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Abstract 

In this article, new oscillation criteria for the second-order self-adjoint 

Matrix differential equations by using the Riccatti technique are obtained. A suitable 

example is given to illustrate the significance and effectiveness of the result.         

Keywords: Matrix Differential equations, oscillation, selfadjoint, damping. 

I.    Introduction   

A Matrix differential equation is a mathematical equation in which the 

unknown is a matrix of functions appearing in the equation together with its 

derivative. In the last few years, the interest in Matrix differential equations has 

grown more and more in the field of mathematics. The oscillation theory of matrix 

differential equations was first studied by H.C. Howard in 1965 [VII] 

  𝑌′′(𝑥) + 𝑃(𝑥)𝑌(𝑥) = 0         (1) 

In 1991, Coles [V] introduced the self-adjoint in the second derivative. 

  (𝑃(𝑡)𝑌′)′ + 𝑄(𝑡)𝑌 = 0        (2) 

Later, the oscillatory behavior of matrix differential equations was discussed by a few 

authors in the literature (see references [VIII, XVII, XXII]). Motivated by Philos, 

even more authors [XXV, XXVI, XXVII] acquired sufficient conditions for the 

oscillation of Matrix differential equations with damping. 

  (𝑃(𝑡)𝑋′(𝑡))′ + 𝑅(𝑡)𝑋′(𝑡) + 𝑄(𝑡)𝑋(𝑡) = 0       (3) 
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There has been a significant number of publications on the oscillation theory of 

matrix linear differential equations [XII, XIV, XVIII] and extended their results in non-

linear cases as in references [VI, XVII, XXII]. In 2005, Wan-Tong Li [XIII] studied 

the matrix differential equation by introducing the forcing term 

  [𝑟(𝑡)𝑌′(𝑡)]′ + 𝑝(𝑡)𝑌′(𝑡) + 𝑄(𝑡)𝐺(𝑌′(𝑡))𝐹(𝑌(𝑡)) = 𝑒(𝑡)𝐼𝑛      (4) 

Basci [I], has used 𝐻(𝑡, 𝜏)𝑘(𝜏) as opposed to 𝐻(𝑡, 𝜏) and established some new 

Kamenev-type oscillation criteria for the second order matrix differential system with 

damping. Yan Cong Xu [XXIV], obtained some new results with the use of the non-

negative linear function and the generalized Riccatti technique. Further, Kumari and 

Umamaheswaram [IX] have also obtained the oscillation condition for a linear 

Hamiltonian matrix system. There are numerous applications of matrix differential 

equations both in mathematics and other field of Engineering. One of the physics-

related applications is the study of electrical circuits, quantum mechanics, and optics. 

Many authors have expressed interest in studying the applications of matrices as in 

example [II, XX]. 

There are several definitions for fractional derivatives and integrals like Riemann 

Liouville, Caputo, Atangana Hadamard, etc. Riemann Liouville and Caputo 

derivatives are two common types of fractional derivative formulations that are 

frequently used to examine the properties of fractional order. A pivotal extension of 

calculus is the Riemann Liouville fractional derivative. This fractional derivative 

property has an extra few holdings when compared to a normal classical derivative. 

There is a great deal of analysis that leads to the conclusion of the Riemann Liouville 

derivative which is a more accurate option for fractional modeling. Numerous 

analyses lead to the conclusion that Riemann Liouvville is a more accurate option for 

fractional order derivative and analysis. Many authors used Riemann Liouville in 

their fractional model and contributed a notable amount of literature on oscillation 

theory [III, IV, X, XI, XVI]. In [XV], Nandhakumaran et al. studied the oscillatory 

theory in the classical case, and V. Sadhasivam et al. [XXI] in fractional partial 

differential equations. 

As far as the authors are aware, there hasn't been any research on Riemann Liouville 

fractional derivative with matrix differential equations in the form of 

𝑑

𝑑𝑡
(𝑅(𝑡)𝐷+

𝛼𝑌(𝑡)) + 𝑄(𝑡)𝐷+
𝛼𝑌(𝑡) + 𝑃(𝑡)𝐹 (∫  

𝑡

0

  (𝑡 − 𝑠)−𝛼𝑌(𝑠)𝑑𝑠)𝐺(𝐷+
𝛼𝑌(𝑡)) = 0,  

  𝑡 ≥ 𝑡0 > 0          (5) 

Here 𝑅, 𝑌, 𝑃, 𝑄, 𝐹, 𝐺 satisfy the condition 

(C1)𝑅(𝑡), 𝑄(𝑡) and 𝑃(𝑡) are 𝑛 × 𝑛 matrices with real-valued continuous functions on 

the interval [𝑡0,∞), 𝑅(𝑡) is symmetric, positive definite matrix and 𝑄(𝑡) is symmetric 

for 𝑡0 ≥ 0. 

The following assumptions are 

(C2) 𝐹:𝑀𝑛 → 𝑀𝑛 and 𝑀𝑛 is the vector space of all 𝑛 × 𝑛 real symmetric matrix, 𝐹 is 

continuously differentiable in 𝑅𝑛
2
. 𝑌(𝑡)𝐹(𝑌(𝑡)) is positive definite for det 𝑌(𝑡) ≠ 0, 
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𝐹′(𝐾(𝑡)) > 𝜇𝐼𝑛 where 𝜇 is the constant and 𝐼𝑛 is the identity matrix. 𝐹−1 exist for 

𝐾 ≠ 0 and 𝐹(𝐾(𝑡))−1 is positive definite. 

(C3)𝐺 ∈ 𝐶(𝑅
𝑛2 , 𝑅𝑛

2
) and 𝐺(𝐷+

𝛼𝑌(𝑡)) is a continuous and positive definite matrix 

such that 𝐿𝐼𝑛 > 0 where 𝐿 is a positive constant at 𝐼𝑛 is the identity matrix. 

