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Abstract 

The purpose of this study is the investigation of heat transfer and fluid flow 

around a heated solid block inside a lid-driven cavity filled with hybrid TiO2-Cu/water 

nanofluid. The considered geometry is a two-dimensional cavity with an aspect ratio 

of 5. The upper wall translates with uniform velocity Ulid. The solid block attached to 

the bottom wall of the cavity is maintained at a high temperature compared to the 

temperature of the upper and lower walls, whereas the other walls are kept insulated. 

The hybrid nanofluid flow is assumed to be Newtonian, laminar, and incompressible. 

The effect of the Richardson number is considered by fixing the Reynolds number to 

100, and by varying the Grashof number from 102 to 104. Volume fractions for both 

nanoparticles are varied from 0% to 8%. Results are shown in terms of streamlines, 

isotherms, and profiles of the average Nusselt number. Numerical results show that 

clockwise and counterclockwise cells are generated within the rectangular enclosure 

due to the combined effects of natural and forced convection. Furthermore, increasing 

the Richardson number from Ri = 0.01 to Ri = 1, which results from an increase in the 

buoyancy effect, leads to an increase in the Nusselt number of about 4.5%.  Moreover, 

for each Richardson number, an increase of 8% in nanoparticles volume fraction leads 

to an enhancement of the heat transfer rate by about 9.8%.  

Keywords: Nanoparticles, Richardson number, rectangular cavity, Nusselt number.   
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Nomenclature 

l  length of the hot block, m 

h  height of the hot block, m 

g  is the acceleration due to gravity, m/s2  

H   Height of the cavity, m  

L  Length of the cavity, m 

Nu  Nusselt number, dimensionless 

Re  Reynolds number, dimensionless 

Pr  Prandtl number, dimensionless 

Gr  Grashof number, dimensionless 

T    temperature, dimensionless  

P    Pressure, dimensionless 

u  velocity component in x direction, m/s  

v   velocity component in y direction, m/s 

x   coordinate in the horizontal direction, m 

y   coordinate in the vertical direction, m 

X   coordinate in the horizontal direction, dimensionless 

Y  coordinate in the vertical direction, dimensionless 

Greek Symbols 

θ   Temperature, K 

α  thermal diffusivity, m2/s 

μ      dynamic viscosity, N.s/m2 

ψ  stream function, m2/s 

ρ   density, kg/m3 

φ  nanoparticle volume fraction 

ρf   is the density of the base fluid, kg/m3  

ρhnf  is the density of the hybrid nanofluid, kg/m3 

β  volumetric expansion coefficient of the nanofluid, 1/K 

(ρc)f  the heat capacity of the fluid 

(ρc)hnf  the effective heat capacity of the hybrid nanofluid 
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I.     Introduction   

       Over the past three decades, much research has been aimed at developing efficient 

cooling of electric, electronic, and nuclear devices and controlling the fluid flow and 

heat exchange of solar thermal operations and thermal storage. Early studies 

demonstrated analytically and experimentally the potential of nanofluids for cooling 

high-power density devices [XXI, XIX, X]. 

Twenty years ago, researchers began to explore convection inside lid-driven 

cavities. This type of convection involves both natural and forced convection currents 

in the same environment and is a useful tool in many different fields of engineering, 

particularly in heat transfer applications. These studies typically focused on mixed 

convection and utilized various numerical methods, such as the finite difference method 

[XII], the finite element method [XVIII], and other methods [V, XV] to simulate the 

fluid flow and heat transfer in the cavity.  

In recent years, researchers have continued to investigate the effects of using a 

nanofluid in a lid-driven cavity with a focus on more complex phenomena such as 

MHD [III], Joule heating [XXII], and the hybrid nanofluid approach [VI]. The studies 

found that the use of a nanofluid in the cavity can enhance heat transfer and fluid flow 

in the system. These studies have also made use of more advanced numerical methods 

such as the Lattice Boltzmann Method LBM, Artificial Neural Network ANN [XIV], 

and High-Order Compact Scheme [XVII].  

