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Abstract

Haque’s Approach with Mickens’ Iteration Method is used to find the exact
analytic solution of the nonlinear equation involving velocity times acceleration
squared. A truncated Fourier series is used in different rhythms with different
repetition steps. Our results are very close to the exact results and our results are
comparatively closer to the exact results than others. Our solution method is obtained
around the second-order angular frequency using Newton's method. For some third-
order (jerk) differential equations with cubic nonlinearities and nonlinear second-
order differential equations; Mickens' iteration method is used to determine the exact
analytical approximate periodic solution. A numerical experiment of general
differential equations with third-order, one-dimensional, autonomous, quadratic, and
cubic nonlinearity has uncovered several algebraically simple equations involving
the shaking of time-dependent acceleration that contain chaotic solutions.

Keywords: Jerk equation; Truncated Fourier series; Newton’s method; Angular
frequency; Haque’s Approach with Mickens’ Iteration Method; Autonomous; Chaotic
solutions.

I. Introduction

Mathematics is an integral part of our life. We find its application in many
parts of our everyday life. In many areas of our real life, differential equations serve
as mathematical tools that enable us to solve many difficult problems. With the help
of differential equations, we can derive many important solution formulas in many
areas of our life like physical, mental, economic, and medical principles. Hence the
solution to a particular problem lies in solving the associated differential equations.
Differential equations are usually linear or non-linear, independent or dependent.
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Most phenomena in the world can be described by linear and non-linear equations. A
well-known example of linearity is the small oscillation method, which is essentially
non-linear. Methods for solving linear differential equations are relatively simple and
highly advanced. Methods for solving linear differential equations are relatively
simple and highly advanced. In contrast, we rarely have the general character of non-
linear equations. However, there are some prominent methods for solving non-linear
equations. These are the perturbation method, the harmonic balance method; the
iteration method, etc. These methods have seen widespread use of the perturbation
method where the term non-linear is short. These methods have the advantage of
being used in the case of weak non-linear differential equations as they have good
results. On the contrary, strong non-linear equations use harmonic balance methods
and iteration methods. Between these two types of methods, the harmonic balance
method has been developed by Mickens and further developed by Wu, Gottlieb,
Alam, etc. We have to make some assumptions about perturbation, harmonic balance,
and iteration methods but there are some differences between them. In the
asymptomatic series of dependent variables in the perturbation method, in the
harmonic balance method, we have to assume certain levels such as third harmonic,
fifth harmonic, etc. which we have to hold till the end without any option of change
but in the iteration method, it is better for each step maybe. So it is an advantage for
us that we do not see this kind of limitation in the case of the iteration method as a
method of perturbation and harmonic balance.

The term ‘jerk’, first introduced by Schot in 1978, is a third-order derivative of
displacement. Most efforts in dynamical systems are concerned with second-order
differential equations. By third-order nonlinear differential, some dynamic systems
can be explained. This type of equation is called the non-linear jerk equation.

The general form of the jerk equation is

X = J(X, X, X) M

where J (X, X, X) denotes the jerk functions.

Some researchers have presented analytical solutions to these oscillators. Among
these researchers, Gottlieb [I] used the minimum order harmonic balance method to
determine inferential periodic solutions and corresponding angular frequencies.
Obtained by Gottlieb the solution and angular frequencies were not sufficiently
accurate. The harmonic balance method, which demands analytical solutions, makes
it highly challenging to build higher-order approximations to a collection of
challenging nonlinear algebraic equations. Using an advanced harmonic balance
approach and a residual harmonic balance method, respectively, Wu et al. [XX] and
Leung et al. [XIII] solved the nonlinear jerk equations and their higher-order
approximation to produce correct results for larger oscillation amplitudes. Ma et al.
[XIV] employed the homotopy perturbation approach, and Hu [XI] used the
parameter perturbation method to explain the high-order most feasible solution of the
non-linear jerk equation. Their results were more accurate than those from the low-
order harmonic balance method. Currently, it is discovered that Ramos [XVII-XIX]
pioneered the order reduction method, a two-level iterative method, and a Volterra
integral formulation, respectively, to solve the nonlinear jerk equations. He
discovered that the third reduction method [XVI1I] appears to be extremely accurate
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for the first and second differential equations, and the second reduction approach
merely assists in finding the correct solution for the beginning velocity close to the
integral, but the absolute result or more absolute result is the fourth reduction method
available by. All these are available in the parameter perturbation method. A modified
method of Mickens for a nonlinear jerk equation was presented by Hu et al. [XI1], and
Newton's method of approximate angular frequency helped to obtain the second
order. With cubic nonlinearities, a residual harmonic balance method has been
introduced by Leung et al. [XIII] for describing the boundary cycles of the parity.
Recently, Haque et al. [II, 111, IV, V, VI, VII, VIII, IX, X] introduced a new approach
of direct and extended iteration method [XV] to solve some important nonlinear
oscillators including the nonlinear jerk oscillator containing acceleration and velocity
of displacement time.