A solution 𝑌(𝑡) of (5) is said to be non-trivial if det 𝑌(𝑡) ≠ 0 for at least one 𝑡 ∈
[𝑡0,∞). A non-trivial solution 𝑌(𝑡) of (5) is known as prepared or self-conjugate 

satisfies 

(𝐷+
𝛼𝑌(𝑡))∗(𝑅(𝑡)𝐷+

𝛼𝑌(𝑡)) = (𝑅(𝑡)𝐷+
𝛼𝑌(𝑡))∗(𝐷+

𝛼𝑌(𝑡)) for 𝑡 ∈ [𝑡0,∞), 

where for any matrix 𝐴, the transpose 𝐴 is denoted by 𝐴∗. 

A non-trivial prepared solution 𝑌(𝑡) of (5) is said to be oscillatory if for every 𝑡0 ≥ 0 

It is possible to find a 𝑡1 ≥ 𝑡0 such that det 𝑌(𝑡) = 0, otherwise it is nonoscillatory. 

II.    Preliminaries 

This section proceeded by stating the Riemann Liouville definitions for 

differentiation and integration. Additionally, a lemma is introduced which connects 

Riemann Liouville's derivative and that of classical. 

Definition 2.1. The Riemann-Liouville fractional derivative of order 0 < 𝛼 < 1 with 

respect to ' 𝑡 ' of a function 𝑌(𝑡) is given by 

𝐷+
𝛼𝑌(𝑡): =

1

Γ(1 − 𝛼)

𝑑

𝑑𝑡
∫  
𝑡

0

(𝑡 − 𝑠)−𝛼𝑌(𝑠)𝑑𝑠                                                 (6) 

provided that the right hand is pointwise defined on [𝑡0,∞), Γ is the gamma function. 

Definition 2.2. The Riemann-Liouville fractional integral of order 𝛼 > 0 of a 

function 𝑌: [𝑡0, ∞) → 𝑅𝑛
2
 on the half-axis [𝑡0,∞) is given by 

𝐼+
𝛼𝑌(𝑡):=

1

Γ(𝛼)
∫  
𝑡

0

(𝑡 − 𝑠)𝛼−1𝑌(𝑠)𝑑𝑠  for 𝑡 ≥ 𝑡0                                                   (7) 

Definition 2.3. The Riemann-Liouville fractional derivative of order 𝛼 > 0 of a 

function 𝑌: [𝑡0, ∞) → 𝑅𝑛
2
 on the half-axis [𝑡0,∞) is given by 

𝐷+
𝛼𝑌(𝑡): =

𝑑⌈𝛼⌉

𝑑𝑡⌈𝛼⌉
[𝐼+
⌈𝛼⌉𝑌(𝑡)]   for 𝑡 ≥ 𝑡0                                                            (8) 

provided that the right-hand side is pointwise defined on [𝑡0, ∞) where ⌈𝛼⌉ is the 

ceiling function of 𝛼. 

Lemma 2.4. Let 𝑌(𝑡) = [𝑦𝑖𝑗]𝑛×𝑛 𝑖, 𝑗 = 1,2,… , 𝑛 be the solution of (5) and 𝐾(𝑡) = 

∫0
𝑡
 (𝑡 − 𝑠)−𝛼𝑌(𝑠)𝑑𝑠 where 𝐾(𝑡) = [𝑘𝑖𝑗]𝑛×𝑛, then 𝐾′(𝑡) = Γ(1 − 𝛼)𝐷+

𝛼𝑌(𝑡) for 𝛼 ∈

(0,1] and 𝑡 ≥ 0. 
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Proof : Consider 𝐾(𝑡) = ∫0
𝑡
 (𝑡 − 𝑠)−𝛼𝑌(𝑠)𝑑𝑠 

Taking 𝑖𝑗th  component we get, 

𝑘𝑖𝑗(𝑡) = ∫  
𝑡

0

(𝑡 − 𝑠)−𝛼𝑦𝑖𝑗(𝑠)𝑑𝑠 𝑖, 𝑗 = 1,2, … , 𝑛 

Taking differentiation on both sides 

𝑑

𝑑𝑡
(𝑘𝑖𝑗(𝑡)) =

𝑑

𝑑𝑡
∫  
𝑡

0

  (𝑡 − 𝑠)−𝛼𝑦𝑖𝑗(𝑠)𝑑𝑠

 = Γ(1 − 𝛼)
1

Γ(1 − 𝛼)

𝑑

𝑑𝑡
∫  
𝑡

0

  (𝑡 − 𝑠)−𝛼𝑦𝑖𝑗(𝑠)𝑑𝑠

 = Γ(1 − 𝛼) [
1

Γ(⌈𝛼⌉ − 𝛼)

𝑑⌈𝛼⌉

𝑑𝑡⌈𝛼⌉
∫  
𝑡

0

  (𝑡 − 𝑠)⌈𝛼⌉−𝛼−1𝑦𝑖𝑗(𝑠)𝑑𝑠]

𝑘𝑖𝑗
′ (𝑡) = Γ(1 − 𝛼)𝐷+

𝛼𝑦𝑖𝑗(𝑡)

 

which implies 

  (𝑘𝑖𝑗
′ (𝑡))

𝑛×𝑛
= Γ(1 − 𝛼)𝐷+

𝛼[𝑦𝑖𝑗(𝑡)]𝑛×𝑛 

Therefore 𝐾′(𝑡) = Γ(1 − 𝛼)𝐷+
𝛼𝑌(𝑡). 

III.    Oscillation with Monotonicity 

This section deals with the monotonicity of 𝐹, hence the following assumption is 

derived 

(C4)  𝐹 is monotone, satisfying the condition 𝐹(𝐾(𝑡))−1 ≥ 𝜇𝐼𝑛 > 0, here 𝜇 is a 

constant and 𝐼𝑛 is the identity matrix. 

