therefore, the strain energy of an 

isotropic linear elastic component that is stretched and filling a volume 𝑈 as follows 

in equation (1): 

 𝑉 =
1

2
∫ (𝜎𝑗𝑖𝜀𝑗𝑖 + 𝑛𝑗𝑖𝜒𝑗𝑖)𝑑𝑈

0

𝑈
,    𝑗, 𝑖 = 1,2,3     (1) 

where𝜀𝑗𝑖 is the tensor of strain,𝜎𝑗𝑖 is the tensor of stress,𝜒𝑗𝑖 is the tensor of symmetric 

curvature, and 𝑛𝑗𝑖are the elements of the combination strain tensor's deviator portion. 

The following is an expression for the curving matrix and strain: 

 𝜀𝑗𝑖 =
1

2
(𝑣𝑗,𝑖 + 𝑣𝑖,𝑗)       (2) 

  𝜒𝑗𝑖 =
1

2
(𝜃𝑗,𝑖 + 𝜃𝑖,𝑗)       (3) 
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Where 𝜃𝑖 are the elements that make up the rotation vector, which is described as 

𝑣𝑗are the elements that comprise the vector of displacement. 

  𝜃𝑗,𝑖 = −
1

2
𝑓𝑗𝑖𝑙𝑣𝑙,𝑖       (4) 

which𝑓𝑗𝑖𝑙represents a combination. The fundamental connections are represented as 

follows equation (5) and (6): 

  𝜎𝑗𝑖 = 𝜆𝜀𝑙𝑙𝛿𝑗𝑖 + 2𝜇𝜀𝑗𝑖       (5) 

 𝑛𝑗𝑖 = 2𝜇𝑘2𝜒𝑗𝑖        (6) 

where𝛿𝑗𝑖is the delta of Kronecker and 2𝑘2is definite as 𝑘2 , 𝜆indicates the influence 

of the combination force and represents an element longitudinal scaling factor. In 

addition, Lame's constants, 𝜆and 𝜇, have the following definitions: 

  𝜆 =
𝐹𝑢

(1+𝑢)(1−2𝑢)
, 𝜇 =

𝐹

2(1+𝑢)
      (7) 

The shear modulus (𝜇) and the Poisson's ratio (PR) (𝑢) are represented in the given 

formulae. 

III. i.   Model of a cracked micro-beam 

In this paradigm, the cracked and untracked parts of a beam are seen as two distinct 

entities. It is believed that the part without cracks will bear the brunt of the weight, 

while the cracked part is considered an independent element with weaker rigidity and 

strength. Using this method, engineers may determine if a beam with pre-existing 

cracks is structurally sound and how it will react to different loads. Examining the 

beam revealed that it contains an edge fracture of length a, located 𝐾𝑑from the left 

end. To manage the extra strain energy produced on the crack, springing is included. 

A potential method to express the strain power generated by the microbeam as an 

effect is as follows: 

  Ψ =
1

2
∫ 𝑑𝑤 ∫ 𝜎𝑤𝑤 (

𝜕𝑣

𝜕𝑤
− 𝑧

𝜕2𝑥

𝜕𝑤2) 𝑑𝐵 + ∆Ψ𝑑
0

𝐵

𝐾

0
    (8) 

∆Ψ𝑑is the further energy produced by a fracture in strain. Regarding the longitudinal 

force and the bending moment, the formula could be expressed as follows: 

  Ψ =
1

2
∫ 𝑑𝑤 ∫ 𝜎𝑤𝑤 (

𝜕𝑣

𝜕𝑤
− 𝑧

𝜕2𝑥

𝜕𝑤2) 𝑑𝐵 + ∆Ψ𝑑
0

𝐵

𝐾

0
    (9) 

The increase brought an edge crack has the following expression: 

  ∆Ψ𝑑 =
1

2
𝑙𝑁𝑁𝑁(𝐾𝑙 , 𝑠)

