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Abstract 

This work provides a theoretical framework to investigate the shear wave 

propagation properties within an Electrostrictive cylindrical layered structure. The 

structure is made up of a concentric, Functionally Assessed Electrostrictive Material 

(FAEM) cylindrical layer of limited width and an inadequately bonded Electrostrictive 

material cylinder. The FAEM layer has a constant functional gradient in the radial 

direction, and flaws at the interface are taken seriously, mirroring actual 

circumstances involving structural and electrical degradation. The fundamental 

electromechanical connected Bessel's equations are used to simplify field differential 

equations by mathematical modifications. Relationships for shear wave propagation 

under electrically short and open circumstances are established analytically. The 

acquired findings are verified against predefined standards and a particular issue 

instance. The impact of variables on the phase velocity of shear waves, including 

functional range and imperfection parameters, is shown through numerical 

simulations and graphical displays. The research also establishes boundaries for 

electrically short and open circumstances, taking into account the shear defect that 

exists between the inner and outer cylindrical layers. 

Keywords: Shear Wave Propagation, Cylinder, Electrostrictive Materials, Functional 

Assessment 

I.   Introduction 

In electromechanical systems, Electrostrictive coupling occurs when electric 

and displacement fields are linearly linked with mechanical stress and strain [III]. 

Moreover, the reverse happens: introducing an electric field causes a deformation. 

Under conditions of mechanical stress, specific crystals form, and an Electrostrictive 

material will accumulate electrical charges [XIV]; this phenomenon is known as the 

Electrostrictive effect [VII]. Being reversible implies that materials may display both 

JOURNAL OF MECHANICS OF CONTINUA AND 

MATHEMATICAL SCIENCES 

www.journalimcms.org 

0 
ISSN (Online) : 2454 -7190  Vol.-19, No.-02, February (2024) pp 79-92 ISSN (Print) 0973-8975 

 

 

mailto:anithal@nmc.ac.in
mailto:mehaladevimaths@gmail.com
https://doi.org/10.26782/jmcms.2024.02.0000


 
 
 
 
 

J. Mech. Cont. & Math. Sci., Vol.-19, No.-02, February (2024)  pp 79-92 

L. Anitha et al 

 
80 

 

the direct and reverse Electrostrictive effects, which is one of the effect's unexpected 

characteristics.  

Because of their special electromechanical qualities, Electrostrictive materials, which 

are defined by their capacity to deform in response to an applied electric field, have 

attracted a lot of interest [XIII]. Understanding the behavior of these materials under 

different situations depends critically on the way shear waves propagate through them 

[VI]. Electrostrictive materials are useful for actuator and sensor applications because 

they alter size and form in response to an electric field [II]. To maximize the 

performance of structures and devices that use these materials, it is essential to 

comprehend the properties of shear wave propagation [XI]. This paper explores the 

functional evaluation of shear wave characteristics, taking material composition, 

frequency, and amplitude into account. This research provides a theoretical framework 

for using Electrostrictive materials to investigate the properties of Shear Acoustic 

Wave Propagation (SAWP) inside a cylindrical layered structure. The structure is made 

up of a concentric arrangement of materials, such as a cylindrical layer of FAEM with 

restricted breadth and a cylinder of poorly bonded Electrostrictive material. Along the 

radial direction, the FAEM layer's functional gradient is constant, and interface flaws 

are considered, mirroring actual situations involving structural and electrical 

deterioration. 

The study is organized as follows: Part 1 explains an Introduction; Part 2 gives a 

summary of the related works; Part 3 formulates the problem; Part 4 presents an 

associated solution; and Part 5 deals with boundary conditions. Part 6 presents 

numerical findings and discussion, while Part 7 provides a summary of the study. 

II.    Related works 

The study [IV] investigated the properties of heat-induced propagation of waves in 

cylindrical shells using the first-order shear deformation theory of shells, which 

consists of a metal core layer and two layers of functionally graded material that is 

insufficient. The shells were responsive to changes in temperature. The work of [IX] 

examined the propagation of a polarized Shear Horizontal (SH) wave in a self-

reinforced cylinder enclosing a pre-stressed piezoelectric cylinder. It is presumed that 

the interaction of the two media is mechanically flawed. An analytical analysis of the 

mathematical formulation has been constructed to derive the dispersion relation. A 

seismic circular cylinder in a consistent, isotropic, linear medium was investigated in 

the study [XV] under the condition of an antiplane elastic wave concealing with a 

multilayer cloak with an imperfect interface. Spring modeling and the Ricker wavelet 

were used to depict the imperfect interface and transient seismic wave in the research 

[V]. The dynamic stress concentration factor for a plane SH-wave acting on an elliptical 

inclusion with defective interfaces was calculated using analytic methods using the 

Fourier transformation and the method of waveform expansion alternatively. The 

article [XII] presented findings from research into the transmission of SH waves via a 

cylindrical construction made up of thin layers of two materials with an unsatisfactory 

interface. Mechanical imperfections exist at the contact between the two materials. 