The LBM is used for the first time by Karimipour et al. [IX] to investigate the 

nanofluid mixed convection in an inclined lid-driven cavity. This method is developed 

to predict the fluid flow and heat transfer of air through the inclined lid-driven 2-D 

cavity. The Boltzmann collision term and hydrodynamic boundary conditions should 

be modified to include both buoyancy forces and inclination angle effects together with 

the cavity lid motion. Results show that Nusselt numbers increase for high values of 

the inclination angle and nanoparticles volume fraction at free convection domination. 

The same method is used by Goodarzi et al. [VII] to simulate the heat transfer induced 

by a heated obstacle within a lid-driven cavity. In addition to the ability of the LBM 

model to simulate the supposed domain, results revealed that the effects of inclination 

angle are more important at higher values of Richardson numbers. 

The studies have also explored the influence of different parameters such as 

temperature distribution, curvature of the cavity [I, XI], and magnetic field on the fluid 

flow and heat transfer in the cavity. The heat transfer and laminar flow of Water/Al2O3 

nanofluid in a T-shaped enclosure with lid-driven under the influence of applying a 

magnetic field have been numerically investigated [XX]. The numerical solving 

domain has been simulated two-dimensionally, and the Richardson number takes the 

following values: 0.1, 1, and 10.  nanoparticles volume fraction varied between 0 and 

6%. The effect of applying a homogeneous magnetic field on the natural and forced 

heat transfer parameters of nanofluid has been analyzed for various Hartman numbers. 

The results of this research revealed that applying a magnetic field has a significant 

effect on the temperature domain and fluid flow and considerably reduces the 

circulation mechanisms of fluid. By increasing Richardson and Hartmann numbers, the 
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transfer momentum of cap in the bottom layers of fluid penetrates lesser and the amount 

of heat transfer reduces. The enhancement of volume fraction of nanoparticles and the 

reduction of Richardson and Hartmann numbers, significantly enhance the heat transfer 

of enclosure with cold fluid. Similar results are obtained by Bakar et al [II]. Overall, 

the study of lid-driven cavities with a heated block inside and subjected to nanofluid 

flow has evolved over the years, with a focus on the use of more advanced numerical 

methods and the investigation of more complex phenomena. 

The present research, reports the results of mixed convection in a lid-driven 

cavity filled with hybrid nanofluid with a hot obstacle inside. The cavity aspect ratio is 

5, and the hybrid nanofluid is formed by Copper and TiO2 nanoparticles in water. The 

effect of various Grashof numbers and volume fractions of nanoparticles has been 

studied. 

II.    Geometrical Configuration 

        The mixed convection of hybrid nanofluid of titania (TiO2) and Copper (Cu) with 

water as base fluid is numerically investigated in a lid-driven cavity. A solid rectangular 

block is attached to the bottom wall of the cavity and maintained at high temperature 

than the upper wall, which translates with uniform velocity Ulid.  

 

 

Fig. 1. Configuration of the lid-driven cavity with a hot block inside. 

      The side walls of the cavity are kept insulated. The aspect ratio of the cavity is fixed 

to L/H=5, where L is the length and H is the height of the cavity. The length and height 

of the solid rectangular block are respectively: h=H/2 and l=L/2. A schematic view of 

the studied cavity is sketched in Fig 1. The thermophysical properties of water and 

nanoparticles are listed in Table 1. 
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Table 1: Thermo-physical properties of water and nanoparticles at T=300 K 

([VIII]) 

 H2O Cu TiO2 

Cp (J.Kg-1.K-1) 4179 385 686.2 

 (Kg/m3) 997.1 8933 4250 

 k (W.m-1.K-1) 0.613 401 8.95 

β (K-1) 21 x10-5 1.67x10-5 0.9 x10-5 

µ (Kg.m-1.s-1) 0.855x10-3 - - 

III.     Governing Equations and Boundary Conditions 

        The governing equations for the laminar, Newtonian hybrid nanofluid flow inside 

the lid-driven cavity are mathematically described by the Navier-Stokes equations, and 

by energy equation (1-4). It is assumed that the flow is single phase and the water is in 

thermal balance with nanoparticles. In addition, the flow is assumed to be 

incompressible and the Boussinesq approximation is considered. 