Theorem 3.1. Let 𝜌 = 𝜌(𝑡, 𝑠) belong to a class 𝑋, indicated by 𝜌 ∈ 𝑋 if 𝜌 ∈
𝐶(𝐷, [0,∞]) where 𝐷 = {(𝑡0, 𝑠):−∞ < 𝑠 ≤ 𝑡 < ∞} satisfying 

(i) 𝜌(𝑡, 𝑡) = 0 and 𝜌(𝑡, 𝑠) > 0 on 𝐷 

(ii) 𝜌 has a partial derivative 
∂𝜌

∂𝑡
 and 

∂𝜌

∂𝑠
 on 𝐷 such that 

  
∂𝜌

∂𝑡
= ℎ1(𝑡, 𝑠)√𝜌(𝑡, 𝑠)          (9) 

and 

  
∂𝜌

∂𝑠
= −ℎ2(𝑡, 𝑠)√𝑏(𝑡, 𝑠)        (10) 

where ℎ1, ℎ2 ∈ 𝐿𝑙𝑜𝑐(𝐷, 𝑅) 

Assume that condition (C1) − (C4) holds. 
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(a) Suppose 𝑌 be the non-negative solution of (5) on [𝑐, 𝑏). To any ℎ ∈
𝐶′([𝑡0,∞), (0,∞)). Let 

𝑈(𝑡) = 𝑣(𝑡)𝑅(𝑡)[𝐷+
𝛼𝑌(𝑡)[𝐹(𝐾(𝑡)]−1 + ℎ(𝑡)𝐼𝑛], 𝑡 ≥ 𝑡0 on [𝑐, 𝑏)                  (11) 

Next, for any 𝜌 ∈ 𝑋 

         
∫  
𝑏

𝑐
 𝜌(𝑏, 𝑠)Φ(𝑠)𝑑𝑠 ≤ 𝜌(𝑏, 𝑐)𝑈(𝑐) +

1

4𝜇Γ(1−𝛼)
∫  
𝑏

𝑐
 𝑣(𝑠)𝑅(𝑠)[ℎ2(𝑏, 𝑠)𝐼𝑛 + √𝜌(𝑏, 𝑠)

(𝑄(𝑠)𝑅−1(𝑠) + 2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛)]
2𝑑𝑠

  (12) 

(b) In the same way, suppose 𝑌 be the nonnegative solution of (5) on (𝑎, 𝑐]. If any 

ℎ ∈ 𝐶′([𝑡0, ∞), (0,∞)) specify as said above. To any 𝜌 ∈ 𝑋 

        
∫ 𝜌(𝑠, 𝑎)Φ(𝑠)𝑑𝑥
𝑏

𝑎
≤ −𝜌(𝑐, 𝑎)𝑈(𝑐) +

1

4𝜇Γ(1−𝛼)
∫  
𝑐

𝑎
 𝑣(𝑠)𝑅(𝑠)[ℎ1(𝑠, 𝑎)𝐼𝑛 − √𝜌(𝑠, 𝑎)

(𝑄(𝑠)𝑅−1(𝑠) + 2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛)]
2𝑑𝑠

  (13) 

Defining 𝑣 and Φ as 

𝑣(𝑡) = exp [−2𝜇∫  
𝑡

𝑡0

 ℎ(𝑠)𝑑𝑠]

Φ(𝑡) = 𝑣(𝑡)[𝐿𝑃(𝑡) − ℎ(𝑡)𝑄(𝑡) − 𝜇Γ(1 − 𝛼)ℎ2(𝑡)𝑅(𝑡) − (ℎ(𝑡)𝑅(𝑡))′]

 

Proof : By substituting the value of 𝐾(𝑡) = ∫0
𝑡
 (𝑡 − 𝑠)−𝛼𝑌(𝑠)𝑑𝑠. (1)  becomes 

𝑑

𝑑𝑡
(𝑅(𝑡)𝐷+

𝛼𝑌(𝑡)) + 𝑄(𝑡)𝐷+
𝛼𝑌(𝑡) + 𝑃(𝑡)𝐹(𝐾(𝑡))𝐺(𝐷+

𝛼𝑌(𝑡)) = 0              (14) 

From the equation (11) and (14) for 𝑠 ∈ [𝑐, 𝑏), 

𝑈′(𝑡) = −2𝜇𝑣(𝑡)ℎ(𝑡)[𝑅(𝑡)(𝐷+
𝛼𝑌(𝑡)[𝐹(𝐾(𝑡))]−1 + ℎ(𝑡)𝐼)]

 +𝑣(𝑡)[(𝑅(𝑡)𝐷+
𝛼𝑌(𝑡)𝐹−1𝐾(𝑡))′ + (ℎ(𝑡)𝑅(𝑡))′]

 

By (C1), (C2) and (C3) 

𝑈′(𝑡) ≤ −2𝜇𝑣(𝑡)ℎ(𝑡)𝑅(𝑡)𝐷+
𝛼𝑌(𝑡)[𝐹(𝐾(𝑡))]−1 − 2𝜇𝑣(𝑡)ℎ2(𝑡)𝑅(𝑡)

 −𝑣(𝑡)𝑄(𝑡)𝐷+
𝛼𝑌(𝑡)[𝐹(𝐾(𝑡))]−1 − 𝐿𝑣(𝑡)𝑃(𝑡)

 −𝑣(𝑡)𝑅(𝑡)𝐷+
𝛼𝑌(𝑡)[𝐹(𝐾(𝑡))]−1𝜇[𝐹(𝐾(𝑡))]−1𝐾′(𝑡) + 𝑣(𝑡)(ℎ(𝑡)𝑅(𝑡))′𝑈′(𝑡)

 ≤
−𝜇Γ(1 − 𝛼)𝑈2(𝑡)𝑅−1(𝑡)

𝑣(𝑡)
− 𝑈(𝑡)[𝑄(𝑡)𝑅−1(𝑡) + 2𝜇ℎ(𝑡)𝐼𝑛

 −Γ(1 − 𝛼)2𝜇ℎ(𝑡)𝐼𝑛] − 𝑣(𝑡)[𝐿𝑃(𝑡) − ℎ(𝑡)𝑄(𝑡) − 𝜇Γ(1 − 𝛼)ℎ
2(𝑡)𝑅(𝑡) − (ℎ(𝑡)𝑅(𝑡))′]𝑈′(𝑡)

