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Abstract

In this article, new oscillation criteria for the second-order self-adjoint
Matrix differential equations by using the Riccatti technique are obtained. A suitable
example is given to illustrate the significance and effectiveness of the result.

Keywords: Matrix Differential equations, oscillation, selfadjoint, damping.

I. Introduction

A Matrix differential equation is a mathematical equation in which the
unknown is a matrix of functions appearing in the equation together with its
derivative. In the last few years, the interest in Matrix differential equations has
grown more and more in the field of mathematics. The oscillation theory of matrix
differential equations was first studied by H.C. Howard in 1965 [VII]

Y'(x)+Px)Y(x) =0 1)
In 1991, Coles [V] introduced the self-adjoint in the second derivative.
(P@Y) +Q1)Y =0 )

Later, the oscillatory behavior of matrix differential equations was discussed by a few
authors in the literature (see references [VIII, XVII, XXII]). Motivated by Philos,
even more authors [XXV,XXVI,XXVII] acquired sufficient conditions for the
oscillation of Matrix differential equations with damping.

(P(OX' (1)) + ROX'(t) + QX () = 0 ©)
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There has been a significant number of publications on the oscillation theory of
matrix linear differential equations [XII, XIV, XVIII] and extended their results in non-
linear cases as in references [VI, XVII, XXII]. In 2005, Wan-Tong Li [XII1] studied
the matrix differential equation by introducing the forcing term

[r@Y' (O +p@Y'(®) + QG(Y'(D))F(Y () = e(DIy 4

Basci [I], has used H(t,t)k(t) as opposed to H(t,t) and established some new
Kamenev-type oscillation criteria for the second order matrix differential system with
damping. Yan Cong Xu [XXIV], obtained some new results with the use of the non-
negative linear function and the generalized Riccatti technique. Further, Kumari and
Umamaheswaram [IX] have also obtained the oscillation condition for a linear
Hamiltonian matrix system. There are numerous applications of matrix differential
equations both in mathematics and other field of Engineering. One of the physics-
related applications is the study of electrical circuits, quantum mechanics, and optics.
Many authors have expressed interest in studying the applications of matrices as in
example [I1, XX].

There are several definitions for fractional derivatives and integrals like Riemann
Liouville, Caputo, Atangana Hadamard, etc. Riemann Liouville and Caputo
derivatives are two common types of fractional derivative formulations that are
frequently used to examine the properties of fractional order. A pivotal extension of
calculus is the Riemann Liouville fractional derivative. This fractional derivative
property has an extra few holdings when compared to a normal classical derivative.
There is a great deal of analysis that leads to the conclusion of the Riemann Liouville
derivative which is a more accurate option for fractional modeling. Numerous
analyses lead to the conclusion that Riemann Liouvville is a more accurate option for
fractional order derivative and analysis. Many authors used Riemann Liouville in
their fractional model and contributed a notable amount of literature on oscillation
theory [II, 1V, X, X1, XVI]. In [XV], Nandhakumaran et al. studied the oscillatory
theory in the classical case, and V. Sadhasivam et al. [XXI] in fractional partial
differential equations.

As far as the authors are aware, there hasn't been any research on Riemann Liouville
fractional derivative with matrix differential equations in the form of

d t
E(R(t)nfy(t)) +Q(t)DEY (t) + P(H)F U (t— s)'“Y(s)ds) G(DgY(®)) =0,
0
t>ty>0 ®)
Here R, Y, P, Q, F, G satisfy the condition

(CHR(), Q(t) and P(t) are n X n matrices with real-valued continuous functions on
the interval [ty, ), R(t) is symmetric, positive definite matrix and Q(t) is symmetric
forty > 0.

The following assumptions are

(C,) F:M,, » M, and M,, is the vector space of all n X n real symmetric matrix, F is
continuously differentiable in R™. Y(t)F (Y (t)) is positive definite for detY(t) # 0,
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F'(K(t)) > ul, where u is the constant and I,, is the identity matrix. F~1 exist for
K # 0and F(K(t))™! is positive definite.