𝜕2𝑥

𝜕𝑤2 +
1

2
𝑙𝑀𝑀𝑀(𝐾𝑙 , 𝑠)

𝜕𝑣

𝜕𝑤
+

1

2
𝑙𝑁𝑀𝑁(𝐾𝑙 , 𝑠)

𝜕𝑣

𝜕𝑤
+

1

2
𝑙𝑀𝑁𝑀(𝐾𝑙 , 𝑠)

𝜕2𝑥

𝜕𝑤2  (10) 

which stand for the adaptability constants 𝑙𝑁𝑁𝑙𝑀𝑀𝑙𝑁𝑀𝑙𝑀𝑁 . The related impacts 

involving axial force and moment of bending have been taken into consideration by 

considering the final pair of terms.  

 ∆Ψ𝑑 =
1

2
𝑁∆𝜃 +

1

2
𝑀∆𝑣       (11) 
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The proportional horizontal movement at the edge crack section is represented by ∆𝑣, 

whereas ∆𝜃 represents the angle rotated by the rotating spring. ∆𝑣as well as∆𝜃 can be 

expressed as: 

  ∆𝜃 = 𝑙𝑁𝑁
𝜕2𝑥

𝜕𝑤2 + 𝑙𝑁𝑀
𝜕𝑣

𝜕𝑤
                  (12) 

  ∆𝑣 = 𝑙𝑀𝑀
𝜕𝑣

𝜕𝑤
+ 𝑙𝑀𝑁

𝜕2𝑥

𝜕𝑤2       (13) 

Since the focus of this inquiry is transverse free vibrations, transverse movement is 

not taken into account. Furthermore, it is commonly believed that the adaptability 

constants𝑙𝑁𝑁𝑙𝑁𝑀𝑙𝑀𝑀𝑎𝑛𝑑𝑙𝑀𝑁 are compact, meaning that the smallest constant𝑙𝑀𝑀 , 

which is connected to the bending moment, is taken into account. Utilizing 

dimensionless variables, the slope increment ∆𝜃 in the fractured portion is stated as 

follows: 

  ∆𝜃 =
𝑙𝑁𝑁

𝐾

𝜕2𝑋̅

𝜕𝑤2  |𝜉=𝐾𝑑 = 𝐿
𝜕2𝑋̅

𝜕𝑤2 | 𝜉=𝐾𝑑     (14) 

Following the definition of the crack beam model, each of the two segments may be 

subjected to the calculation for movement in the direction that is vertical to begin the 

study of the beam's free transverse vibration: 

  𝑈̅(4)(𝜉) + 𝑛2𝑟4𝜆4𝑈̅′′(𝜉) − 𝑟4𝜆4𝑈̅(𝜉) = 0,   0 ≤ 𝜉 ≤ 𝑎   (15) 

 𝑈̅(4)(𝜉) + 𝑛2𝑟4𝜆4𝑈̅′′(𝜉) − 𝑟4𝜆4𝑈̅(𝜉) = 0,   𝑎 ≤ 𝜉 ≤ 1   (16) 

where the normal frequencies component is denoted by 𝜆4. For every section, the 

general solution may be expressed as follows: 

𝑈(𝜉) = 𝐵1𝑠𝑖𝑛𝑔(𝛽𝑞𝜉) + 𝐵2𝑐𝑜𝑠𝑔(𝛽𝑞𝜉) + 𝐵3 sin(𝛽𝑗𝜉) + 𝐵4 cos(𝛽𝑗𝜉) ,    0 ≤ 𝜉 ≤ 𝑎 

𝑈(𝜉) = 𝐴1𝑠𝑖𝑛𝑔(𝛽𝑞𝜉) + 𝐴2𝑐𝑜𝑠𝑔(𝛽𝑞𝜉) + 𝐴3 sin(𝛽𝑗𝜉) + 𝐴4 cos(𝛽𝑗𝜉) ,    𝑎 ≤ 𝜉 ≤ 1 (17) 