 ≤
−𝜇Γ(1 − 𝛼)𝑈2(𝑡)𝑅−1(𝑡)

𝑣(𝑡)
− 𝑈(𝑡)[𝑄(𝑡)𝑅−1(𝑡) + 2𝜇ℎ(𝑡)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑡)𝐼𝑛] − Φ(𝑡)

 

Then 

  
Φ(𝑡) ≤ −𝑈′(𝑡) −

𝜇Γ(1−𝛼)𝑈2(𝑡)𝑅−1(𝑡)

𝑣(𝑡)
− 𝑈(𝑡)[𝑄(𝑡)𝑅−1(𝑡) + 2𝜇ℎ(𝑡)𝐼𝑛

−2𝜇Γ(1 − 𝛼)ℎ(𝑡)𝐼𝑛]
  (15) 
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Multiplying (15) by 𝜌(𝑡, 𝑠) and make use of (14) and (10) and integrate it with 

respect to 𝑠 from 𝑐 to 𝑡 

∫  
𝑡

𝑐

 𝜌(𝑡, 𝑠)Φ(𝑠)𝑑𝑠 ≤ −∫  
𝑡

𝑐

 𝜌(𝑡, 𝑠)𝑈′(𝑠)𝑑𝑠 − ∫  
𝑡

𝑐

 
𝜇Γ(1 − 𝛼)𝜌(𝑡, 𝑠)𝜙2(𝑠)𝑅−1(𝑠)

𝑣(𝑠)
𝑑𝑠

 −∫  
𝑡

𝑐

 𝜌(𝑡, 𝑠)𝑈(𝑠)[𝑄(𝑠)𝑅−1(𝑠) + 2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛]𝑑𝑠

∫  
𝑡

𝑐

 𝜌(𝑡, 𝑠)Φ(𝑠)𝑑𝑠 ≤ −𝜌(𝑡, 𝑐)𝑈(𝑐) −∫  
𝑡

𝑐

 ℎ2(𝑡, 𝑠)√𝜌(𝑡, 𝑠)𝑈(𝑠)𝑑𝑠

 −∫  
𝑡

𝑐

 
𝜇Γ(1 − 𝛼)𝜌(𝑡, 𝑠)𝑈2(𝑠)𝑅−1(𝑠)

𝑣(𝑠)
𝑑𝑠

 −∫  
𝑡

𝑐

 𝜌(𝑡, 𝑠)𝑈(𝑠)[𝑄(𝑠)𝑅−1(𝑠) + 2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛]𝑑𝑠

∫  
𝑡

𝑐

 𝜌(𝑡, 𝑠)Φ(𝑠)𝑑𝑠 ≤ 𝑏(𝑡, 𝑐)𝑈(𝑐) +
1

4𝜇Γ(1 − 𝛼)
∫  
𝑡

𝑐

 𝑣(𝑠)𝑅(𝑠)[ℎ2(𝑡, 𝑠)𝐼𝑛

+√𝜌(𝑡, 𝑠)(𝑄(𝑠)𝑅−1(𝑠) + 2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛)]
2
𝑑𝑠

 

Taking 𝑡 → 𝑏−in the inequality above 

∫  
𝑏

𝑐

 𝜌(𝑏, 𝑠)Φ(𝑠)𝑑𝑠 ≤ 𝜌(𝑏, 𝑐)𝑈(𝑐) +
1

4𝜇Γ(1 − 𝛼)
∫  
𝑏

𝑐

 𝑣(𝑠)𝑅(𝑠)[ℎ2(𝑏, 𝑠)𝐼𝑛

 +√𝜌(𝑏, 𝑠)(𝑄(𝑠)𝑅−1(𝑠) + 2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛]
2𝑑𝑠

 

In the subsequent section multiply (15) by 𝜌(𝑠, 𝑡), make use of (9), (10) & integrate it 

with respect to 𝑠 from 𝑐 to 𝑡 

∫  
𝑐

𝑡

 𝜌(𝑠, 𝑡)Φ(𝑠)𝑑𝑠 ≤ −∫  
𝑐

𝑡

 𝜌(𝑠, 𝑡)𝑈′(𝑠)𝑑𝑠 −∫  
𝑐

𝑡

 
𝜌(𝑠, 𝑡)𝜇Γ(1 − 𝛼)𝑈2(𝑠)𝑅−1(𝑠)

𝑣(𝑠)
𝑑𝑠

 −∫  
𝑐

𝑡

 𝜌(𝑠, 𝑡)𝑈(𝑠)[𝑄(𝑠)𝑅−1(𝑠) + 2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛]𝑑𝑠

∫  
𝑐

𝑡

 𝜌(𝑠, 𝑡)Φ(𝑠)𝑑𝑠 ≤ −𝜌(𝑐, 𝑡)𝑈(𝑐) + ∫  
𝑐

𝑡

 ℎ1(𝑠, 𝑡)√𝜌(𝑠, 𝑡)𝑈(𝑠)𝑑𝑠

 

 −∫  
𝑐

𝑡

 
𝜇Γ(1 − 𝛼)𝜌(𝑠, 𝑡)𝑈2(𝑠)𝑅−1(𝑠)

𝑣(𝑠)
𝑑𝑠

 −∫  
𝜌

𝑡

 𝜌(𝑠, 𝑡)𝑈(𝑠)[𝑄(𝑠)𝑅−1(𝑠) + 2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛]𝑑𝑠

∫  
𝑐

𝑡

 𝜌(𝑠, 𝑡)Φ(𝑠)𝑑𝑠 ≤ −𝜌(𝑐, 𝑡)𝑈(𝑐) +
1

4𝜇Γ(1 − 𝛼)
∫  
𝑐

𝑡

 𝑣(𝑠)𝑅(𝑠)[ℎ1(𝑠, 𝑡)

−√𝜌(𝑠, 𝑡)(𝑄(𝑠)𝑅−1(𝑠) + 2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇ℎ(𝑠)𝐼𝑛)Γ(1 − 𝛼)]
2
𝑑𝑠
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Taking 𝑡 → 𝑎+in the inequality above 

∫  
𝑐

𝑎

 𝜌(𝑠, 𝑎)Φ(𝑠)𝑑𝑠 ≤ −𝜌(𝑐, 𝑎)𝑈(𝑐) +
1

4𝜇Γ(1 − 𝛼)
∫  
𝑐

𝑎

 𝑣(𝑠)𝑅(𝑠)[ℎ1(𝑠, 𝑎)𝐼𝑛

 −√𝜌(𝑠, 𝑎)(𝑄(𝑠)𝑅−1(𝑠) + 2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛]
2𝑑𝑠

 

Hence the theorem is proved. 