To get a periodic solution for jerk oscillators, on the oscillator's mathematical shape,
there are unquestionably some restrictions. It is only necessary to take into account
the third-order nonlinear functions introduced by Gottlieb [I] in the following order:

XK (2)

The generic jerk function, which only has third-order nonlinearity and includes time-
and space-reversal variation, can be represented as follows [I]:

X = axiX — XK — yX— XX — X’ ®)

Where the derivative is shown by an over-dot and the parameters «, S, 7, 0 ande
the actual constant are given. The relevant prerequisites are:

x(0) =0, %(0) = A and %(0) =0. @)

To fulfill the periodic requirement, these three beginning conditions in Eq. (4) must
be met. In this case, at least one of &, £, ¥, 6 and & must not be zero.

In this article, we present Haque’s Approach with Mickens’ Iteration Method to
ascertain the nonlinear jerk equation's approximate solution where the jerk function is
the velocity times the acceleration squared.

I1. The Method
Think about a nonlinear oscillator that is described by
X+ f(x,X)=0, x(0)=0, x(0)=A (5)

We select the frequency € of this system, where over dots signify differentiation with
respect to time and t over dash denotes integration concerning time. Hence, by

including QX in both directions of Eq. (5), we get

K+ Q%x = Q%% — f (X, %) =G(X,X) (6)
As a result of [XI1], we define the iteration strategy as

Rre1 + QX1 = Gk, %)k = 0,1,2 (7
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in addition to
X,(t) = Acos(Q, ) (®)
Herein satisfies the conditions
X1 0)=A X1 (0) )
The restriction that secular terms [XV] should not appear in the solution determines

Q, at each stage of the iteration. This process provides the following solutions in

order: X, (t), X, (t),....... . The approach can be applied to any level of approximation,

but the solution is limited to a lower order, typically the second [XVI] due to
increased algebraic complexity.

I11.  Solution procedure

We've thought about the function in this case. X)'('zcontaining velocity times
acceleration squared i.e. jerk function.

Let's have a look at the nonlinear jerk oscillator.
X+ X=—eXK>. (10)

Indicating the space variable y(t) by the relation X =y then equation (10) becomes

y+y=—eyy’. (11)
Apparently, Eq. (11) can be expressed as

y+Qry =Q%y -~ (y+e yy°). (12)
Now the iteration scheme is according to

Veat QY =LY~ et € VeV (13)
Equation (8) is rewritten as

Yo = Y, (t) = Acosx. (14)

where X = Qt, for k=0 the equation (13) becomes

A +QOZY1 = QOZyO —(Yo +5yoyO2) . (15)

Substituting the right-hand side of equation (15) into the elementary function
equation (14) and expanding it into a cosine series, we get

¥, + .7y, = a, COS X+ a,, Cos 3X, (16)
where

a, = %(—4A+ 4AQ 7 - A’Q7) (17)
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We must eliminate cosx from the right-hand side of equation (16) to avoid secular
terms in the solution.

) 4
= 18
° T 4o (18)
To resolve Eq. (16) and meet the prerequisite of y,(0) = A, we need,
y, = (A+ A’/ 32)cosx — A’ / 32c0s3x (19)

The related €, must be calculated, and this is the first approximation of equation
(11). From the solution, the value of €, will be determined.

2 +Q,12y2 :QZY1_(y1+EY1Y12) (20)
Substituting y, the right-hand side of equation (20) from equation (19) and then
trigonometrically expanding we obtain

¥,+Q°Y, = a,, COSX +a,, COS3X + &, COS5X +a,, COS7X +a,, COSIX  (21)

where
1
131072
—28672A°° + 2048 A°u® —352A'u* —14A°u?)
1

23= (4096 A’ + 28672 A°u”® + 5120A°u” + 224 A’u? + 12 A°u?)
131072

a25 = (~7168A°° — 352 A’u? — 4A°u?) /131072

a2l (-131072A— 4096 A® +131072 Au?

a27 = (480A’u? +15A°u?) /131072
9,2
B 9A’u (22)
131072

We must eliminate cos X from the right-hand side of equation (21) to avoid secular
terms in the solution

= 2048(—32 — A?)
65536 + 14336 A% —1024A* +176A° + 7 A°

Then solving the equation (11) and satisfying the initial condition y, (0) = A, we have