 

   
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0        (1) 

  𝜌ℎ𝑛𝑓(𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
) = −

𝜕𝑝

𝜕𝑥
+ 𝜇ℎ𝑛𝑓 [

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2]    (2) 

  𝜌ℎ𝑛𝑓(𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

𝜕𝑝

𝜕𝑦
+ 𝜇ℎ𝑛𝑓 [

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2] + (𝜌𝛽)ℎ𝑛𝑓𝑔(𝜃 − 𝜃𝑐)  (3) 

  𝑢
𝜕𝜃

𝜕𝑥
+ 𝑣

𝜕𝜃

𝜕𝑦
= 𝛼ℎ𝑛𝑓 [

𝜕2𝜃

𝜕𝑥2 +
𝜕2𝜃

𝜕𝑦2]       (4) 

 

The following equations are used to calculate the density, the effective thermal 

conductivity, and the specific heat capacity of hybrid nanofluid respectively:     

  𝜌ℎ𝑛𝑓 = (1 − 𝜑)𝜌𝑓+φ1𝜌1+φ2𝜌2      (5) 

  𝜌ℎ𝑛𝑓 = (1 − 𝜑)𝜌𝑓+φ1𝜌1+φ2𝜌2      (6) 

  (𝜌𝐶𝑝)ℎ𝑛𝑓 = (1 − 𝜑)(𝜌𝐶𝑝)𝑓 + 𝜑1(𝜌𝐶𝑝)1 + 𝜑2(𝜌𝐶𝑝)2    (7)   

 (𝜌𝛽)ℎ𝑛𝑓 = (1 − 𝜑)(𝜌𝛽)𝑓 + 𝜑1(𝜌𝛽)1 + 𝜑2(𝜌𝛽)2    (8) 

For estimating dynamic viscosity, the model of Brinkman [IV] is used: 

    𝜇ℎ𝑛𝑓 = 𝜇𝑓(1 − 𝜑)−2.5       (9) 

 

 



 

 

 

 
 

J. Mech. Cont. & Math. Sci., Vol.-18, No.-6, June (2023)  pp 1-13 

K. Bouaraour et al 

 

 

6 
 

 

The thermal conductivity of the hybrid nanofluid khnf was given by the Maxwell-Garnet 

model [XIII]: 

 𝑘ℎ𝑛𝑓 = 𝑘𝑓

(
𝜑1𝑘1+𝜑2𝑘2

𝜑
)+2𝑘𝑓+2(𝜑1𝑘1+𝜑2𝑘2)−2𝜑𝑘𝑓

(
𝜑1𝑘1+𝜑2𝑘2

𝜑
)+2𝑘𝑓−(𝜑1𝑘1+𝜑2𝑘2)+𝜑𝑘𝑓

    (10) 

In the previous equations: =1 + 2  

1 and 2 denote respectively the volume fraction of the Cu nanoparticles and TiO2 

nanoparticles. The hybrid nanofluid consisting an equal solid volume fraction of TiO2 

and Cu nanoparticles. 

The boundary conditions for the considered problem can be expressed as: 

• A slip velocity is considered for the upper wall: u=Ulid 

• No slip boundary conditions are considered over all the other walls. 

• The temperature of the upper wall is =c and the temperature of the heated 

block is =h. 

• The side walls of the cavity are kept insulated. 

The dimensionless variables for the considered problem are: 

𝑋 =
𝑥

𝐻
,  𝑌 =

𝑦

𝐻
, 𝑃 =

𝑝

𝜌𝑛𝑓𝑈𝑙𝑖𝑑
2  , 𝑈 =

𝑢

𝑈𝑙𝑖𝑑
,  𝑉 =

𝑣

𝑈𝑙𝑖𝑑
, 𝑇 =

𝜃−𝜃𝑐

𝜃ℎ−𝜃𝑐
. 