(C3)G € C(R”Z,R”Z) and G(DEY(t)) is a continuous and positive definite matrix
such that LI,, > 0 where L is a positive constant at I,, is the identity matrix.

A solution Y (t) of (5) is said to be non-trivial if detY(t) # O for at least one t €
[to, ). A non-trivial solution Y (t) of (5) is known as prepared or self-conjugate
satisfies

(DY ()" (R(O)DEY (1)) = (R(E)DEY (1)) (DEY (1)) for t € [to, ),
where for any matrix A, the transpose A is denoted by A*.
A non-trivial prepared solution Y (t) of (5) is said to be oscillatory if for every t, = 0
It is possible to find a t; > t, such that det Y (t) = 0, otherwise it is nonoscillatory.

Il. Preliminaries

This section proceeded by stating the Riemann Liouville definitions for
differentiation and integration. Additionally, a lemma is introduced which connects
Riemann Liouville's derivative and that of classical.

Definition 2.1. The Riemann-Liouville fractional derivative of order 0 < a < 1 with
respect to ' t * of a function Y (t) is given by

DY (t): = —a)dtf (t —s)"%Y(s)ds (6)

provided that the right hand is pointwise defined on [t,, ), T is the gamma function.

Definition 2.2. The Riemann-Liouville fractional integral of order a« >0 of a
function Y: [ty, o) — R™ on the half-axis [to, o0) is given by

1 t
18Y(t): = m-fo (t —s)*1Y(s)ds fort > t, @)

Definition 2.3. The Riemann-Liouville fractional derivative of order a« > 0 of a
function Y: [ty, ) — R™ on the half-axis [to, o) is given by

dlel
D_?_',Y(t)l = W [

provided that the right-hand side is pointwise defined on [t,, o) where [a] is the
ceiling function of a.

K (©)] fore >t (8)

Lemma 2.4. Let Y(t) = [yif]nxn i,j =1,2,...,n be the solution of (5) and K(t) =
[ Ot (t — s)"?Y(s)ds where K(t) = [kij]nxn, then K'(t) = I'(1 — a)D&Y(t) for a €
(0,1]and t = 0.
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Proof : Consider K (t) = fot (t—s)"%Y(s)ds

Taking ij™ component we get,

t
ky(© = [ =9y ()dsij =12,
0

Taking differentiation on both sides
d d (* w
G l®)=F | @9 pyeds

B 1 d ! a 4
‘m‘“)mﬁfo (t — )" %yy;(s)ds

1 d[a] t
Srame [r(m @) dtlel -fo R

kij(®) =T — a)DSy;;(t)
which implies
(ki;®), . =T =)D [yy(®)]
Therefore K'(t) = T'(1 — a)DEY (¢).

nxn

I11.  Oscillation with Monotonicity

This section deals with the monotonicity of F, hence the following assumption is
derived

(C,) F is monotone, satisfying the condition F(K(t))™! = ul,, > 0, here u is a
constant and I,, is the identity matrix.

Theorem 3.1. Let p = p(t,s) belong to a class X, indicated by pe X if p €
C(D,[0,]) where D = {(ty,s): —0 < s < t < oo} satisfying

(i) p(t,t) =0and p(t,s) >00onD

(ii) p has a partial derivative Z—’; and ';—’s) on D such that

L GONICD) ®)

and
% = —hy(t,5)y/b(t,5) (10)

where hy, h, € Lj,.(D,R)

Assume that condition (C;) — (C,) holds.
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(a) Suppose Y be the non-negative solution of (5) on [c,b). To any h€
C'([t, ), (0,0)). Let