Analytical results for the distribution relations are obtained. Various (numerical) 

graphs are made to illustrate how variables such as rotation, beginning tension, and 

mechanically defective factors affect the phase velocity. The work [I] examined a dual 
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multiferroic composite that combines piezoelectric and ferromagnetic properties. An 

analytical approach is employed to examine the shear wave propagation in a PE-

wrapped PM-unsatisfactory interfaced layered pre-stressed spinning cylindrical tube 

construction. There is a good chance that the interface in question has mechanical, 

electrical, and electrical damage. In their description of the imperfect contact, the 

researchers [VIII] used the spring model. To characterize the transient seismic wave, 

they used the Ricker wavelet. In the wave functional expansions approach and the 

Fourier transformation, an equation for the fluctuating concentration of stress factor 

was obtained for a circular inclusion in infinite space subjected to a plane SH wave, 

which includes faulty interfaces. The work [X] explored the transmission of torsion 

waves within a compound cylinder that has been pre-stressed on all three axes and has 

imperfect contact. To formulate the issue, they have used the piecewise homogeneous 

body model and a linearized version of the theory of elastic waves in three dimensions. 

The study assessed an analytical model that relies explicitly on both asymmetric and 

ax symmetric flaws. Twelve marine pressure hulls with ax symmetric flaws are 

subjected to nonlinear Finite Element Analysis (FEA) to explore the stress evolution 

and ultimately build such a model. Three collapse models are qualified using the 

insights from these experiments. 

III.    Formulation of the problem 

A cylindrical arrangement with a finite width of concentric FAEM layers and 

an insufficiently connected Electrostrictive material cylinder is thought to be the mode 

of SAWP in an Electrostrictive layered structure. The FAEM cylindrical layer width, 

h (= r.𝑞1 − 𝑞2), is found by calculating the cylindrical structure's inner and outer radii, 

represented as 𝑞1 − 𝑞2 and 𝑞2, respectively. The cylindrical coordinate system's θ 

direction corresponds to wave propagation, while the z-axis is used to describe the 

cylinder and FAEM layer, which is composed of linearly transversely isotropic 

Electrostrictive material. The radial orientation of the cylinder is represented by the r-

axis, and the structure's center appears as 𝑃. The Electrostrictive material's constitutive 

relations are defined as 

  𝜎𝑗𝑖 = 𝑑𝑗𝑖𝑙𝑘𝑇𝑙𝑘 − 𝑓𝑙𝑗𝑖𝐹𝑙 ,   𝐶𝑖 = 𝑓𝑖𝑙𝑘𝑇𝑙𝑘 + 𝜀𝑖𝑙𝐸𝑙               (1) 

The strain tensors, electric shift, electric field intensities, and stress tensors are denoted 

by 𝜎𝑗𝑖, 𝑇𝑙𝑘, 𝐶𝑖, and 𝐸𝑙 , respectively. The elastic, electrostrictive, and dielectric values 

are 𝑑𝑗𝑖𝑙𝑘, 𝑓𝑖𝑙𝑘, and 𝜀𝑖𝑙, respectively. Considering Eq. (1), the Electrostrictive medium's 

constitutive equations may alternatively be expressed in cylindrical dimensions as 

  

(

  
 

𝜎𝑞𝑞
𝜎𝜃𝜃
𝜎𝑦𝑦
𝜎𝜃𝑦
𝜎𝑞𝑦
𝜎𝑞𝜃)

  
 
=

(

 
 
 

𝑑11
𝑑12
𝑑13
0
0
0

𝑑12
𝑑11
𝑑13
0
0
0

𝑑13
𝑑13
𝑑13
0
0
0

0
0
0
𝑑44
0
0

0
0
0
0
𝑑44
0

0
0
0
0
0

𝑑11−𝑑12

2 )

 
 
 

(

 
 
 
 

𝑇𝑞𝑞
𝑇𝜃𝜃
𝑇𝑦𝑦
𝑇𝜃𝑦
𝑇𝑞𝑦
𝑇𝑞𝜃)

 
 
 
 

−

(

  
 

0
0
0
0
𝑓15
0

0
0
0
𝑓15
0
0

𝑓31
𝑓31
𝑓33
0
0
0 )

  
 