(23)
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1 1 1
=(A+a23 +a25 +a27
Y= ( 8u> 2 48

24u

+a29

COSX
u? 8Ou2)

+a23

~ 03X +a251/ (—24u*)cos5x

+a271/ (—48u®)cos7x +a291/ (-80u?)cos9x

The related €2, must be calculated, and this is the second approximation of equation

(11). From the solution, the value of €, will be determined.

ys +sz Y; = sz Y, — (yz +epy, Y22)

Substituting Y, from equation (24) into the right-hand side of equation (25) and then

expanding in a trigonometric reduction we obtain,

14
Vi + Q)Y = Za3(2i—1) cos(2i —1)x
i1

where

a, =—A—A®/32—(5A°%) /3072 — (53A7) /196608 + (13A°) / 7864320
TAV?  B3A’  245A'V’  523A°V’ 18061A™V’
32 3072 = 196608 7864320 188743680
14959A%v2 69847 AlSy? 221477 Av?
2013265920 85899345920 3092376453120
506173A%y? 434041A%Y? 78229 A%y2
 158329674399744 5629499534213120 90071992547409920
B 1741511A%y? N 332591A%"v2
25940733853654056960 864691128455135232000

:ier A N 5AT A +7A3v2+9A5v2_9A7v2

32 256 16384 524288 32 256 16384

925A°V? N 5797 Atv? N 33415A%y? N 3271207 Av?

1572864 62914560 2415919104 2319282339840
3074959 AT"v? N 14296031A™v? N 147282323 A%?
24739011624960 1979120929996800 759982437118771200

N 11992073A%v? N 14502773 A%v?
4053239664633446400 129703669268270284800

7698191A%v?
© 15564440312192434176000

+ Av? —

A5

_ 59049 A7'v?
4611686018427387904000

a327
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We must eliminate cos X from the right-hand side of equation (26) to avoid secular
terms in the solution

v? = —(329853488332800(7864320 + 245760A% + 12800 A*
+2120A° —13A%)) / (-2594073385365405696000
+567453553048682496000 A — 44754521296994304000A* (28)
—3232564185661440000A° +172513374398054400 A°
+248228493865779200 A" +19274524734259200 A"
+2109308770713600A™ +185788373401600A™ + 8293138432000 A"
+200006092800A% + 2252995200 A% +174151100A* —997773A%)
Then solving equation (26) and satisfying the initial condition

14
y;(0) = A, we have y, = > b, , c0s(2i —1)x (29)
-1

where

b, = —(A(14703137157026062217152718438400000
+918946072314128888572044902400000 A% + 62220306979602476830398873600000 A*
+1420896433428421946848051200000 A° +852537860057053168108830720000 A®
+188911614917022895728230400000 A + 20910660921901907485655040000 A*2
+2192932636080328786575360000 A* +187350995934572382781440000 A™°
+12775709056615678633574400 A™® + 408048518809665300070400 A2
+18376309515197454745600 A% +1280915160450308505600 A%
+23464475583343861760 A% +307887421458618880 A%
+10619115588909600 A* —83143004270290 A% + 48008990497 A*)) /

(1869600570300555193221120000( 7864320 — 245760 A2 —12800 A*
—2120A° +13A%))

b, = (A®(30600934808995300984750080000 + 4781396063905515778867200000 A
+109573659797834736599040000 A* +88717309779496874803200000 A°
+15571249754829018365952000 A® +1782057484051902627840000 A
+186472035152484630528000 A +16064292042074750976000 A*
+1160397156319546572800 A™® + 44743332907188224000A™
+2049463634257510400 A% +133924104018329600 A%
+3083897589432320 A* +33726136985600 A*®
+871227569600 A% —8902960600 A® +10276913A%)) /

(124515522497539473408000(—7864320 — 245760 A?
—12800A* —2120A° +13A%))

(30)

b,, = —(59049 A7)/ 3357307421415138394112000
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The related Q, must be calculated, and this is the third approximation of
equation (11). From the solution, the value of Q, will be determined.