Theorem 3.2. Assume (C1) − (C4) satisfies. Suppose that for some 𝑐 ∈ (𝑎, 𝑏)∃𝜌 ∈
𝑋, ℎ ∈ 𝐶′([𝑡0,∞), (0,∞)) the next inequality is satisfied 

1

𝜌(𝑏, 𝑐)
 ∫  

𝑏

𝑐

 𝜌(𝑏, 𝑠)Φ(𝑠)𝑑𝑠 +
1

𝜌(𝑐, 𝑎)
∫  
𝑐

𝑎

 𝜌(𝑠, 𝑎)Φ(𝑠)𝑑𝑠 >
1

4𝜇Γ(1 − 𝛼)
∫  
𝑏

𝑐

 𝑣(𝑠)𝑅(𝑠)[ℎ2(𝑏, 𝑠)𝐼𝑛

 +√𝜌(𝑏, 𝑠)(𝑄(𝑠)𝑅−1(𝑠) + 2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛]
2𝑑𝑠

 +
1

4𝜇Γ(1 − 𝛼)
∫  
𝑐

𝑎

 𝑣(𝑠)𝑅(𝑠)[ℎ1(𝑠, 𝑎)𝐼𝑛 − √𝜌(𝑠, 𝑎)[𝑄(𝑠)𝑅
−1(𝑠) + 2𝜇ℎ(𝑠)𝐼𝑛

−2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛]
2𝑑𝑠                                                                                                          (16)

 

where 𝑈, 𝑣, ℎ1, ℎ2, Φ and have been already defined, then each solution of (5) 

contains at least one zero in (𝑎, 𝑏). 

Proof: If not, suppose that without loss of generality, assume that (5) admit a solution 

𝑌(𝑡) such that 𝑌(𝑡) > 0 for 𝑡 ∈ (𝑎, 𝑏). Take 𝑐 ∈ (𝑎, 𝑏) then using the Theorem 3.1 

we conclude (12) & (13) holds. By dividing (12) & (13) by 𝜌(𝑏, 𝑐) and 𝜌(𝑐, 𝑎) and 

their addition, 

1

𝜌(𝑏, 𝑐)
 ∫  

𝑏

𝑐

 𝜌(𝑏, 𝑠)Φ(𝑠)𝑑𝑠 +
1

𝜌(𝑐, 𝑎)
∫  
𝑐

𝑎

 𝜌(𝑠, 𝑎)Φ(𝑠)𝑑𝑠

 ≤
1

4𝜇Γ(1 − 𝛼)𝜌(𝑏, 𝑐)
∫  
𝑏

𝑐

 𝑣(𝑠)𝑅(𝑠)[ℎ2(𝑏, 𝑠)𝐼𝑛

+√𝜌(𝑏, 𝑠)(𝑄(𝑠)𝑅−1(𝑠) + 2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛)
2]𝑑𝑠

 +
1

4𝜇Γ(1 − 𝛼)𝜌(𝑐, 𝑎)
∫  
𝑐

𝑎

 𝑣(𝑠)𝑅(𝑠)[ℎ1(𝑠, 𝑎)𝐼𝑛

−√𝜌(𝑠, 𝑎)[(𝑄(𝑠)𝑅−1(𝑠) + 2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛)
2]𝑑𝑠

 

which leads to the contradiction to (16). 

Theorem 3.3. Assume that (C1) − (C4) holds. If for every 𝑇 ≥ 𝑡0, symbol 𝜌 ∈ 𝑋, ℎ ∈ 

𝐶′([𝑡0,∞), (0,∞)) and 𝑎, 𝑏, 𝑐 ∈ ℝ so that 𝑇 ≤ 𝑎 < 𝑐 < 𝑏 and equation (16) satisfies, 

then every solution of (5) is oscillatory. 

Proof: Consider a sequence {𝑇𝑖} ⊂ [𝑡0,∞) so that 𝑇𝑖 → ∞ for 𝑖 tends to ∞. By our 

assumption for 𝑖 ∈ ℕ, the symbol 𝑎𝑖, 𝑏𝑖, 𝑐𝑖 such that 𝑇 ≤ 𝑎𝑖 < 𝑐𝑖 < 𝑏𝑖 and equation 

(16) holds. By the previous theorem, each solution 𝑌(𝑡) has to contain at least one 

zero in (𝑎𝑖, 𝑏𝑖). Letting 𝑇𝑖 tends to ∞, we conclude that each solution of (5) is 

oscillatory. 

 



 

 

 

 

J. Mech. Cont.& Math. Sci., Vol.-19, No.-3, March (2024)  pp 51-64 

N. Sasikala et al 

 

 

58 

 
 

Theorem 3.4. Suppose that condition (C1) − (C4) satisfies. Assume that, ∃𝜌 ∈ 𝑋, ℎ ∈ 

𝐶′([𝑡0,∞), (0,∞)) such that if any 𝑡1 ≥ 𝑡0 

 lim
𝑡→∞

 sup∫  
𝑡

𝑡1

  {(𝜌(𝑠, 𝑡1)Φ(𝑠) −
1

4𝜇Γ(1 − 𝛼)
𝑣(𝑠)𝑅(𝑠) [ℎ1(𝑠, 𝑡)𝐼𝑛 −√𝜌(𝑠, 𝑡1)(𝑅

−1(𝑠)𝑄(𝑠)

 + 2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛)]
2}𝑑𝑠 > 0                                                                               (17)

 

and 

 lim
𝑡→∞

 sup∫  
𝑡

𝑡1

  {(𝜌(𝑡, 𝑠)Φ(𝑠) −
1

4𝜇Γ(1 − 𝛼)
𝑣(𝑠)𝑅(𝑠)[ℎ2(𝑡, 𝑠)𝐼𝑛 +√𝜌(𝑡, 𝑠)(𝑅

−1(𝑠)𝑄(𝑠)

 + 2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛)]
2}𝑑𝑠 > 0                                                               (18)

 

here 𝑣(𝑡) and Φ(𝑡) were previously defined in Theorem 3.1. Then each solution of 

(5) is oscillatory. 