  𝑈̅2(𝑎) = 𝑈1(𝑎)        (18) 

Each of the eight unexplained variables in the equations mentioned above and 

calculated by using the transition restrictions as well as the additional compatible 

requirements listed at the portion that is cracked: how consistent with what the 

horizontal movement is, 

  𝑈̅2
′ (𝑎) − 𝑈̅1

′ (𝑎) = 𝐿𝑈̅1
′′(𝑎)      (19) 

the bending moment's continuity, 

  𝑈̅2
′′(𝑎) = 𝑈̅1

′′(𝑎)        (20) 

the shear force's continuous, 

  𝑈̅2
′′′(𝑎) = 𝑈̅1

′′′(𝑎)       (21) 

A linear system of equations is produced by setting the previously specified 

conditions and the basic support boundary conditions into Equation (17). The design 

should be emphasized since this is a homogeneous system. The organization 

regarding the elements' matrix's variables, which represent the basic frequency. 
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Fig 1. Diagram of a microbeam crack 

III.ii      Developing the problem 

A microbeam, as shown in Figure 1 has the following dimensions: breadth𝑏, 

length𝐿, and height ℎ. A rotating spring at the fracture location and a longitude are 

used to represent the microbeam's crack. The micro beams' unrestricted transversal is 

taken into account. The principle developed by Hamilton to be used for calculating 

the governing equations. The movement of the vector across the direction of the beam 

at any given location might be written as follows, according to the Euler-Bernoulli 

beam theory: 

  𝑣𝑤(𝑤, 𝑦, 𝑠) = −𝑦
𝜕𝑥(𝑤,𝑠)

𝜕𝑤
      (22) 

  𝑣𝑧(𝑤, 𝑦, 𝑠) = 0        (23) 

  𝑣𝑦(𝑤, 𝑦, 𝑠) = 𝑥(𝑤, 𝑠)       (24) 

where𝑠 represents time and 𝑣is the beam's transverse displacement measured along its 

neutral axis at any point. 

  𝜀𝑤𝑤 = −𝑦
𝜕2𝑥(𝑤,𝑠)

𝜕𝑤2        (25) 

Furthermore, when Equation (8) is substituted into Equation (4), the sole nonzero 

component results is: 

  𝜃𝑧 = −
𝜕𝑥(𝑤,𝑠)

𝜕𝑤
        (26) 

Moreover, the curvature tensor components of Equation (3) will be expressed as 

follows once the above equation is substituted: 

  𝜒𝑤𝑧 = −
1

2

𝜕2𝑥(𝑤,𝑠)

𝜕𝑤2        (27) 

  𝜒𝑤𝑤 = 𝜒𝑧𝑧 = 𝜒𝑦𝑦 = 𝜒𝑤𝑦 = 𝜒𝑧𝑦 = 0     (28) 
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Equations (1) and (29) can be used to express the prospective potential of the 

microbeams utilizing the adapted couple stress concept. 

  𝑉𝑆𝐸 =
1

2
∫ (

𝐹(1−𝑢)𝐽

(1+𝑢)(1−2𝑢)
+

1

2
𝜇𝐵𝑘2)

𝐾

0
(

𝜕2𝑥(𝑤,𝑠)

𝜕𝑤2 )
2

𝑑𝑤   (29) 

Conversely, the beam's kinetic energy may be determined as follows: 

  𝑈 =
1

2
∫ [𝜌𝐵 (

𝜕𝑥(𝑤,𝑠)

𝜕𝑠
)

2
+ 𝜌 (

𝜕2𝑥(𝑤,𝑠)

𝜕𝑤𝜕𝑠
)

2

] 𝑑𝑤
𝐾

0
    (30) 

where  𝜌  represents the beam's frequency. Therefore, the problem's Lagrangian 

functional can be expressed as follows: 

  𝐾 = 𝑈 − 𝑉𝑆𝐸        (31) 

Therefore, Hamilton's concept produces the following regulating solution and 

boundary circumstances: 