(

𝐹𝑞
𝐹𝜃
𝐹𝑦

) (2) 
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  (

𝐶𝑞
𝐶𝜃
𝐶𝑦

) = (
0 0 0
0 0 0
𝑓31 𝑓31 𝑓33

0 𝑓15 0
𝑓15 0 0
0 0 0

)

(

 
 
 
 

𝑇𝑞𝑞
𝑇𝜃𝜃
𝑇𝑦𝑦
𝑇𝜃𝑦
𝑇𝑞𝑦
𝑇𝑞𝜃)

 
 
 
 

(

𝜀11 0 0
0 𝜀11 0
0 0 𝜀33

)(

𝐹𝑞
𝐹𝜃
𝐹𝑦

)  (3) 

In this context, φ stands for the electric potential while𝑣,𝑢, and 𝑥 are the mechanism of 

dislocation along the 𝑞, 𝜃, and 𝑧 axes, in that order, correspondingly. 

𝑇𝑞𝑞 =
𝜕𝑣

𝜕𝑞
, 𝑇𝑞𝜃 = [

𝜕𝑢

𝜕𝑞
−
𝑢

𝑞
+
1

𝑞

𝜕𝑣

𝜕𝜃
] , 𝑇𝑞𝑦 = [

𝜕𝑥

𝜕𝑞
+
𝜕𝑣

𝜕𝑦
] , 𝑇𝜃𝜃 =

1

𝑞
[𝑣 +

𝜕𝑢

𝜕𝜃
]  

𝑇𝜃𝑦 = [
1

𝑞

𝜕𝑥

𝜕𝜃
+
𝜕𝑢

𝜕𝑦
] , 𝑇𝑦𝑦 =

𝜕𝑥

𝜕𝑦
, 𝐹𝑞 = −

𝜕∅

𝜕𝑞
, 𝐹𝜃 = −

1

𝑞

𝜕∅

𝜕𝜃
, 𝐹𝑦 = −

𝜕∅

𝜕𝑦
, (4) 

When there is no external force acting on the body, the cylindrical coordinate system's 

Equation of motion, including stress components and the charge-free version of Gauss's 

law of electrostatics, states as 

𝜕𝜎𝑞𝑞

𝜕𝑞
+
1

𝑞

𝜕𝜎𝑞𝜃

𝜕𝜃
+
𝜕𝜎𝑞𝑦

𝜕𝑦
+
𝜎𝑞𝑞−𝜎𝜃𝜃

𝑞
= 𝜌

𝜕2𝑣

𝜕𝑠2
    (5) 

𝜕𝜎𝑞𝜃

𝜕𝑞
+
1

𝑞

𝜕𝜎𝜃𝜃

𝜕𝜃
+
𝜕𝜎𝜃𝑦

𝜕𝑦
+
2𝜎𝑞𝜃

𝑞
= 𝜌

𝜕2𝑣

𝜕𝑠2
     (6) 

𝜕𝜎𝑞𝑦

𝜕𝑞
+
1

𝑞

𝜕𝜎𝜃𝑦

𝜕𝜃
+
𝜕𝜎𝑦𝑦

𝜕𝑦
+
2𝜎𝑞𝑦

𝑞
= 𝜌

𝜕2𝑥

𝜕𝑠2
     (7) 

𝜕𝐶𝑞

𝜕𝑞
+
1

𝑞

𝜕𝐶𝜃

𝜕𝜃
+
𝜕𝐶𝑦

𝜕𝑦
+
𝐶𝑞

𝑞
= 0      (8) 

A material's mass density is represented by 𝜌. Presuming the SAWP travels in the θ-

direction, we can describe the electric potential and mechanical displacements in the 

following way: 

𝑣 = 𝑢 = 0    𝑥 = 𝑥(𝑞, 𝜃, 𝑠),    ∅ = ∅(𝑞, 𝜃, 𝑠) 𝑎𝑛𝑑 
𝜕()

𝜕𝑦
≡ 0  (9) 

𝜎𝑞𝑦 = 𝑑44
𝜕𝑥

𝜕𝑞
+ 𝑓15

𝜕∅

𝜕𝑞
.     𝜎𝜃𝑦 =

1

𝑞
(𝑑44

𝜕𝑥

𝜕𝜃
+ 𝑓15

𝜕∅

𝜕𝜃
)              (10) 

𝐶𝑞 = 𝑓15
𝜕𝑥

𝜕𝑞
− 𝜀11

𝜕∅

𝜕𝑞
,   𝐶𝜃 =

1

𝑞
(𝑓15

𝜕𝑥

𝜕𝜃
− 𝜀11

𝜕∅

𝜕𝜃
)              (11) 

