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Abstract

In this paper, the author studied the skeletal congruences 6* of a distributive
nearlattice S, where = represents the pseudocomplement. Then the author described
0(I1)*, where 8(I) is the smallest congruence of S containing n-ideal I as a class and
showed that I is the n-kernel of 6(1)*.

In this paper, the author established the following fundamental results:

When n is an upper element of a distributive nearlattice S, the author has shown that
the n-kernels of the skeletal congruences are precisely those n-ideals which are the
intersection of relative annihilator ideals and dual relative annihilator ideals whose
endpoints are of the form x vV n and x A n respectively.

For a central element n of a distributive nearlattice S, the author proved that B, (S)
is disjunctive if and only if the n-kernel of each skeletal congruence is an annihilator
n-ideal.

Finally, the author discussed that PB,(S) is semi-Boolean if and only if the map
0 — Ker, 0 is a lattice isomorphism of SC(S) onto K, SC(S) whose inverse is the
map I — 6(I) where I is an n-ideal and n is a central element of S.

Keywords: n-Kernels of skeletal congruence, Pseudo complement, Annihilator
n-ideal, Disjunctive nearlattice, Semi-Boolean algebra.

I. Introduction

In this paper, the author will be concerned with a distributive nearlattice S
with a fixed element n. Skeletal congruences on distributive lattices have been
studied by Cornish in [VIII]. Also, skeletal congruences on distributive nearlattices
have been studied extensively by Akhter [VI]. Cornish [VI1II] studied the Kernels of
Skeletal congruences on the distributive lattice. On the other hand Latif in [I1l] has
generalized the results of [VI11] for n-ideals in lattices.
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In this paper, the author extended and generalized those results for nearlattices.
A nearlattice S is a meet semilattice with the property that any two elements
possessing a common upper bound, have a supremum. Nearlattice S is distributive if
forallx,y,z€ S, x A(yvz)=(xAy)V (xAz) provided y V z exists. For detailed
literature on nearlattices and their congruences and ideals, we refer the reader to
[V, [IX], [1] and [I]. Here C(S) denotes the lattice of congruences of S. For any
0 € C(S), 6" denotes the pseudocomplement of 8.  So by its definition, 6 N § = w
iff @ <6% @€ C(S). The existence of 8" is guaranteed by the fact that C(S) is a
distributive algebraic lattice. A non-empty subset I of a nearlattice S is ideal if it is
hereditary and closed under existent finite suprema. We denote the set of all ideals of
S by I1(S). For a distributive nearlattice S with 0, I(S) is pseudo-complimented. The
pseudocomplement I* of an ideal, I is the annihilator ideal

I"={xeS:xNi=0foralliel}.

The skeleton SC(S) = {0 € C(S):0 =0™.

The kernel of congruence 6 is kerf = {x € S:x = 0(0)}. Of course ker6(I) = I.
We also denote KSC(S) = {ker6:0 € SC(S)}

For a fixed element n € S, a convex subnearlattice of S containing n is called an n-
ideal. Since the lattice of n-ideals [I,(S) of a distributive nearlattice S is a
distributive algebraic lattice, so I,,(S) is pseudocomplemented

An element s of a nearlattice S is called standard if forall t,x y € S,
tA[AY)V(XAS) ] ={AXxAY)V(EAXAS).

The element s is called neutral if
(i) s isstandard and

(i) forall x,y,z€ S, sA[(xAY)VxXA2)]=(6EAXxXAY)V(SAXAZ).

An element n of a nearlattice S is called medial if m(x,n,y) = (x Ay)V(xAn)Vv
(y An) exists in S for all x,y € S. An element n of a nearlattice S is called an upper
element if x v n exists for all x € S. An element n of a nearlattice S is called a central
element of S if it is neutral, upper, and complemented in each interval containing it.

If n is a medial element, then for any n-ideal I of a distributive nearlattice S, we
define I = {x € S:m(x,n,i) =n for alli € I}. Obviously, I'* is an n-ideal and I N
It = {n}. We call I'* the annihilator n-ideal of I which is the pseudocomplement of I
inL,(S).
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We define the n-kernel of a congruence 6 by
Ker,0 = {x € S:x = n6} which is an n-ideal.