By using the dimensionless parameters, the governing equations are written in the 

following form: 

  
𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
=0         (11) 

  𝑈
𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
= −

𝜕𝑃

𝜕𝑋
+

1

𝑅𝑒

𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓

ρ𝑓

μ𝑓
[

𝜕2𝑈

𝜕𝑋2 +
𝜕2𝑈

𝜕𝑌2]     (12) 

   𝑈
𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
= −

𝜕𝑃

𝜕𝑌
+

1

𝑅𝑒

𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓

ρ𝑓

μ𝑓
[

𝜕2𝑉

𝜕𝑋2 +
𝜕2𝑉

𝜕𝑌2] +
𝐺𝑟

𝑅𝑒2

(𝜌𝛽)ℎ𝑛𝑓

𝜌ℎ𝑛𝑓𝛽𝑓
𝑇   (13) 

   𝑈
𝜕𝑇

𝜕𝑋
+ 𝑉

𝜕𝑇

𝜕𝑌
=

1

𝑅𝑒.𝑃𝑟

𝛼ℎ𝑛𝑓

𝛼𝑓
[

𝜕2𝑇

𝜕𝑋2 +
𝜕2𝑇

𝜕𝑌2]      (14) 

IV.    Numerical Methods 

        The finite volumes method is used for the discretization of the governing 

equations. The solver is the commercial CFD code FLUENT 16.0. For coupling of 

mass and momentum equations, the SIMPLE algorithm is used [XVI]. The 

convergence criterion was taken 10-6 for the normalized residual of each equation. We 

have used relaxation factors of 0.7 for velocities and energy equation and 0.3 for the 

pressure. 

Code validation 

        To validate the mathematical model and the numerical method, it has been tested 

against the numerical results of Karimipour et al. (2014) for the laminar heat transfer 

within a lid-driven cavity. The cavity with aspect ratio L/H= 5 is filled with Cu/water 

nanofluid which is assumed to be laminar and incompressible. The upper wall of the 
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cavity translates with uniform velocity Ulid, and maintained at high temperature Th than 

the temperature of the lower wall Tc. The other walls of the cavity are kept insulated.  

For a fixed Reynolds number (Re=100), the Richardson numbers investigated are 

1 and 10, with different volume fractions ( =0, 0.02, and 0.04). Good agreement was 

found between our numerical results of the mean Nusselt number and the numerical 

results of Karimipour et al. (2014) as shown in Fig. 2. 

 

 

Fig. 2. The validation of the mean Nusselt numbers for Re=100. 

Grid Independence 

 To select the adequate number of nodes, a grid-independent treatment is used 

where three meshes of different grid sizes are used. Reynolds number based on the inlet 

velocity and the microchannel height was taken Re = 100. For =0%, the average 

deviation was less than 0.40% between the two first meshes, and less than 0.70% 

between the two last meshes for the mean Nusselt number of the heated surface as 

indicated in Table 2. This is why the last mesh was adopted.  

Table 2: Effect of the mesh size on the mean Nusselt number. 

Mesh size Mean Nusselt number Deviation % 

500x100 7.15 1.24 

550x110 7.24 0.68 

600x120 7.29 - 

V.    Results and Discussions 

        The numerical results of the current simulation are presented for the laminar mixed 

convection of hybrid TiO2-Cu/Water nanofluid within a lid-driven cavity is carried out. 

For a fixed Reynolds number (Re=100), the considered Richardson numbers in the 
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present work are varied from: Ri=0.01 to Ri=1. This change in Richardson number 

makes the Grashof number varied between 102 and 104. The nanoparticles effect on the 

heat transfer rate is considered, by varying the nanoparticle's fraction from 0% to 8%.  