Vo 7Y, =Y, — (Y5 +€pysYs7) (31)
Substituting y, from equation (29) into the right-hand side of equation (11) and
then expanding trigonometrically we get,

41
Yy =D Cyey COS(2k —1)X (32)
k=1

where
cl=—(A(—27955816590547841495456819337743750471531082156302065584060350

82433956146088556435020993323468473251211617238776848030959166179610984
4480000000000000000000000 —52417156107277202803981536258269532134120779
04306637297011315779563667773916043315664362481503387346021782322706590
058048436586770595840000000000000000000000 A% — 6825150534801719115101762
53362884532996364310456593398048348408797352574728651473393797198112420
227346586239935753913808390180569088000000000000000000000000 A* — - - -
+345049231097276724147428936012202497986312096630624393512188505347 A1*®*))
/(3909116774240487859581463050358228322026584513574379131136001752736499
071746231364904550400000000000000(7864320 + 245760 A% +12800 A + 2120 A° —13A%)?
(14703137157026062217152718438400000 + 918946072314128888572044902400000 A?
+--- + 48008990497 A*))

c3=—(A%(957127923053263786107000562980698668898311827912101222101785887
744396879419737701861817478185923006614271995076231036928000000000000000
0000 + 269192228358730439842593908338321500627650201600278468716127280928
111622336801228648636165739790845610263998615189979136000000000000000000
0A? +3396059362396020595236427778805213375973827774818327903941883520968
07486512862661142376644278208358466652498252959580160000000000000000000A*
+-+-+8540114790177794046842699923089956103353248135560442 A'**
—7759403988844385371820548627440371863267474381921A%)) /
(42827865114742773774128194392837612899310341155791185439474876094276750
540800000000000(7864320 + 245760A% +12800A" + 2120 A° —13A°%)°
(14703137157026062217152718438400000 + 918946072314128888572044902400000 A
+62220306979602476830398873600000A" +1420896433428421946848051200000 A°
+852537860057053168108830720000 A° -+ 188911614917022895728230400000 A™°
+20910660921901907485655040000 A2 +--- +10619115588909600 A* —83143004270290 A%
+48008990497 A*))

......... (33)
c81=150094635296999121A°% / (99297236533923907996295417102785
0239707112406426872243346532435230720000000000)

Similarly, the method can be obtained by higher order approximation and
respectively Egs. (19), (24), (29), (32)..... represent the approximate frequency
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of the oscillator (11). However, due to the increasing algebraic complexity, most
approximation techniques are applied to the second or third approximation.

V. Results and Discussions

An iteration approach based on Mickens’ [XV] iteration method is created to
solve a class of nonlinear jerk equations. We demonstrate the viability of the modified
iterative method in this section by contrasting it with results from earlier iterations
and with precise results for nonlinear jerk equations. We looked at the percentage
error (denoted by error (%)) by the definition to confirm the accuracy.

e_Tk

Error= x100%

e

Where the various approximate periods obtained by T,;k =0,1,2,........ are illustrated
the modified method and T, represents the corresponding exact period of the
oscillator.

Now we show the comparison of oscillator results. That is, the velocity of the
displacement time is for the acceleration of time, and the jerk function contains the
velocity. Nowadays, nonlinear jerk oscillators (provided by Eq. (11)) have
approximate solutions, frequencies, and approximate periods that have been
discovered by various methods without iteration by Gottlieb [I], Ma et al. [XIV],
Ramos [XVII-XIX], and Leung & Guo [XIIl]. To get a rough solution for the
oscillator, we changed the iterative technique. The process is pretty easy to follow. It
has been demonstrated that, in the majority of circumstances, our method produces
results that are noticeably superior to those of other solutions, and that, on occasion, it
is almost exact. The first, second, third, and fourth approximate frequencies

Q,,Q,,Q, and Q, have been calculated here and the corresponding periods are
T,,T,,T,andT;.

Tables 1 and 2 contain all the data. To compare the estimated frequencies, Tables 1
and 2 also include the results of previous studies conducted independently by Gottlieb

[11, Zheng et al. [XXI], and Haque [VII]. A graph is provided in Figure 1 where the
comparative graph of our obtained result and the exact result is presented.
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Table 1: The periods obtained by present’s technique of X + X = — € XX
with percentage errors:

To, Ty, T, Tzand T, respectively denote initial, first, second, third and fourth
modified approximate periods. Er(%) denotes percentage error.

Table 2: Comparison between the approximate periods produced by our method
and other results already published and the exact periodsT, of X + X = — € XX*

T, denotes fourth modified approximate periods; T;, T, and Ty, respectively denote
approximate periods obtained by Gottlieb, Zheng et al., and Haque Er(%) denote
percentage error.
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Fig. 1. The fourth-order approximate solutions for A=1 of X + X = — e X¥*

compare with the corresponding numerical solution.

Conclusion:

For the nonlinear oscillator, we employed a very simple but effective
strategy. Applying the suggested method, it has been shown that the nonlinear
oscillators' first, second, third, and fourth approximate periods yield results that are
quite similar to the exact result. The method is not only effective for this model but
also effective for other nonlinear models. The current approach is also broadly useful
in engineering and science and can be used as an example for several other
applications in the search for periodic solutions of nonlinear oscillations.
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