  𝛿 ∫ 𝐾𝑑𝑠 = 0
𝑠

0
        (32) 

Using the functional initial variation as a calculation 

  ∫ ∫ (𝜌𝐵
𝜕𝑤

𝜕𝑠

𝜕𝛿𝑥

𝜕𝑠
+ 𝜌𝐽

𝜕2𝑤

𝜕𝑤𝜕𝑠

𝜕2𝛿𝑥

𝜕𝑤𝜕𝑠

𝐾

0

𝑠

0
− (

𝐹(1−𝑢)𝐽

(1+𝑢)(1−2𝑢)
+

1

2
𝜇𝐵𝑘2)

𝜕2𝑥

𝜕𝑤2

𝜕2𝛿𝑥

𝜕𝑤2 ) 𝑑𝑤𝑑𝑠 = 0 (33) 

Coefficients of 𝑑𝑤 will be adjusted to zero by integrating Equation (33) by portions 

while keeping in mind the fundamental lemma of the calculus of variations. 

  (
𝐸𝐼(1−𝑢)

(1+𝑢)(1−2𝑢)
+

1

2
𝜇𝐵𝑘2)

𝜕4𝑥(𝑤,𝑠)

𝜕𝑤4 + 𝜌𝐵
𝜕2𝑥(𝑤,𝑠)

𝜕𝑠2 − 𝜌𝐽
𝜕2𝑥(𝑤,𝑠)

𝜕𝑤2𝜕𝑠2 = 0  (34) 

Additionally, the conditions for the boundary of the beam at its edges𝑘(𝑤 = 0   𝑤 =
𝐾)could be expressed as follows: 

𝐸𝑖𝑡ℎ𝑒𝑟 (
𝐸𝐼(1 − 𝑢)

(1 − 𝑢)(1 − 2𝑢)
+

1

2
𝜇𝐵𝑘2)

𝜕3𝑥(𝑤, 𝑠)

𝜕𝑤3
+ 𝜌𝐽

𝜕3𝑥(𝑤, 𝑠)

𝜕𝑤𝜕𝑠2
= 0      𝑥 = 0  

  𝐸𝑖𝑡ℎ𝑒𝑟 (
𝐸𝐼(1−𝑢)

(1−𝑢)(1−2𝑢)
+

1

2
𝜇𝐵𝑘2)

𝜕3𝑥(𝑤,𝑠)

𝜕𝑤2 = 0    
𝜕2𝑥(𝑤,𝑠)

𝜕𝑤2  = 0    (35) 

where the mass moments of gravity of the beam is represented by 𝜌𝐽 and the stiffness 

of flexion by 𝐸𝐼. 

Equation (34) can have its steady-state solution expressed as 𝑥(𝑤, 𝑠) = 𝑈(𝑤)𝑓𝑗Ω𝑠. 

By inserting the expression 𝑈(𝑤)𝑓𝑗Ω𝑠into Equation (34) can be expressed as follows 

since the time variable will be removed: 

   (
𝐸𝑖(1−𝑢)

(1−𝑢)(1−2𝑢)
+

1

2
𝜇𝐵𝑘2) 𝑈(4)(𝑤) + 𝜌𝐽Ω2𝑈′′(𝑤) − 𝜌𝐵Ω2𝑈(𝑤) = 0 (36) 

where𝑤 and double prime symbol, respectively, represent the additional derivatives 

relative to vibration frequency 𝑤 , and Ω indicates the 2nd derivative about 𝑤 . 