The local Nusselt number of each horizontal part of the lower wall can be expressed 

as:  

  Nu(x) = −
𝑘ℎ𝑛𝑓

𝑘𝑓
(

𝜕𝜃

𝜕𝑦
)        (15) 

The local Nusselt number of each vertical part of the lower wall can be expressed as:  

  Nu(y) = −
𝑘ℎ𝑛𝑓

𝑘𝑓
(

𝜕𝜃

𝜕𝑥
)         (16) 

 The average Nusselt number of the heated surface is defined by: 

  𝑁𝑢𝑎𝑣𝑒 = 𝑁𝑢𝑚|𝑥 + 𝑁𝑢𝑚|𝑦       (17) 

Where 𝑁𝑢𝑚|𝑥 and 𝑁𝑢𝑚|𝑦 denote the integration of the formula (15) and (16) over the 

length of each horizontal and vertical part of the hot block respectively. 

Effect of Richardson Number 

        Fig. 3 indicates the evolution of the average Nusselt number with nanoparticles 

volume fraction. For all considered Richardson numbers, the Nusselt number increases 

almost linearly with nanoparticles volume fraction. The increase of Copper and TiO2 
hybrid nanoparticles in the receiving fluid improves heat transfer influenced by 
the enhancement of the overall heat conductivity from the hybrid nanofluids. Also, 

in higher Richardson values, changes in heat transfer and Nusselt number are more 

important.  

 

 

Fig. 3. Average Nusselt number for different volume fractions 
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For a fixed nanoparticle volume fraction (φ = 0.08), fig. 4 shows the streamlines 

and the isotherms for different Richardson numbers. In this state, the flow pattern 

displays two clockwise cells which have almost occupied the entire space of the cavity. 

The first one is centered in the upper left corner of the cavity and elongated to the right 

side under the influence of shear force caused by the lid wall velocity. The second cell 

is located on the right side of the heated obstacle. With an increasing buoyancy effect, 

a small counterclockwise cell is created in the left lower corner of the cavity.  

 

 

Fig. 4. Streamlines and isotherms for φ = 0.08 

        This cell got bigger when increasing the Richardson number. In addition, 

temperature lines are highly intense in the areas close to the hot block, reflecting the 

important temperature gradient. Isotherm lines separate slightly from each other by 

moving away from the hot obstacle, and the temperature gradient decreases. 

Effect of nanoparticles fraction 

        Streamlines and isotherms for Ri=1 are given in Fig. 5. Two large cells dominate 

the whole domain of the cavity with no significant changes seen with volume fraction 

variation, and a small cell is created on the left side of the heated block can be seen. 

Moreover, isotherms are dense and compact around the heated block due to the 

resulting temperature gradient. 
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Fig. 5. Streamlines and isotherms for Ri=1 

Fig. 6 displays the variation of the average Nusselt number with the Richardson 

number for different nanoparticle fractions. For a given value of volume fraction, it can 

be seen that the application of hybrid nanofluids enhanced heat transfer in the cavity 

compared to the Cu-based nanofluid and TiO2-based nanofluid. Note that the heat rate 

is a monotonically increasing function of Ri number due to the increased buoyancy 

effect. 

 

 

Fig. 6. Average Nusselt number for different Richardson numbers 
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VI.    Conclusions 

In the present research, the mixed convection of hybrid nanofluid flow inside a 

rectangular lid-driven cavity is numerically investigated. A hot block is attached to the 

lower wall of the cavity, whereas the side walls are insulated. The hybrid nanofluid is 

composed of Copper and TiO2 nanoparticles in thermal balance with water as the base 

fluid. The flow is considered a single phase and governed by the Naviers-Stokes 

equations and by the energy equation in the two-dimensional case. The considered 

Reynolds number in the present simulations is fixed to Re=100 and the Grashof number 

was varied from Gr=102 to Gr=104. The nanoparticles effect is considered by varying 

the nanoparticles volume fraction from 0% to 8%. Numerical results revealed that due 

to the combined effect of natural and forced convection, clockwise and 

counterclockwise cells are created inside the rectangular enclosure.  In addition, 

increasing the Richardson number from Ri=0.01 to Ri=1 causes an increase in the 

buoyancy effect, which leads to an enhancement of the Nusselt number by about 4.5% 

for all volume fractions. Furthermore, the heat transfer rate is enhanced with the 

augmentation of nanoparticles volume fraction by about 9.8% for each Richardson 

number.  
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