U(t) = v(®)R@)[DEY(®)[F(K()]™t + h(t)L,],t =ty on [c, b) (11)
Next, forany p € X

1

[? p(b,5)®(s)ds < p(b,c)U(C) + o 2 v(RE)[ha (b, )y +[p (B, 5)
(Q(SRTI(S) + 2ph()I, — 2ur (1 — a)h(s)I,)]?ds
(b) In the same way, suppose Y be the nonnegative solution of (5) on (a,c]. If any
h € C'([ty, =), (0, )) specify as said above. To any p € X
Jo P, @(s)dx < =p(, V) + i [y vORG (s )l = VoG @) (p 5
(Q(S)RTI(S) + 2uh(s)I, — 2ul (1 — @)h(s)I,)]?ds
Defining v and @ as

(12)

t

v(t) = exp [—2;1 h(s)ds]
to

®(t) = v(OILP(t) — R(H)Q(t) — uT (1 — )R*(OR(E) — (R(OR(D))']

Proof : By substituting the value of K(t) = fot (t —s)~%Y(s)ds. (1) becomes

%(R(t)Df_‘Y(t)) +Q)DLY () + P()F(K())G(DSY (1)) = 0 (14)
From the equation (11) and (14) for s € [c, b),
U'(t) = —2pv (RO [RODFY OF (K ()] + h(O)D]
+v(O)[REDFY(OF K@) + (R(OR())']
By (C1), (C3) and (C3)
U'(t) < —2pv()h(ORODEY (O[F (K ()] — 2uv(E)h* (OR(E)

—v(OQO)DEY (B)[F(K(t)]™ — Lv(D)P (1)
—v(ORODEY (O[F (K ()T 1[F(KED]TK'(®) + v (R(OR®)'U' (1)

< —ul'(1 - C:;)(Z) (ORI UO[QOR™(E) + 2uh(D)],,

—I(1 = @2kh(®)ly] = v(OILP(E) = A()Q() = uF(1 = R (OR(E) = (R(OR®)Y V' (¢)
—ul(1 — a)U?(H)R(t) )

< v(t) —UM®[Q®RTLI() + 2uh(D)],, — 2uT'(1 — a)h(t)L,] — ®(t)

Then

ur(1-a)U?(t)R~1(t)
o)< -U'(t) - e

—2ul'(1 — a)h(t)I,]

~UOIQWOR™(®) + 21h(D) )
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Multiplying (15) by p(t,s) and make use of (14) and (10) and integrate it with
respectto s fromctot

“ur(l — a)p(t,s)¢*(SHR™(s) J
S
v(s)
t

- f Pt )USIQER™(S) + 2uh(s)ly — 24T (1 — @)h(s) ] lds

ft p(t,s)P(s)ds < — ft p(t,s)U'(s)ds —f

ft p(t,s)®P(s)ds < —p(t,c)U(c) — ft hy(t,s){/p(t,s)U(s)ds

ft ur (1 — a)p(t, s)U%(s)R7(s)
— ds
c v(s)

t
—f p(t,$HU(SIQ(S)RTH(S) + 2uh(s)I, — 2ul' (1 — a)h(s)I,]ds

1 t
WG, VORO a1,

+/pE ) QRIS + 2uh(s)y — 20T (1 — )h(s)L,)] ds

Taking t — b~in the inequality above

t
f p(t,s)P(s)ds < b(t,c)U(c) +

b 1 b
f p(b,s)®(s)ds < p(b,c)U(c) + m[ v(s)R(s)[hy(b,s)I,

+p(b,s)(Q(s)R™L(s) + 2uh(s)I, — 2uT (1 — a)h(s)I,,)%ds

In the subsequent section multiply (15) by p(s, t), make use of (9), (10) & integrate it
with respectto s fromctot

c

c _ 2 1
p(S,t)U’(s)dS_f p(s, )ur'(l v(as))U QLSO
t

- fc p(s, U (SHIQ(S)RTH(S) + 2uh(s)I, — 2ul'(1 — a)h(s)I,]ds
t

J;C p(s, )d(s)ds < —ft

fc p(s5, )P (s)ds < —p(c,t)U(c) + fc hy(s,t)\/p(s, t)U(s)ds
t t

fc ur (1 = a)p(s,)U(s)R™*(s)
— ds
t v(s)