Assuming variable constants and dimension elements as follows: 

  𝑈̅ =
𝑈

𝐾
, 𝜉 =

𝑤

𝐾
, 𝜆4 =

𝜌𝐵𝐾4Ω
2

𝐸𝐼
      (37) 
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By using Equation (37) in place of (36), the transverse free vibration may be written 

as follows:  

  𝑈̅(4)(𝜉) + 𝑛2𝑟4𝜆4𝑈′′(𝜉) − 𝑟4𝜆4𝑈(𝜉) = 0    (38) 

where 

  𝑟4 =
𝐸𝐼

𝐸𝐼(1−𝑢)

(1+𝑢)(1−2𝑢)
+

1

2
𝜇𝐵𝑘2

, 𝑛2 =
1

𝐾2𝐵
     (39) 

It requires to be remembered that A is the beam's cross-sectional area. The overall 

solution is derived as follows by calculating the differential Equation (38) and 

locating the source of the associated characteristic equation: 

  𝑈(𝜉) = 𝐵1𝑠𝑖𝑛𝑔(𝛽𝑞𝜉) + 𝐵2𝑐𝑜𝑠𝑔(𝛽𝑞𝜉) + 𝐵3𝑠𝑖𝑛(𝛽𝑗𝜉) + 𝐵4𝑐𝑜𝑠(𝛽𝑗𝜉) (40) 

where𝛽𝑞 and 𝛽𝑗 are: 

  𝛽𝑞 = 𝑟𝜆 (
𝑛4𝑟4𝜆4+4−𝑛2𝑟2𝜆2

2
)

1/2

 

 𝛽𝑞 = 𝑟𝜆 (
𝑛4𝑟4𝜆4+4+𝑛2𝑟2𝜆2

2
)

1/2

      (41) 

III.iii.   Boron nitride nanotube-reinforced nanocomposite plate using Eshelby–

Mori–Tanaka approach 

Nanotubes composed of boron and nitrogen atoms organized in a hexagonal 

lattice have unique features compared to carbon nanotubes. These cylindrical 

structures resemble carbon nanotubes. The mechanical, thermal, and electrical 

properties of a nanocomposite plate are improved by incorporating these BNNTs into 

the matrix material, which is a polymer or a ceramic. Unique properties, such as high 

heat conductivity, extraordinary strength, and endurance to high temperatures are 

impacted by the inclusion of BNNTs. The Eshelby-Mori-Tanaka method, which 

determines the substance characteristics of nanocomposites in reinforced using 

straighter and extended BNNT fibers, is one method for estimating the parameters of 

the nanotechnology plate. This fiber requires that its stiffness constants are expressed 

in the following order when dispersed in the polymer nanocomposites isotropic in 

nature matrix. 

  𝐹11 = 𝜂1𝑈𝐵𝑁𝑁𝑇𝐹11
𝐵𝑁𝑁𝑇 + 𝑈𝑛𝐹𝑛      (42) 

  
𝜂2

𝐹22
=

𝑈𝐵𝑁𝑁𝑇

𝐹22
𝐵𝑁𝑁𝑇 +

𝑈𝑛

𝐹𝑛       (43) 

  
𝜂3

𝐻12
=

𝑈𝐵𝑁𝑁𝑇

𝐻12
𝐵𝑁𝑁𝑇 +

𝑈𝑛

𝐹𝑛       (44) 

Furthermore, the amount of portions of the matrix material and BNNTs are 

represented by 𝑈𝑛and𝑈𝐵𝑁𝑁𝑇, correspondingly. 

  𝑈𝐵𝑁𝑁𝑇 + 𝑈𝑛 = 1        (45) 
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The expressions for the thermal contraction factors are 

𝛼11 = 𝑈𝐵𝑁𝑁𝑇𝛼11
𝐵𝑁𝑁𝑇 + 𝑈𝑛𝛼𝑛       

  (46) 

𝛼22 = (1 + 𝑢12
𝐶𝑁𝑇)𝑈𝐵𝑁𝑁𝑇𝛼11

𝐵𝑁𝑁𝑇 + (1 + 𝑢𝑛)𝑈𝑛𝛼𝑛 − 𝑢12𝛼11   

 (47) 

Where 

𝑢12 = 𝑈𝐵𝑁𝑁𝑇𝑢12
𝐶𝑁𝑇 + 𝑈𝑛𝑢𝑛       

  (48) 

The structural reaction during free vibration is complicated by the micro beams' 

fractures. The main focus of the study is how the peculiar qualities of BNNTs affect 

the composite's resistance to vibration and how it reacts to it, particularly when 

fractures are present. The gradient of BNNT concentration, crack size, and dispersion 

are expected to be important factors in defining the FG-BNNTRC's overall 

performance. 