When equations (4) and (9) are substituted into equations (2) and (3), the following 

relations are obtained and Given Eq. (9)–(11), the motion equations (Eq. (5) and (6)) 

become zero, and Eq. (7) and (8) has the form as 

𝑑44∇
2𝑥 + 𝑓15∇

2𝜙 = 𝜌
𝜕2𝑥

𝜕𝑠2
                (12) 

𝑓15∇
2𝑥 − 𝜀11∇

2𝜙 = 0                  (13) 

The polar coordinate version of the two-dimensional Laplace operator is denoted 

by∇2=
𝜕

𝑡𝑤𝑜𝜕𝑞2
+
1

𝑞

𝜕

𝜕𝑞
+

1

𝑞2
𝜕2

𝜕𝜃2
. It is possible to add functional guardedness into the 

FAEM layer by taking into account all of its material characteristics in the radial 
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dissimilarity as the layer (𝑞1 < 𝑞 ≤ 𝑞2) is functionally gradient and improves the 

Electrostrictive material's qualities. 

𝑑44 = 𝑑44
(𝐸)
(
𝑞

𝑞2
)
𝑘
, 𝑓15 = 𝑓15

(𝐸)
(
𝑞

𝑞2
)
𝑘
, 𝜀11 = 𝜀11

(𝐸)
(
𝑞

𝑞2
)
𝑘
,            (14) 

This is where𝜀11, 𝑓15, 𝑑44, and 𝜌 represent the SAWP elastic modulus, mass 

density dielectric values, and Electrostrictive constant of the FAEM layer, respectively. 

At𝑞 = 𝑞2, the corresponding values are 𝑑44
(𝐸)

, 𝑓15
(𝐸)
(
𝑞

𝑞2
)
𝑘
, 𝜀11
(𝐸)

, and 𝜌(𝐸), and k is the 

undefined useful gradient parameter. Under the above assumptions, the electric 

potential and displacing elements for a FAEM layer (𝑞1 < 𝑞 ≤ 𝑞2) may be expressed 

as 𝑥(𝐸), 𝜙(𝐸), respectively, using equations (12) and (13) and Eq. (14). 

𝑑44
(𝐸)
[𝑞2

𝜕2𝑥(𝐸)

𝜕𝑞2
+ 𝑞(𝑘 + 1)

𝜕𝑥(𝐸)

𝜕𝑞
+
𝜕2𝑥(𝐸)

𝜕𝜃2
] + 𝑓15

(𝐸)
[𝑞2

𝜕2𝜙(𝐸)

𝜕𝑞2
+ 𝑞(𝑘 +

1)
𝜕𝜙(𝐸)

𝜕𝑞
+
𝜕2𝜙(𝐸)

𝜕𝜃2
] =

𝑞2

𝜌(𝐸)
𝜕2𝑥(𝐸)

𝜕𝑠2
                (15) 

𝑓15
(𝐸)
[𝑞2

𝜕2𝑥(𝐸)

𝜕𝑞2
+ 𝑞(𝑘 + 1)

𝜕𝑥(𝐸)

𝜕𝑞
+
𝜕2𝑥(𝐸)

𝜕𝜃2
] − 𝜀11

(𝐸)
[𝑞2

𝜕2𝜙(𝐸)

𝜕𝑞2
+ 𝑞(𝑘 +

1)
𝜕𝜙(𝐸)

𝜕𝑞
+
𝜕2𝜙(𝐸)

𝜕𝜃2
] = 0               (16) 

By modifying Equations (15) and (16), we get these field calculations for mechanical 

shifting and the electrical potential functions. The field calculations of mechanical 

displacement and the electric potential component will be used in (17) and (18) as 

𝑞2
𝜕2𝑥(𝐸)

𝜕𝑞2
+ 𝑞(𝑘 + 1)

𝜕𝑥(𝐸)

𝜕𝑞
+
𝜕2𝑥(𝐸)

𝜕𝜃2
=
𝑞2

𝛽1
2

𝜕2𝑥(𝐸)

𝜕𝑠2
            (17) 

𝑞2
𝜕2𝜙(𝐸)

𝜕𝑞2
+ 𝑞(𝑘 + 1)

𝜕𝜙(𝐸)

𝜕𝑞
+
𝜕2𝜙(𝐸)

𝜕𝜃2
=
𝑓15
(𝐸)
𝑞2

𝜀11
(𝐸)
𝛽1
2

𝜕2𝑥(𝐸)

𝜕𝑠2
            (18) 