6 € C(S) is called dense if 6* = w, while an n-ideal I is called dense if I* = {n}. A
non-empty subset T of a nearlattice S is called join-dense if each y € S is the join of
its predecessors in T, while T is called meet-dense if each y € S is the meet of its
successors in T. A distributive nearlattice S with 0 is called disjunctive if 0 < a <b
implies the existence of x € S such that x Aa =0and 0 < x < b. A nearlattice S
with 0 is called semi-Boolean if it is distributive and the interval [0,x] is
complemented for each x € S.

An n-ideal generated by a single element a is called principal n-ideal and denoted by
< a >,. The set of principal n-ideals is denoted by B, (S). When n € S is standard
and medial then forany a € S

<a>,={yeSiy=@Aa)v(yAn)V(aAn).
When n is an upper element, then < a >, is the closed interval [a An,a V n].

In this paper, we generalize several results of [5] on n-kernels of skeletal congruences
in a distributive nearlattice.

I1. Main results
To obtain the main results of this paper we need the following theorems.

The following theorems are due to [V]. These will be needed for further development
of this paper.

Theorem 2.1. In a distributive nearlattice S the mapping I — 6(I) is an embedding
from 1,,(S) to C(S) where I,,(S) is the lattice of n-ideals of S and C(S) is the lattice of
congruences of S.

Theorem 2.2. For a distributive nearlattice S with 0, the following conditions hold:

(i) Fora<b(a,b€S),x=y(0(a,b)) ifand only if xAb)va=(yAb)Va
where 6(a, b)’ is the complement of 6(a, b).

(if) Forany 8 € C(S), x=y(0") (x,y €S) if and only if for each a,b € S with
a<banda=b(0); xAb)Va=(yAb)Va.

(iii) Forany 8 € C(S), x =y(@™) ifandonly if 6(0,x) N8 = 6(0,y) n O if and
onlyif Y, N6 =19, N6.

Theorem 2.3. Let S be a distributive nearlattice with an upper element n. Then for
any 6 € C(S),x=y(0") ifand only if 8(n,x) N 6 = B(n,y) N 6.
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Recall that the n-kernel of a congruence 6 is given by Ker,6 = {x € S:x = n6},
which is also an n-ideal.

Theorem 2.4. If S is a distributive nearlattice and n € S is an upper element, then the
following conditions hold :

(i) For any n-ideal I, x=y(0(D)*) (x,ye€S)ifandonlyif <x>,Nnl=<y> NI
i.e, ifand only if m(x,n,i) = m(y,n,i) foralli€l.

(ii) For an n-ideal I, both (1) and 8(1)* have I* as their n-kernel.

(iii) The n-kernels of the skeletal congruences are precisely those n-ideals that are
the intersection of relative annihilator ideals and dual relative annihilator ideals
whose endpoints are of the form x v n and x A n respectively.

(iv) Each principal n-ideal in a distributive nearlattice is the intersection of relative
annihilator ideals and dual relative annihilator ideals whose endpoints are of the form
x V n and x A n respectively.

Proof. (i) For any two n-ideals I and J of S, the author 6(InJ) =06() N 6()).
Also, since n is upper so (n,x) = 0(nAx,nV x) = 0(< x >,). Then by Theorem
2.3, x =y(@()*) if and only if 8(n,x) n6() = 6(n,y) n6(I) if and only if
(<x>,)N0)=60(Ky>)Nn0O() if and only if 6(<x>,nI)=
O(<y>,nI)ifand only if <x >,NnI =<y >,nI by theorem 2.1, if and only if
m(x,ni) =m(y,ni)foralliel.

Hence (i) holds.
(i) If x € Ker,(6(I)"), then x=n(0()*). Then by above (i),

<x>,nI=<n>,nlifandonlyif m(x,n,i) = m(n,n,i) =nforalli € I and so
x € It. Thus (ii) holds.

(iii) Let a,b € S with a < b. Since 6(a,b)* = 6(a,b)’, so by Theorem 2.2, x €
Ker,(6(a,b)*) ifandonly if x Ab)Va=(MmAb)Va (Since a<h, (xAb)Va
and (n A b) V a exist by the upper bound property of S).