Proof : For any 𝑇 ≥ 𝑡0, sub 𝑎 = 𝑇. In (17), let 𝑡1 = 𝑎 then ∃𝑐 > 𝑎 like that 

∫  
𝑐

𝑎

  {(𝜌(𝑠, 𝛼)Φ(𝑠) −
1

4𝜇Γ(1 − 𝛼)
𝑣(𝑠)𝑅(𝑠)[ℎ1(𝑠, 𝑎)𝐼𝑛 −√𝜌(𝑠, 𝑎)(𝑅

−1(𝑠)𝑄(𝑠)

+2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛)]
2}𝑑𝑠 > 0                                                           (19)

 

In (18), let 𝑡1 = 𝑐. Then there exists 𝑏 > 𝑐 such that 

∫  
𝑏

𝑐

  {(𝜌(𝑏, 𝑠)Φ(𝑠) −
1

4𝜇Γ(1 − 𝛼)
𝑣(𝑠)𝑅(𝑠)[ℎ2(𝑏, 𝑠)𝐼𝑛 +√𝜌(𝑏, 𝑠)(𝑅

−1(𝑠)𝑄(𝑠)

+2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛)]
2}𝑑𝑠 > 0                                                      (20)

 

Divide the (19) by 𝜌(𝑐, 𝑎) and (20) by 𝜌(𝑏, 𝑐) and by adding 

1

𝜌(𝑐, 𝑎)
∫  
𝑐

𝑎

 𝜌(𝑠, 𝑎)Φ(𝑠)𝑑𝑠 +
1

𝜌(𝑏, 𝑐)
∫  
𝑏

𝑐

 𝜌(𝑏, 𝑠)Φ(𝑠)𝑑𝑠

 >
1

4𝜇Γ(1 − 𝛼)𝜌(𝑐, 𝑎)
∫  
𝑐

𝑎

 𝑣(𝑠)𝑅(𝑠)[ℎ1(𝑠, 𝑎)𝐼𝑛

−√𝜌(𝑠, 𝑎)(𝑄(𝑠)𝑅−1(𝑠) + 2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛)]
2
𝑑𝑠

 +
1

4𝜇Γ(1 − 𝛼)𝜌(𝑏, 𝑐)
∫  
𝑏

𝑐

 𝑣(𝑠)𝑅(𝑠)[ℎ2(𝑏, 𝑠)𝐼𝑛 + √𝜌(𝑏, 𝑠)(𝑄(𝑠)𝑅
−1(𝑠)

+2𝜇ℎ(𝑠)𝐼𝑛 − 2𝜇Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛)]
2𝑑𝑠

 

By following Theorem 3.3, then each solution of (5) is oscillatory. 

IV.     Oscillation without monotonicity 

This section deals with the non-monotonicity of 𝐹, In the following 

assumption. 

(C5) 𝐹 is non-monotone, satisfying the condition 𝐹(𝐾(𝑡))𝐾−1(𝑡) ≥ 𝛾𝐼𝑛 > 0 where 𝛾 

is a constant and 𝐼𝑛 is the identity matrix. 
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Theorem 4.1. Assume (C1) − (C3) and (C5) holds. 

(i) Let 𝑌 be a solution of (5) such that 𝑌(𝑡) > 0 in [𝑐, 𝑏). To any ℎ ∈
𝐶′([𝑡0,∞), (0,∞)). Take 

𝜒(𝑡) = 𝑣(𝑡)𝑅(𝑡)[𝐷+
𝛼𝑌(𝑡)𝐾−1(𝑡) + ℎ(𝑡)𝐼𝑛],  𝑡 ≥ 0                          (21) 

on [𝑐, 𝑏). Then each 𝜌 ∈ 𝑋, 

∫  
𝑏

𝑐

 𝜌(𝑏, 𝑠)Φ(𝑠)𝑑𝑠 ≤ 𝜌(𝑏, 𝑐)𝜒(𝑐) +
1

4Γ(1 − 𝛼)
∫  
𝑏

𝑐

 𝑣(𝑠)𝑅(𝑠)[ℎ2(𝑏, 𝑠)𝐼𝑛 +√𝜌(𝑏, 𝑠)

(𝑄(𝑠)𝑅−1(𝑠) + 2ℎ(𝑠)𝐼𝑛 − 2Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛)]
2𝑑𝑠                                    (22)

 

(ii) Let 𝑌 be a solution of (5) such that 𝑌(𝑡) > 0 on (𝑎, 𝑐] and 𝜒 be mentioned as 

above. That each 𝜌 ∈ 𝑋, 

∫  
𝑐

𝑎

 𝜌(𝑠, 𝑎)Φ(𝑠)𝑑𝑠 ≤ −𝜌(𝑐, 𝑎)𝜒(𝑐) +
1

4Γ(1 − 𝛼)
∫  
𝑐

𝑎

 𝑣(𝑠)𝑅(𝑠)[ℎ1(𝑠, 𝑎)𝐼𝑛 −√𝑏(𝑠, 𝑎)

(𝑄(𝑠)𝑅−1(𝑠) + 2ℎ(𝑠)𝐼𝑛 − 2Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛)]
2𝑑𝑠                                                 (23)

 

where 𝑣(𝑡) = exp [−2∫𝑡0
𝑡
 ℎ(𝑠)𝑑𝑠] and  

Φ(𝑡) = 𝑣(𝑡)[𝐿𝛾𝑃(𝑡) − 𝑄(𝑡)𝑣(𝑡) −Γ(1 − 𝛼)ℎ2(𝑡)𝑅(𝑡) − (ℎ(𝑡)𝑅(𝑡))′]. 