𝛽1 = √
𝑑̅44

𝜌(𝐸)
 𝑎𝑛𝑑 𝑑̅44 = 𝑑̅44

(𝐸)
+
(𝑓15
(𝐸)
)
2

𝜀11
(𝐸)       

To simplify things and show that the material constants have a superscript (o), we can 

write the field equations of the Electrostrictive cylinder as 

𝐷44
(𝑂)
,  𝐹15

(𝑂)
, 𝜀11
(𝑂)
, 𝜌(𝑂),  𝑋(𝑂)  𝑎𝑛𝑑 𝜙(𝑂)  (0 < 𝑞 ≤ 𝑞1) for the range of values of 𝑞 from 

(0 < 𝑞 ≤ 𝑞1), and for the electric potential as𝜙(𝑂). Eq (12) Also, by lowering to (13) 

𝑞2
𝜕2𝑥(𝑂)

𝜕𝑞2
+ 𝑞

𝜕𝑥(𝑂)

𝜕𝑞
+
𝜕2𝑥(𝑂)

𝜕𝜃2
=
𝑞2

𝛽2
2

𝜕2𝑥(𝑂)

𝜕𝑠2
               (19) 

𝑞2
𝜕2𝜙(𝑂)

𝜕𝑞2
+ 𝑞

𝜕𝜙(𝑂)

𝜕𝑞
+
𝜕2𝜙(𝑂)

𝜕𝜃2
=
𝑞2𝑓15

(𝑂)

𝛽2
2𝜀11
(𝑂)

𝜕2𝑥(𝑂)

𝜕𝑠2
             (20) 
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𝛽2 = √
𝑑̅44

𝜌(𝑂)
 𝑎𝑛𝑑 𝑑̅44 = 𝑑̅44

(𝑂)
+
(𝑓15
(𝑂)
)
2

𝜀11
(𝑂)       

The FAEM layer's outer surface (𝑞>𝑞2) is in the air, which has a much lower dielectric 

constant (𝜀0) than the Electrostrictive medium. Hence, air may be considered a 

vacuum, and the electric potential φ0 according to the Laplacian Equation.  

The FAEM layer's outer surface (𝑞>𝑞2) is in air, which has a much lower dielectric 

constant (𝜀0)than the Electrostrictive medium. Hence, air may be considered a 

vacuum, and the electric potential φ0 according to the Laplacian Equation. Vacuum 

quantities are denoted by the subscript 0. 

∇2𝜙0 = 0                   (21) 

IV.    Solution of the problem 

The electric potentials of the vacuum, the FGPM layer, and the Electrostrictive 

cylinder were calculated together with the displacement components using Eq. (17)–

(21). Given that the shear acoustic wave is moving continuously in a circumferential 

direction, and given that the solutions to equations (17) and (18) are given by the 

formulation 

𝑥(𝐸)(𝑞, 𝜃, 𝑠) = 𝑋(𝐸)(𝑞) cos(𝑚𝜃 − 𝜔𝑠) 𝑞−𝑘/2              (22) 

𝜙(𝐸)(𝑞, 𝜃, 𝑠) = 𝜑(𝐸)(𝑞)cos (𝑚𝜃 − 𝜔𝑠)𝑞−𝑘/2              (23) 

Where m is a real integer, and 𝑋(𝐸)(𝑞)𝜑(𝐸)(𝑞)  𝑚  is an unidentified function. Given 

Eq (22) and (23), Eqs. (17) And (18) result in 

𝑞2
𝑑2𝑋(𝐸)(𝑞)

𝑑𝑞2
+ 𝑞

𝑑𝑋(𝐸)(𝑞)

𝑑𝑞
+ [

𝑞2𝜔2

𝛽1
2 − (𝑚

2 +
𝑘2

4
)]𝑋(𝐸)(𝑞) = 0  (24) 

and 

𝑞2
𝑑2𝜑(𝐸)(𝑞)

𝑑𝑞2
+ 𝑞

𝑑𝜑(𝐸)(𝑞)

𝑑𝑞
− (𝑚2 +

𝑘2

4
)𝜑(𝐸)(𝑞) =

𝑓15
(𝐸)

𝜀11
(𝐸) [𝑞

2 𝑑
2𝑋(𝐸)(𝑞)

𝑑𝑞2
+

𝑞
𝑑𝑋(𝐸)(𝑞)

𝑑𝑞
− (𝑚2 +

𝑘2

4
)𝑊(𝐸)(𝑞)]               (25) 

The solution to Equation (24) is provided by, and it takes the structure of Bessel's 

disparity calculation of arrange𝑜 (= √𝑚2 +
𝑘2

4
) 

𝑋(𝐸)(𝑞) = 𝐷1𝐼𝑜 (
𝜔𝑞

𝛽1
) + 𝐷2𝑍𝑜 (

𝜔𝑞

𝛽1
)        (26) 

The first type of Bessel's function of 𝑂𝑡ℎorder is denoted by Zo (·), and the second kind 

is denoted by 𝐼𝑜(·),  Zo(·), whereas 𝐷1 𝑎𝑛𝑑 𝐷2 are constants that cannot be calculated. 