IV.    Result and discussion 

The results demonstrate the complex interactions between nanoscale 

reinforcements and structural integrity by revealing appreciable variations in 

vibration frequencies. The study highlights that the length scale, length thickness 

ratio, and volume percentage are some of the elements that significantly affect the 

frequencies. 

IV.i.  Temperature variation of a nanocomposite panel reinforced with 

Functionally Graded Boron Nitride Nanotube-Reinforced Composite (FG-

BNNTRC) 

A panel of nanocomposite reinforced with boron nitride nanotubes is said to respond 

differently to temperature variations in terms of temperature variation. A 

nanocomposite panel is defined as a material consisting of a polymer matrix 

reinforced with cylindrical boron nitride nanotubes a combination of boron and 

nitrogen atoms. Its mechanical and thermal properties are improved by the 

incorporation of nanotubes in the composite. The distinct characteristics of boron 

nitride nanotubes affect the way the material acts, which is subject to thermal 

expansion or contraction when the panel's temperature varies. Figure 2 depicts how 

different 𝑏/𝑔 affect the temperature field in relation to𝑏/𝑔 . In addition to larger 

piezoelectric plates and higher𝑘/𝑔, the required temperature field rises, as this figure 

illustrates. Furthermore, while𝑏/𝑔increases the curves' slopes drop and the variance 

between different 𝑘/𝑔increases. The high𝑘/𝑔the essential temperature field of the 

stronger plate results in an increase in the double-bounded nanocomposite 

thermoelectric plate reinforced by BNNT. 
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Fig. 2. The temperature change of aFG-BNNTRC at different length-to-thickness 

ratios 

IV.ii.   A comparison between the four frequencies and the crack position 

According to the Euler-Bernoulli model, modifying the distribution of pair stresses 

under varied edge crack locations, various crack severity levels 𝐾, varying PR, and 

the substance dimension variable, the findings shown in this portion represent the 

typical frequencies of microbeams. The results displayed in Table 1 have been 

compared to four oscillations and fractures located at𝜉 =  0.25. Consider the inertia 

of rotation is disregarded, along with PR, and a variable for this result is obtained by 

setting the radial dimension of the component to zero. 

Table 1: An examination of the four frequencies in relation to the crack situated 

at 𝝃 =  𝟎. 𝟐𝟓 

𝝀 

Present 

Values (K) 

Present 

values (K) 

Present 

values (K) 

Present 

values (K) 

0 .065 .35 2 

1 3.50 3.10 2.92 2.36 

2 6.32 6.12 5.66 5.14 

3 9.53 9.32 9.10 8.91 

4 12.69 12.65 12.60 12.62 

 

According to the Euler-Bernoulli model, modifying the distribution of couple stresses 

for different edge fracture locations, variations in crack severity 𝐾, variations in PR, 

and the substance dimension variable, the findings shown in this portion represent the 

typical frequencies of microbeams. The results displayed in Table 2 have been 

compared to four frequencies and the crack located at𝜉 =  0.50 . Considering the 

inertia of rotation is disregarded, to achieve this outcome; the substance length scale 

factor has been configured to 0. 
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Table 2: Examining the four frequencies in relation to the𝝃 =  𝟎. 𝟓𝟎 

𝝀 

Present 

Values (K) 

Present 

values (K) 

Present 

values (K) 

Present 

values (K) 

0 .065 .35 2 

1 3.15 3.07 2.76 2.10 

2 6.30 6.29 6.29 6.29 

3 9.44 9.17 8.63 8.10 

4 12.57 12.60 12.60 12.56 

 