Now, we shall show that (x Ab) va = (nAb)Va isequivalentto x eE<bvn,aVv
n>N<aAnbAn>; Since (xAb)Va=nAb)Va implies xAb<aVn,
then the author x A(bvn)=(xAb)V(xAn)<avn, and so x E<bVn,aVv
n >. Again from (xAb)vVva=nmAb)Va, the author bAn<(xAb)Va. So
(bAn)<(xAbANn)V(aAn) <xV(aAn), which implies that x € <aAn,b A
n>,.

Hence x eE<bvnavn>nN<aAnbAn>,.

Conversely, let x e<bvn,avn>nN<aAnbAn>,. .
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Thenx e<bVvnavn>ande<aAnbAn>,.

SoxA(bvn)<avnand xV(aAn) = bAn.
Now,x A(bvn) (x Ab)Va=((nAb)Va<aVnimplies

xAb=xAbA(bVn)<(avn)Ab
=(anb)v(bAan)=aV(bAn)andso(x Ab)Va<(bAn)Va.

On the other hand, b An < x Vv (a An) impliesh An < b A (xV (a An))

=xAb)V(anbAn)=(xAb)V(aAn) and so (nAb)Va<(xAb)Va.
Hence (x Ab)Va=(MnAb)Va.

Since forany 8 € C(S), 8" =n{6(a,b)*:a = b6}, hence the result follows.
(iv) Since each principal n-ideal

<a>;,=ker,0(<a>,) =ker,6(aAnaVvn)
and since 6(a An,a Vv n) is skeletal so by (iii) the result follows.

A non-empty subset T of a nearlattice S is called large ifxAt=yAtforallte
T, x,y € S implies x = y while recall that T is join-dense if each z € S is the join of
its predecessors in T.

A non-empty subset T of a nearlattice S is called small if for all x,y € S with x <y
and y =xV (yAt) for all t € T imply x = y while recall that T is meet-dense if
each z € S is the meet of its successors in T.

The following lemma is due to [I1] and it will be needed for our next theorem.

Lemma 2.5. A convex superlattice ] of a distributive nearlattice S is large if and only
if it is join-dense in S.

Theorem 2.6. Let S be a distributive nearlattice with an upper element n. Then for
any n-ideal I of S, 8(I) is dense in C(S) if and only if I is both meet and join-dense.

Proof. Let 6(1) be dense in C(S), that is 6(I)* = w. Suppose x Ai =y Aiforallie
I. Then m(x,n i) = m(y,n,i) for all i € I. Then by Theorem 2.4 (i), the author x =
yO(I)* = w. Hence x = y. This implies I is large and so by Lemma 2.5, I is
join-dense.

Again for x,y e Swithx <ylety=xVv (yAi)foralliel. Sincenel,so y=
xV (y An). Thisimpliesx Vn =y Vv n; asn is upper.
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Now m(x,n,y Ai) = (an)/\(nV(y/\i))A(xV(y/\i))
=(@Vvn)A(nVv(yAD)Ay
=m(y,n,yAi)foralli€l.
Hence (xAn)V(xADVARAD) =GADVAR)V(NAYAID)
and so
xXAD)VEADVMAD)=WADV ANV nAID).

That is, m(x,n,i) = m(y,n,i) for all i € I. Hence by Theorem 2.4 (i), the author
x = y0(I)" = w. This implies that x = y and so I is meet-dense.

Conversely, let I be both meet join-dense and x = y6(I)* with x <y. Then by
Theorem 2.4 (i), the author m(x, n, i) = m(y,n, i) foralli € I.

Now, xvn)Ai=mlx,ni)Ai=m(y,ni)Ai=(vn)Aiforalliel. So
by Lemma25, xvn=yvn.

Again x AR V(WA AD) =(yAAR) V(I AMAD) asx <y
=yA[(xAn)V(nAi)]
=yAm(x An,n,i)
=yAm(y An,n,i)
=yA[yAn)V(AD)]
=(An)VAnAI)
Thisimplies (x An) vV ((yAn)Ai) =yAn foralli €l
Since I is meet-dense, so x An =y An.
Hence by the distributivity of S, x = y. Thatis, 6(1)* = w.
Therefore, 6(1) is dense in C(S).