Looking at Eq. (26), we may express the solution of Eq. (25) as 

𝜑(𝐸)(𝑞) = 𝐷1
∗𝑞−𝑜 +𝐷2

∗𝑞−𝑜 +
𝑓15
(𝐸)

𝜀11
(𝐸) (𝐷1𝐼𝑜 (

𝜔𝑞

𝛽1
) + 𝐷2𝑍𝑜 (

𝜔𝑞

𝛽1
))           (27) 

The values of 𝐷1 𝑎𝑛𝑑 𝐷2 are unknown. The following is the Equation for the electric 

potential and displacement component of a layer of FAEM (𝑞1 < 𝑞 ≤ 𝑞2) 
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𝑥(𝐸) = [𝐷1𝐼𝑜 (
𝜔𝑞

𝛽1
) + 𝐷2𝑍𝑜 (

𝜔𝑞

𝛽1
)] 𝑞−𝑘/2cos (𝑚𝜃 − 𝜔𝑠)             (28) 

𝜙(𝐸) = [𝐷1
∗𝑞−𝑜 + 𝐷2

∗𝑞𝑜 +
𝑓15
(𝐸)

𝜀11
(𝐸) (𝐷1𝐼𝑜 (

𝜔𝑞

𝛽1
) + 𝐷2𝑍𝑜 (

𝜔𝑞

𝛽1
))] 𝑞−

𝑘

2
cos(𝑚𝜃−𝜔𝑠)     (29) 

In the same way, the electric potential and displacement component of the 

Electrostrictive cylinder (0 < 𝑞 ≤ 𝑞1)will be described as 

𝑥(𝑂) = [𝐶1𝐼𝑚 (
𝜔𝑞

𝛽2
) + 𝐶2𝑍𝑚 (

𝜔𝑞

𝛽2
)] cos(𝑚𝜃 − 𝜔𝑠)        (30) 

𝜙(𝑂) = [𝐶1
∗𝑞−𝑚 + 𝐷2

∗𝑞𝑚 +
𝑓15
(𝑂)

𝜀11
(𝑂) (𝐶1𝐼𝑚 (

𝜔𝑞

𝛽2
) + 𝐶2𝑍𝑚 (

𝜔𝑞

𝛽2
))] cos(𝑚𝜃 − 𝜔𝑠)           (31) 

The variables 𝐶1, 𝐶2, 𝑎𝑛𝑑 𝐶1
∗𝐶2
∗ are constants that cannot be determined, whereas the 

functions 𝐼𝑚(·)Zm(·)are the first and second kinds of nth-order Bessel's functions, 

respectively. Applying the situation at the cylinder's border (Eq. (44)), the 

Electrostrictive electric potential and hydraulic displacement (0 < 𝑞 ≤ q1) lead to 

𝑥(𝑂) = 𝐶1𝐼𝑚 (
𝜔𝑞

𝛽2
) cos (𝑚𝜃 − 𝜔𝑠)             (32) 

𝜙(𝑂) = [𝐶1
∗𝑞−𝑚 +

𝑓15
(𝑂)

𝜀11
(𝑂) 𝐶1𝐼𝑚 (

𝜔𝑞

𝛽2
)] cos (𝑚𝜃 − 𝜔𝑠)       (33) 

To get the electric potential in a vacuum, we may use the following Equation as a 

starting point: 

𝜙0 = 𝜑0(𝑞)cos (𝑚𝜃 − 𝜔𝑠)              (34) 

The indeterminate function is represented by 𝜑0(𝑞). The electric potential of a vacuum 

can be determined by plugging into Eq. (21) and keeping in mind that the electric 

potential of a vacuum tends to zero as 𝑞. 

𝜙0 = 𝐵0𝑞
−𝑚cos (𝑚𝜃 − 𝜔𝑠)                 (35) 

Here𝐵0is the undetermined constant. 