- fp p(s, U (SIQ(S)RTH(s) + 2uh(s)Iy — 2uI(1 — a)h(s)I,]ds
t

1 c
D), YOROIGO

=P (s, )(Q(S)R™I(S) + 2uh(s) Iy — 2ph(s)[)T(1 — a)]zds

fc p(s, )P (s)ds < —p(c,t)U(c) +
t
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Taking t — atin the inequality above

Cc 1 (o}
fa p(s,a)®(s)ds < —p(c,a)U(c) + mL v(s)R(s)[hy (s, a)I,

—/p(s,)(Q(s)R™(s) + 2uh(s)I, — 2ul'(1 — a)h(s)I,]?ds
Hence the theorem is proved.

Theorem 3.2. Assume (C;) — (C,) satisfies. Suppose that for some c € (a,b)3p €
X, h € C'([ty, ), (0,)) the next inequality is satisfied

J. p(b,s)P(s)ds + 1,a) f: p(s,a)P(s)ds > mj v(s)R(s)[h,(b, s)I,
+/p(b,s)(Q(s)R™ 1(s) + 2uh(s)I, — 2uT (1 — a)h(s)L,]?ds

Wf v(s)R(s)[hl(s a)l, —/p(s,)[Q(s)RT(s) + 2uh(s)I,
—2ulr'(1 — a)h(s)I,])%d (16)

where U,v,hy,h,,® and have been already defined, then each solution of (5)
contains at least one zero in (a, b).

p(b c)

Proof: If not, suppose that without loss of generality, assume that (5) admit a solution
Y (t) such that Y(t) > 0 for t € (a,b). Take c € (a, b) then using the Theorem 3.1
we conclude (12) & (13) holds. By dividing (12) & (13) by p(b,c) and p(c,a) and
their addition,

b 1 c
p(b,s)P(s)ds + o f p(s,a)®(s)ds

p(b,c) J. (c,a) ),

b
V($)R(S)[h2 (b, )1

1
<

=4I (1 - )p(b,0) f
+/p(b, )(Q(S)R™(s) + 2uh(s)], — 2uT'(1 — a)h(s)1,)?]ds

1 c
T3 - ap(c,a) f VORE)(s Dl

—Vp(s, D[QHR™(S) + 2uh(s)I, — 2ul(1 — a)h(s)[n)?]ds

which leads to the contradiction to (16).

Theorem 3.3. Assume that (C;) — (C4) holds. If for every T > t,, symbol p € X, h €
C'([ty, ), (0,o)) and a,b,c € Rsothat T < a < ¢ < b and equation (16) satisfies,
then every solution of (5) is oscillatory.

Proof: Consider a sequence {T;} c [t,, o) so that T; — oo for i tends to co. By our
assumption for i € N, the symbol a;, b;, ¢c; such that T < a; < ¢; < b; and equation
(16) holds. By the previous theorem, each solution Y (t) has to contain at least one
zero in (a;, b;). Letting T; tends to oo, we conclude that each solution of (5) is
oscillatory.
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Theorem 3.4. Suppose that condition (C,) — (C,) satisfies. Assume that, 3p € X, h €
C'([ty, ), (0,0)) such that if any t; > ¢,

t 1
timsup [ {(p(s,600(5) = 37— VRO [1a (5. Ol = VPG IR (5)Q)

+ 2uh(s)I, — 2uT (1 — a)h(s)I,)]*}ds > 0 (17)
and
' t 1 _
fimsup | {(p6 )06 = s PR et b+ PESR 606

+ 2uh(s)I, — 2uT'(1 — a)h(s)I,)]*}ds > 0 (18)

here v(t) and ®(t) were previously defined in Theorem 3.1. Then each solution of
(5) is oscillatory.