Theorem 4.2. Suppose, (C1) − (C3)&(C5) holds. Assume that for some 𝑐 ∈
(𝑎, 𝑏)∃𝑃 ∈ 𝑋, ℎ ∈ 𝐶′([𝑡0, ∞), (0,∞)] the next inequality is satisfied 

1

𝜌(𝑐, 𝑎)
 ∫  

𝜌

𝑎

 𝑏(𝑠, 𝑎)Φ(𝑠)𝑑𝑠 +
1

𝜌(𝑏, 𝑐)
∫  
𝑏

𝑐

 𝜌(𝑏, 𝑠)Φ(𝑠)𝑑𝑠

 >
1

4Γ(1 − 𝛼)

1

𝜌(𝑐, 𝑎)
∫  
𝑐

𝑎

 𝑣(𝑠)𝑅(𝑠)[ℎ1(𝑠, 𝑎)𝐼𝑛 −√𝜌(𝑠, 𝑎)(𝑄(𝑠)𝑅
−1(𝑠) + 2ℎ(𝑠)𝐼𝑛

−2Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛]
2𝑑𝑠 +

1

4Γ(1 − 𝛼)

1

𝜌(𝑏, c)
∫  
𝑏

𝜌

 𝑣(𝑠)𝑅(𝑠)[ℎ2(𝑏, 𝑠)𝐼𝑛

+√𝜌(𝑏, 𝑠)[𝑄(𝑠)𝑅−1(𝑠) + 2ℎ(𝑠)𝐼𝑛 − 2Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛)]
2
𝑑𝑠                      (24)

 

where 𝑈, 𝑣, ℎ1, ℎ2, Φ has been already defined, then each solution of (5) contains at 

least one zero in (𝑎, 𝑏). 

Theorem 4.3. Suppose that condition (C1) − (C3) and (C5) satisfies. If for every 𝑇 ≥
𝑡0, ∃ 𝑏 ∈ 𝑋, ℎ ∈ 𝐶′([𝑡0,∞), (0,∞)) and 𝑎, 𝑏, 𝑐, ∈ ℝ so that 𝑇 ≤ 𝑎 < 𝑐 < 𝑏 and (24) 

satisfies, then each solution of (5) is oscillatory. 

Theorem 4.4. Assume that condition (C1), (C2) and (C3), (C5) holds. Suppose that 

there exist 𝜌 ∈ 𝑋, ℎ ∈ 𝐶′([𝑡0,∞), (0,∞)) such that for any 𝑡1 ≥ 𝑡0. 

 lim
𝑡→∞

 sup∫  
𝑡

𝑡1

  {(𝜌(𝑠, 𝑡1)Φ(𝑠) −
1

4Γ(1 − 𝛼)
𝑣(𝑠)𝑅(𝑠) [ℎ1(𝑠, 𝑡1) − √𝜌(𝑠, 𝑡1)(𝑄(𝑠)𝑅

−1(𝑠)

 + 2ℎ(𝑠)𝐼𝑛 − 2Γ(1 − 𝛼)𝐼𝑛)]
2}𝑑𝑠 > 0
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and 

 lim
𝑡→∞

 sup∫  
𝑡

𝑡1

  {(𝜌(𝑡, 𝑠)Φ(𝑠) −
1

4Γ(1 − 𝛼)
𝑣(𝑠)𝑅(𝑠)[ℎ2(𝑏, 𝑠)𝐼𝑛 −√𝜌(𝑏, 𝑠)𝑄(𝑠)(𝑅

−1(𝑠)

 + 2ℎ(𝑠)𝐼𝑛 − 2Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛]
2}𝑑𝑠 > 0

 

then each solution of (6) is oscillatory. 

Corollary 4.5. Assume C1 − C3 and (C5) holds. If for every 𝑇 ≥ 𝑡0 and 𝜆 > 1 then 

∃a function 𝑏 ∈ 𝑋, ℎ ∈ 𝐶′([𝑇0,∞), (0,∞)) such that 

lim
𝑡→∞

 
1

𝑡𝜆−1
 ∫  

𝑡

𝑡1

  (𝑠 − 𝑡1)
𝜆 {Φ(𝑠) −

1

4Γ(1 − 𝛼)
𝑣(𝑠)𝑅(𝑠)

 (
𝜆

(𝑠 − 𝑡1)
− (𝑄(𝑠)𝑅−1(𝑠) + 2ℎ(𝑠)𝐼𝑛 − 2Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛))

2

}𝑑𝑠 > 0

 

and 

lim
𝑡→∞

 
1

𝑡𝜆−1
 ∫  

𝑡

𝑡1

  (𝑡 − 𝑠)𝜆 {Φ(𝑠) −
1

4Γ(1 − 𝛼)
𝑣(𝑠)𝑅(𝑠)

 (
𝜆

(𝑡 − 𝑠)
− (𝑄(𝑠)𝑅−1(𝑠) + 2ℎ(𝑠)𝐼𝑛 − 2Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛))

2

}𝑑𝑠 > 0

 

Then every solution of equation (5) is oscillatory. 

V.    Example 

This section deals with an example to show the validity of the new result. 