V.      Boundary conditions 

There are two types of boundary conditions applied to the outside of the FAEM 

cylindrical layer (i.e., q=q_2): an electrical short condition and an electrical open 

condition. This surface is mechanically traction-free. The following equations may be 

used to represent these boundaries mathematically: The open area of the FAEM layer, 

which is typical in both open and short examples, is mechanically traction-free, as 

shown by 

𝜎𝑞𝑦
(𝐸)
= 0    𝑞 = 𝑞2               (36) 

When the FAEM layer is free-surfaced, the electrically short situation is given by 

𝜙(𝐸) = 0   𝑞 = 𝑞2               (37) 
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The state of electrical openness at the FAEM layer's surface that is free is defined as 

𝜙(𝐸) = 𝜙0   𝑞 = 𝑞2               (38) 

and 

𝐶𝑞
(𝐸)
= −𝜀0

𝜕𝜙0

𝜕𝑞
  𝑞 = 𝑞2                   (39) 

It is presumed that the electrical and mechanical interaction (i.e.,𝑞 = 𝑞2) between the 

Electrostrictive cylinder and the FAEM layer becomes defective due to damage. An 

incomplete interfacial model satisfies the following relations: although pressures and 

electrical shifts are regular, mechanical shifts and electricity potentials are jumped over 

the interface. 

𝜎𝑞𝑦
(𝐸)
= 𝛼1(𝑥

(𝐸) − 𝑥(𝑂))  𝑞 = 𝑞1               (40) 

𝐶𝑞
(𝐸)
= −∝2 (𝜙

(𝐸) − 𝜙(𝑂))  𝑞 = 𝑞1              (41) 

𝜎𝑞𝑦
(𝐸)
= 𝜎𝑞𝑦

(𝑂)
  𝑞 = 𝑞1                             (42) 

𝐶𝑞
(𝐸)
= 𝐶𝑞

(𝑂)
   𝑞 = 𝑞1                 (43) 

The FAEM layer and the Electrostrictive cylinder are represented by superscripts (E) 

and (O), respectively, in the stresses and electric displacement components. The two 

non-negative, consistent parameters α𝛼1  𝑎𝑛𝑑 𝛼2 that describe the imperfect interface 

are constants. It is clear that the contact is mechanically and/or dielectrically defective 

unless 𝛼1⟶∞and ∝2⟶∞ are both infinite. By the time the Electrostrictive cylinder 

reaches its origin, the mechanical shift and potential for electricity will have become 

limited. 

𝑞 ⟶ 0,   𝑥(𝑂)𝜙(𝑂)⟶ 𝑓𝑖𝑛𝑖𝑡𝑒 𝑣𝑎𝑙𝑢𝑒                  (44) 

V.i.  Special Case  

When the FAEM layer and Electrostrictive cylinder are fully bonded, homogenous, and 

isotropically elastic, i.e., 𝑓 = 0, 𝑎15
(𝐿)
= 𝑎15

(𝐵)
= 𝜀11

(𝐿)
= 𝜀11

(𝐵)
= 0, 𝛼1 → ∞,𝛼2 →

∞ 𝑎𝑛𝑑 𝑣44
(𝐿)
= 𝜇1, 𝑣44

(𝐵)
𝜇2and𝑣44

(𝐿)
= 𝜇1, 𝑣44

(𝐵)
𝜇2, such that in the circumstances of an 

electrical short and an electrical open, 

tan (𝑟𝑧√
𝑣2

𝛽1
2−1) =

√1−
𝑣2

𝛽2
2

𝜇2

√
𝑣2

𝛽1
2−1

𝜇1
,      (45) 

This is the Equation for the classical Love wave 
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Table 1 : Materials constants used for imperfect cylinders 

Material Material constants Density 

 𝑣44(10
9𝑁 𝑚2⁄  𝑎15(𝐶 𝑚2⁄ ) 𝜀11(10

−9 𝐶2 𝑁𝑚2⁄  
𝜌(103𝑘𝑔
/𝑚3) 

AIN 119.0 -0.49 10.0 4.512 

PZT-5H 23.0 18.00 28.7 7.600 

 

VI.    Numerical Result and Discussion 

To illustrate the analytical results for the SAWP in an Electrostrictive 

cylindrical structure, this section employs numerical modeling in conjunction with 

graphical presentation. A cylinder of Electrostrictive material for imperfect bonding 

and a layer of concentric FAEM cylindrical components make up the construction. For 

the inner Electrostrictive material cylinder, PZT-5H is used, and for the FAEM 

cylindrical layer, AlN. In a vacuum, a dielectric parameter (𝜀0) is 8.85 × 10−12 

𝐶/𝑁𝑚2. When it comes to computing, the features of mechanical and electrical 

imperfections are specified as follows 

𝑅1 =
∝1𝑞1

(𝑓15
(𝐸)
)2

𝜀11
(𝐸)⁄

  ,                (46) 

𝑅2 =
∝2𝑞2

𝜀11
(𝐸)                                     (47) 

Under both Electrically Short Conditions (ESC) and Electrically Open Conditions 

(EOC), Figures 1 and 2 demonstrate the relationship between the undefined wave 

number (𝑟𝑧), the investigated Electrostrictive cylindrical structure, and the undefined 

phase velocity (PV) of SAWP as a function of the useful gradient parameter (l). 