Proof : Forany T = ty, suba =T.In (17), let t; = a then 3¢ > a like that

¢ 1
fa (ot @0 ~ g Y ORE (s Dl — VoG DR ()Q()
+2uh(s)I, — 2ul'(1 — a)h(s)I,)]*}ds > 0 (19)
In (18), let t; = c. Then there exists b > ¢ such that

b 1
| {(p.90) =y POROha0, 1 + VR B D R 00
+2uh(s)I,, — 2ul' (1 — a)h(s)1,,))]?*}ds > 0 (20)
Divide the (19) by p(c, @) and (20) by p(b, ¢) and by adding

1 1
p(c,a) p(b,c)

c b
fp(s,a)d)(s)ds+ Jp(b,s)d)(s)ds

1 c
7 (- (e, a)L VRE) R (s

— VPG Q)R (5) + 2h()] — 2481 = R(s))] s

1 b 1
T e ICL G NOBIENECBICIOLEO)
+2uh(s)I, — 2uT(1 — a)h(s)I,)]%ds

By following Theorem 3.3, then each solution of (5) is oscillatory.

IV. Oscillation without monotonicity

This section deals with the non-monotonicity of F, In the following
assumption.
(Cs) F is non-monotone, satisfying the condition F(K (t))K~1(t) = yI,, > 0 where y
is a constant and 7,, is the identity matrix.
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Theorem 4.1. Assume (C;) — (C3) and (Cs) holds.

(i) Let Y be a solution of (5) such that Y(t) >0 in [c,b). To any hE€
C'([t, ), (0, 0)). Take

x(@®) =v(@®R@)[DFY(®)K™1(t) + h()I,], t =0 (21)
on [c,b). Theneach p € X,

b 1 b
f p(b,s)®(s)ds < p(b,c)x(c) + Td-a) f v()R(8)[h2(b, $)In +/p(b, 5)
(Q(s)R™L(s) + 2h(s)I,, — 2T (1 — a)h(s)I,)]?ds (22)

(i) Let Y be a solution of (5) such that Y(t) > 0 on (a,c] and y be mentioned as
above. That each p € X,

/. " p(s, P(s)ds < —ple, () + e | T UORE[ @)l — B D
(Q(s)R™L(s) + 2h(s)I,, — 2T'(1 — a)h(s)I,)]?ds (23)

where v(t) = exp [—thi)h(s)ds] and

d(t) = v()[LyP(t) — Q(O)v(t) —T(1 — a)h?*()R(t) — (h(t)R(D))'].

Theorem 4.2. Suppose, (C;) — (C3)&(Cs) holds. Assume that for some c €
(a,b)3P € X, h € C'([ty, ), (0, )] the next inequality is satisfied

L7 s ayo(s)d !
p(c, a)L (5, @) P(s)ds )
1 1

2 —a) pc,a) fa V(SRS [ (s, )l = /p(s, ) (Q(SIRT(S) + 2h($)I

b
f p(b,s)P(s)ds

1 1 (P
—2I'(1 — a)h(s)I,)%ds + T =) p0b, C)J;) v(s)R(s)[h,(b, ),
+/p(b,s)[Q(s)R™1(s) + 2h(s)I, — 2T (1 — a)h(s)ln)]zds (24)

where U, v, hq, h,, @ has been already defined, then each solution of (5) contains at
least one zero in (a, b).

Theorem 4.3. Suppose that condition (C;) — (C3) and (Cs) satisfies. If for every T >
to,3 b € X,h € C'([ty,),(0,o)) and a,b,c,e Rsothat T <a <c < b and (24)
satisfies, then each solution of (5) is oscillatory.

Theorem 4.4. Assume that condition (C,), (C;) and (C3), (Cg) holds. Suppose that
there exist p € X, h € C'([ty, ), (0, )) such that for any t; > t,.

t 1
fimsup | {(p05,026) = 37 =5 ¥R a0 = VPGB QOR™)

+ 2h(s)I, — 2I'(1 — a)I,)]*}ds > 0
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and
t

1
timsup | {(o0e 005) ~ 37 o5 VORE) Rath, 1o~ (B RI)

1

+ 2h(s)I, — 2T'(1 — a)h(s)I,]?}ds > 0
then each solution of (6) is oscillatory.