IV.iii.   Initial four inherent resonances featuring a crack at n = 0.25 and n = 0.50 

for 𝜼 

Additionally, the beam's breadth (b = 10 h) and length (L = 100 h) are chosen to 

examine the four natural frequencies. To investigate the impact of the material length 

scale parameter 𝑙 on the natural frequencies, another dimension-free parameter, 𝜂 =
 h/𝑙 , the scaling parameter, which is the relationship between beam height and 

material length is introduced. The first four frequencies are computed using the 

values found in Table 3 for different fracture severities, PR, varied parameter𝜂, and 

crack placements. It is evident that when crack severity grows, the first four 

frequencies gradually decrease. Additionally, it is clear, that when the microbeams 

are𝜉 =  0.25, the fourth natural frequency remains constant for a range of PR and 

crack severities. Furthermore, a positive correlation between the total number of 

frequencies and the rising PR is discovered.  Table 4 shows the microbeams are𝜉 =
0.50, there is no change to the fourth natural frequency for a range of PR and crack 

severities. 

Table 3: Initial 4 natural frequency including a fissure at 𝝃 = 𝟎. 𝟓𝟎  and 𝜼 =  𝟏 

K 
1st𝛀̅ 2nd𝛀̅ 3rd𝛀̅ 4th𝛀̅ 1st𝛀̅ 2nd𝛀̅ 3rd𝛀̅ 4th𝛀̅ 

u=.28 u= .30 

0.0 4.33394 8.66734 12.9997 17.3304 4.34339 8.68624 13.028 17.3682 

0.065 4.20332 8.66734 12.6442 17.3304 4.21249 8.68624 12.6718 17.3682 

0.35 3.79317 8.66734 11.8805 17.3304 3.80143 8.68624 11.9064 17.3682 

2.0 2.89153 8.66734 11.1361 17.3304 2.89783 8.68624 11.1604 17.3682 

K u = .33 u=.38 

0.0 4.36797 8.73541 13.1018 17.4665 4.45548 8.91041 13.3642 17.8164 

0.065 4.23633 8.73541 12.7435 17.4665 4.3212 8.91041 12.9988 17.8164 

0.35 3.82295 8.73541 11.9738 17.4665 3.89954 8.91041 12.2137 17.8164 

2.0 2.91424 8.73541 11.2236 17.4665 2.97262 8.91041 11.4484 17.8164 
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Table 4:The initial 4 natural frequencies have a fissure located at 𝝃 =  𝟎. 𝟐𝟓  and 

𝜼 =  𝟏 

 

K 
1st𝛀̅ 2nd𝛀̅ 3rd𝛀̅ 4th𝛀̅ 1st𝛀̅ 2nd𝛀̅ 3rd𝛀̅ 4th𝛀̅ 

u=.28 u= .30 

0.0 4.33394 8.66734 12.9997 17.3304 4.34339 8.68624 13.028 17.3682 

0.065 4.26565 8.41862 12.8305 17.3304 4.27495 8.43697 12.8585 17.3682 

0.35 4.0105 7.79285 12.5199 17.3304 4.01925 7.80984 12.5472 17.3682 

2.0 3.24092 7.04198 12.2774 17.3304 3.24799 7.05733 12.3041 17.3682 

K u= .33 u= .38 
0.0 4.36797 8.73541 13.1018 17.4665 4.45548 8.91041 13.3642 17.8164 

0.065 4.29915 8.48473 12.9313 17.4665 4.38527 8.65471 13.1903 17.8164 

0.35 4.0420 7.85405 12.6182 17.4665 4.12297 8.01139 12.8710 17.8164 

2.0 3.26637 7.09728 12.3738 17.4665 3.33181 7.23947 12.6217 17.8164 

 

IV.iv.    PR for various levels of cracking severity 

The findings of the investigation examine the effects concerning the initial fracture 

location, spatial scaling length variable, and PR natural frequency. Furthermore, a 

correlation between the crack's quality characteristic and its inherent rate has been 

found to significantly decreases. In addition, it becomes evident whenever the 

fracture severity metric quadruples, the natural frequency is nearly twice as high. 