VI.i.  Phase velocity and the functional gradient parameter 

An Electrostrictive cylindrical structure's PV of SAWP is shown in Figure 1 to be 

significantly affected by the Functional Gradient Parameter (FGP) linked to the FAEM 

layer. The second and third curves show the effects of the GP on the FAEM layer, 

whereas 1st curve is obtained by considering the FAEM layer as an Electrostrictive 

homogenous layer. SAWP velocities in an Electrostrictive cylindrical structure under 

ESC and EOC are shown in Figures 1a and 1b, respectively, as an FGP. While the EOC 

shows that the gradient parameter has a reducing influence on PV, the ESC modifies 

PV. Also, looking at Figures 1a and 1b side by side, we can see that the gradient 

parameter has a bigger impact on the ESC state compared to the EOC. 
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(a) ES  

 

(b) EOC 

Fig. 1. a) ES and b) EOC explore the influence of the FGP(𝑙)connected with the 

FAEM layer without dimensions PV (𝑐/𝛽1) of SAWP as a function of dimensionless 

wave number (𝑟𝑧). 

VI.ii.    Imperfection parameter's impact on phase velocity 

Regarding the incorrect connection of the FAEM and Electrostrictive cylinder, two 

figures illustrate the impact of the mechanical imperfection parameter (R1) and the 

electrical imperfection parameter (EIP) on the PV of a SAWP, respectively. Until the 

imperfection parameters reach very high values or approach infinity, the interface's 

mechanical or electrical imperfection is substantial. After this point, a full connection 

is formed, permitting conduction. The degree of imperfection between surfaces is 

proportional to the Mechanical Imperfection Parameter (MIP). Figure 1 shows a very 

imperfect contact, Figure 2 a slightly imperfect interface, and Figure 3 a completely 
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bonded or conducting interface, all shown by their respective Dispersion Curves. The 

impact of the MIP on the SAWP’s PV may be seen in Figures 2a for ESC and Figure 

2b for open circumstances. Because the MIP has a constructive impact on the PV under 

ESC and EOC, it reaches its maximum when the contract is fully bonded. The 

mechanical defect parameter is more noticeable in the ESC compared to the EOC, 

according to a comparison of Figures 2a and b. 

 

        a) ESC 

 

      b) EOC 

Fig. 2. The impact of inadequate bonding between the layer and cylinder interface, 

represented by the MIP (R1), on the undefined PV (c/β1) of SAWP under two 

conditions: Undefined wave number (𝑟𝑧) values are the main focus of the following: 

a) ESC and b) EOC  
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Figure 3a shows the effect of an electrically short state on the PV of an SAWP, and 

Figure 3b shows the effect of an EOC. When the EIP values grow, the SAWP’s phase 

velocity drops under ESC, while it positively affects the shear acoustic wave's phase 

velocity under EOC. 

 
 a) ES 

 
b) EOC 

Figure 3: Explore the influence of the EIP (R2) at the inadequately bonded layer-

cylinder interface on the dimensionless PV (c/β1) of SAWP about the dimensionless 

wave number (𝑟𝑧) under two conditions: a) ES and b) EOC. 

VII.    Conclusion 

Our investigation into the characteristics of shear wave propagation in 

Electrostrictive materials, especially in the context of an imperfect cylinder, has shed 

important light on the complex dynamics of these intelligent materials. We now have 

a better knowledge of how electrical stimuli and external pressures, particularly when 

geometric flaws are present, affect Electrostrictive materials thanks to a mix of 

theoretical analysis, numerical simulations, and experimental studies. Our functional 

analysis has brought to light the complex interactions between the intrinsic 
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characteristics of Electrostrictive materials and the difficulties posed by the cylindrical 

structure's flaws. The results indicate that the particular geometry and flaws in the 

structure, along with the material's Electrostrictive response, have a major impact on 

the shear wave propagation behavior. The future potential applications of wave 

propagation in defective cylindrical materials are enormous. With the development of 

technology, researchers seek to more accurately characterize and comprehend the 

behavior of waves in these materials. More accurate modeling and study of wave 

propagation events are probably going to be made possible by improved computer 

techniques and sophisticated imaging technology. This might result in advances in 

material science applications, structural health monitoring, and non-destructive testing. 
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