Corollary 4.5. Assume C; — C3 and (Cs) holds. If for every T > t, and 1 > 1 then
Ja function b € X, h € C' ([T, ), (0, )) such that

lim — f (s —t;)* {GD(S) — 4F(11 )v(s)R(s)

t—oo tl 1

2
L (Q(S)R™Y(s) + 2h(s)I, — 2T (1 — a)h(s)I,) | ¢ds >0
(s —t1)
and

1
tim —— [ (¢ — 5 {CD(S) e _()R(s)

1
t—00 (A~ AT(1—a)

ty

2
<(t f s) — (Q(s)R™L(s) + 2h(s)I,, — 2I'(1 — a)h(S)In)> }ds >0

Then every solution of equation (5) is oscillatory.

V. Example

This section deals with an example to show the validity of the new result.
Example 5.1. Consider the fractional differential equation

%(R(t)Df_‘Y(t)) + QDY () + P()F(K())G(DSY (1)) =0 (25)

cost 0

Y(t) = 0 o=

cost

HereR(t)=[t4 0] Q()—[ 4

W

oo

V3 4. t* 1
(715 sint + = \/§F(§)IZ

n(v3cost — sint)(5 + 2cos? t —V3sin? t)

P(t) =
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F'(K(©) = K'(t) = (1 = )D§Y (£) = —— (V3cost — sint)1
r(3)v3
FIKO) > |[—q—=(3-D|L 2L =ul,
r(3)vs

GDFY(®) = I, + (DYPY (1)) > I, = LL,
®(s) = v(s)[LP(s) — h(s)Q(s) — (1 — a)h*(s)R(s) — (h(s)R(5))']

1 1
v(s) = S—Z,h(s) = E,Q(s) = —4s31,,R(s) = s*I,
-1 — 1 — —
R™(s) = 5—412,/1 =2,n=2
<§s sins + > coss>\/_f‘ I,

1
D(s) == + 45?1
) SZ| n(x/?coss—sins)(5+2cos s—\/_51n25) 2

I (2) 5?1, = (s°L,)'|
Consider
i sup ; 6=t [06) - 5= VRO (215
—(Q(s)R™1(s) + 2h(s)I,, — 2I(1 — a)h(s)ln)) *|ds
L gt !{I[/ @S“'sms + - cos s) V3I(1/3)1;
limsup | (=" kn(\/?coss — sins)(5 + 2cos2 s — V3sin 2s)

tooo TJp ll
-T (g) 5212 — (53]2)’] - ! ((s _Ztl) (%4 + %IZ — 2l (1 B %)%IZ>>2}

w(1-3)
> i 1Jt( t)z 1 2[45—2t1
mmsup — S—1 S
too L ts AT (g) S(S - tl)

f (4s — 2t,)%I,ds = o
%1

+ 4521,

] I,ds

> lim sup

TToar (§
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and

' A 1 A -1
(=9 [90) gy VORE) (75~ @R )

+2h(s)l, — 2I(1 — h(s)1)) | ds
1 2 -4 2 11 VYW
@(s) — ar (%) s%I <t S (le + ;Iz - 2T <1 _§)§Iz>> ‘ ds

1
> lim sup ——— (4s — 2t3),ds =
ST

lim sup —
00 t/l—l

1 t
lim sup - (t —s)?

t—oo t1

Hence, all conditions of Corollary 4.5 are satisfied. Therefore Y(t) = costl, is
oscillatory solution of (25).

V. Conclusions

In this article, the oscillation problem of the second-order self-adjoint matrix
differential equations is obtained. Further, using the Riccati technique, new sufficient
conditions for philos-type criteria for the matrix fractional equations are also
established. To prove the result, the paper includes pertinent examples as and where
needed. The obtained new result will be put forth to third order with impulse in the
subsequent studies. The results obtained are fundamentally novel with enhanced and
extended specific results.
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