Example 5.1. Consider the fractional differential equation 

𝑑

𝑑𝑡
(𝑅(𝑡)𝐷+

𝛼𝑌(𝑡)) + 𝑄(𝑡)𝐷+
𝛼𝑌(𝑡) + 𝑃(𝑡)𝐹(𝐾(𝑡))𝐺(𝐷+

𝛼𝑌(𝑡)) = 0           (25) 

Here 𝑅(𝑡) = [𝑡
4 0
0 𝑡4

] , 𝑄(𝑡) = [−4𝑡
3 0

0 −4𝑡3
] , 𝑌(𝑡) = [

cos 𝑡 0
0 cos 𝑡

] , 𝛼 =
1

3
 

 

𝑃(𝑡) =  

(
√3
2 𝑡4sin 𝑡 +

𝑡4

cost)√3Γ (
1
3) 𝐼2

𝜋(√3cos 𝑡 − sin 𝑡)(5 + 2cos2 𝑡 − √3sin2 𝑡)
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𝐹′(𝐾(𝑡)) = 𝐾′(𝑡) = Γ(1 − 𝛼)𝐷+
𝛼𝑌(𝑡) =

𝜋

Γ (
1
3)√3

(√3cos 𝑡 − sin 𝑡)𝐼2

𝐹′(𝐾(𝑡)) > [
𝜋

Γ (
1
3
)√3

(√3 − 1)] 𝐼2 ≥ 𝐼2 = 𝜇𝐼2

𝐺(𝐷+
𝛼𝑌(𝑡)) = 𝐼2 + (𝐷+

1/3
𝑌(𝑡)) > 𝐼2 = 𝐿𝐼2

Φ(𝑠) = 𝑣(𝑠)[𝐿𝑃(𝑠) − ℎ(𝑠)𝑄(𝑠) − Γ(1 − 𝛼)ℎ2(𝑠)𝑅(𝑠) − (ℎ(𝑠)𝑅(𝑠))′]

𝑣(𝑠) =
1

𝑠2
, ℎ(𝑠) =

1

𝑠
, 𝑄(𝑠) = −4𝑠3𝐼2, 𝑅(𝑠) = 𝑠

4𝐼2

𝑅−1(𝑠) =
1

𝑠4
𝐼2, 𝜆 = 2, 𝑛 = 2

Φ(𝑠) =
1

𝑠2

[
 
 
 
 

(

 
 

(
√3
2 𝑠4sin 𝑠 +

𝑠3

2 cos 𝑠)√3Γ
1
3 𝐼2

𝜋(√3cos 𝑠 − sin 𝑠)(5 + 2cos2 𝑠 − √3sin 2𝑠)

)

 
 
+ 4𝑠2𝐼2

 

  −Γ(
2

3
) 𝑠2𝐼2 − (𝑠

3𝐼2)
′] 

Consider 

 lim sup
𝑡→∞

 
1

𝑡𝜆−1
∫  
𝑡

𝑡1

  (𝑠 − 𝑡1)
𝜆 [Φ(𝑠) −

1

4Γ(1 − 𝛼)
𝑣(𝑠)𝑅(𝑠) (

𝜆

(𝑠 − 𝑡1)

−(𝑄(𝑠)𝑅−1(𝑠) + 2ℎ(𝑠)𝐼𝑛 − 2Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛))
2
] 𝑑𝑠

 lim sup
𝑡→∞

 
1

𝑡
∫  
𝑡

𝑡1

  (𝑠 − 𝑡1)
2

{
 
 

 
 

[
 
 
 
 

(

 
 

√3
2
𝑠4sin 𝑠 +

𝑠4

2
cos 𝑠)√3Γ(1/3)𝐼2

𝜋(√3cos 𝑠 − sin 𝑠)(5 + 2cos2 𝑠 − √3sin 2𝑠)
+ 4𝑠2𝐼2

−Γ(
2

3
) 𝑠2𝐼2 − (𝑠

3𝐼2)
′] −

1

4Γ (1 −
1
3)
𝑠2𝐼2 (

2

(𝑠 − 𝑡1)
− (

−4

5
+
2

5
𝐼2 − 2Γ(1 −

1

2
)
1

𝑠
𝐼2))

2

}

 > lim sup
𝑡→∞

 
1

𝑡
∫  
𝑡

𝑡1

  (𝑠 − 𝑡1)
2

1

4Γ (
2
3)
𝑠2 [

4𝑠 − 2𝑡1
𝑠(𝑠 − 𝑡1)

]
2

𝐼2𝑑𝑠

 > lim sup
𝑡→∞

 
1

4Γ (
2
3)
∫  
𝑡

𝑡1

  (4𝑠 − 2𝑡1)
2𝐼2𝑑𝑠 = ∞
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and 

 lim sup
𝑡→∞

 
1

𝑡𝜆−1
∫  
𝑡

𝑡1

  (𝑡 − 𝑠)𝜆 [Φ(𝑠) −
1

4Γ(1 − 𝛼)
𝑣(𝑠)𝑅(𝑠) (

𝜆

𝑡 − 𝑠
− (𝑄(𝑠)𝑅−1(𝑠)

+2ℎ(𝑠)𝐼𝑛 − 2Γ(1 − 𝛼)ℎ(𝑠)𝐼𝑛))
2
] 𝑑𝑠

 lim sup
𝑡→∞

 
1

𝑡
∫  
𝑡

𝑡1

  (𝑡 − 𝑠)2 [Φ(𝑠) −
1

4Γ (
2
3
)
𝑠2𝐼2 (

2

𝑡 − 𝑠
− (

−4

𝑠
𝐼2 +

2

𝑠
𝐼2 − 2Γ (1 −

1

3
)
1

𝑠
𝐼2))

2

] 𝑑𝑠

 > lim sup
𝑡→∞

 
1

4Γ (
2
3
)

1

𝑡
∫  
𝑡

𝑡1

  (4𝑠 − 2𝑡1
2)𝐼2𝑑𝑠 = ∞

 

Hence, all conditions of Corollary 4.5 are satisfied. Therefore 𝑌(𝑡) = cos 𝑡𝐼2 is 

oscillatory solution of (25). 

V.   Conclusions 

In this article, the oscillation problem of the second-order self-adjoint matrix 

differential equations is obtained. Further, using the Riccati technique, new sufficient 

conditions for philos-type criteria for the matrix fractional equations are also 

established. To prove the result, the paper includes pertinent examples as and where 

needed. The obtained new result will be put forth to third order with impulse in the 

subsequent studies. The results obtained are fundamentally novel with enhanced and 

extended specific results. 
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