Furthermore, without dimension materials, the inherent frequency grows as the length 

scale variable decreases significantly, as shown in Figures 3 and 4. The natural 

frequency decreases by half as the severity of the cracks increases four times. A 

cracked 𝜉 = 0.50 has a far lower total natural frequency than one cracked at𝜉 = 0.25. 

 
Fig. 3. PR for different crack severity at 𝜉 = 0.50 
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Fig. 4. PR for different crack severity at 𝜉 = 0.25 

IV.v.    Effect of crack position for diverse 𝜼 

The impact of fracture position on natural frequency is depicted in Figure 5. It goes 

without saying that the conventional wisdom was the natural frequency would exhibit 

as relocating the crack from one beam edge to the other, periodic variations other 

because of the balanced barrier constraints that the microbeams had to overcome. 

Furthermore, it demonstrated that the location of the fracture in the center of the 

microbeams represents the smallest amount of natural frequency. Furthermore, the 

values greater than 4, there is a minimal impact of the dimensionless material length 

scale parameter on natural frequencies. 

 
Figure 5: Natural frequencies are essentially unaffected by the crack position for 

different 𝜂 when 𝑣 =  .3 and 𝐾 =  1.5 

IV.vi.   Effect of crack position for diverse 𝒖 

PR significantly affects the crack position and natural frequency, as seen by 

the results displayed in Figure 6. It has been proven that the inherent frequencies 
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essentially stay the same for microbeams with a PR of .15 to .35. Since as long as it is 

greater than 0.35, it rises significantly. 

 

 
Fig. 6. Effect of fracture position on inherent frequencies for different 𝑢 when 𝐾 =

 1.5 and 𝜂 =  1 

IV.vii.    Discussion 

The effects of material length scale, fracture position, and PR on natural 

frequencies are investigated. As crack severity increases, the results show a 

progressive decline in frequencies, highlighting the complex interactions among these 

variables. The outcomes, show how natural frequencies are affected by fracture 

position, material length scale, and PR. The study focuses attention on expected 

results, including the strong effect of PR on natural frequencies and the asymmetric 

fluctuation of natural frequencies with different fracture positions. The 

comprehensive analysis clarifies the complex linkages controlling the natural 

frequencies of microbeams with edge fractures as well as the diverse behaviors of a 

nanocomposite panel under temperature fluctuations. Future research in structural 

mechanics and nanocomposite materials will benefit from the nuanced understanding 

of the examined phenomena provided by the data and visualizations offered. The 

mechanical strength and stiffness of the composite matrix are enhanced by the 

addition of FG-BNNTRC. Renowned for its remarkable mechanical characteristics, 

FG-BNNTRC enhances and improves the composite material's overall structural 

integrity. 

V.     Conclusion 

The study analyzes the size-dependent vibration of cracked micro beams with 

FG-BNNTRC using the Euler-Bernoulli beam theory and the MCS theory. The 

effects on the natural frequencies of the following factors: Factors such as PR, 

fracture location, crack severity, and dimensions of the material scale. A negative 

correlation has been seen between the crack severity and natural frequencies. A major 

factor influencing natural frequency is crack severity. The break advances towards 

the center of the beam, causing a fall in natural frequency overall. The findings have 

important ramifications for the creation of novel composite materials for use in 
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micro-scale applications. Expanding our knowledge of material behavior in micro-

electromechanical systems is made possible by the investigation of the intricate 

relationships between structural integrity and nanoscale reinforcements. The study 

makes novel approaches to the optimization and design of micro-scale structures 

applicable to a variety of technical domains and advances the larger objective of 

using Functionally Graded Boron Nitride Nanotube-Reinforced Composite (FG-

BNNTRC)to improve the mechanical performance of composite materials. 
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