The following result is due to [IVV] which will be needed for the next theorem of this
paper.

Theorem 2.7. For a neutral element n of a nearlattice S, the following conditions are
equivalent:

(i) niscentralins.

(i) n is upper and the map ¢: P,(S) = (n]¢ x [n) defined by ¢(<a >,) = (aA
n,a V n) is an isomorphism, where (n]¢ represents the dual of the lattice (n].
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Recall that a distributive nearlattice S with 0 is called disjunctive if 0 <a <b
implies the existence of x € Ssuchthatx Aa=0and 0 < x < b.

Theorem 2.8. Let S be a distributive nearlattice with a central element n. Then the
following conditions are equivalent:

(i) P,(S) is disjunctive.

(ii) For each congruence ¢, ¢* = 0(Ker,¢)".

(iii) For each congruence ¢, Ker,(¢p*) = (Ker,,¢)™ .

(iv) For each congruence ¢, Ker,(¢p™) = (Ker,¢p)*+.

(v) The n-Kernel of each skeletal congruence is an annihilator n-ideal.

Proof. (i) = (ii). Suppose (i) holds. Since 6(Kern,¢) < ¢, so the author
¢* < 0(Kery,¢)*. So it is sufficient to prove that ¢ N 8 (Ker,,¢)* = w. Suppose x <
yandx =y (¢ N O(Ker,@d)*) implies x = y¢p and x = yO(Ken,¢p)".

If x <y, theneitherx An<yAnorxvn<yVn.Suppose xVn<yVn. Since
P, (S) is disjunctive, so by Theorem 2.7, [n) is also disjunctive. So there exists n <
a<yvn such that aA(xvn)=n. Then n=aA(xVvn)=aA(yVvn=a(p)
and so, a € Ker, ¢.

Since x = yO(Ker,¢)* so x Vn =y Vnb(Ker,¢)* and since a € Ker,¢p, so by
Theorem 2.4,m(x Vn,n,a) = m(yVvn,na) thatis,

(cvr)an)v(anxvn)vnaa) =(yvm)An)v(an(yvn))V (nAa)
andsonV (aA(xVvn))=nVa. Thisimpliesn = a which is a contradiction.
Therefore x = y and so ¢ N 68(Ker,p)* = w. Thus 6(Ken,¢p)* S ¢™.

Hence ¢* = 8(Ker,,¢)".
Since by Theorem 2.4 (ii), 8(1)* and 8(I") have I as their n-kernels,

so (ii) = (iii) is obvious. (iii) = (iv) and (iv) = (v) are also obvious. Finally, we need
to prove that (v) = (i).

Suppose (v) holds. Let n <a <c. Then by Theorem 2.4(iii), <c,a> is the
n-kernel of a skeletal congruence. Since (v) holds, so there is an annihilator n-ideal J

suchthat < c,a >=] =J**. Then aAc < aimplies a €<c,a>=] =]t Since
a<cimpliesc g<c,a>=] =],

So there exists e € J* such that m(c,n,e) #n. But m(a,n,e) =n implies
(ane)vn=n.Thatis,an(evn)=n andsoaA((evn)Ac)=n.
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Also m(c,n,e) #n implies (evn)Ac>n andso n<(evn)Ac<c withaAa
((evn) Ac) =n. Thus [n) is disjunctive. A dual proof of this gives that (n] is dual
disjunctive and so by Theorem 2.7, P,,(S) is disjunctive.

Recall that a nearlattice S with 0 is semi-Boolean if it is distributive and the interval
[0, x] is complemented for each x € S.

Theorem 2.9. Let S be a distributive nearlattice with a central element n.  Then
P,(S) is semi-Boolean if and only if the map 6 — Ken,0 is a lattice isomorphism
of SC(S) onto K,SC(S) whose inverse is the map [ — 6(I), where [ is an n-ideal
of S.

I11. Conclusion

In this paper, we extend the concept of n-Kernels of skeletal congruences on
a distributive nearlattice and establish several fundamental results on n-Kernels of
skeletal congruences. We also give the notion of n-Kernels of skeletal congruences
and prove some interesting results onn-Kernels of skeletal congruences in a
distributive nearlattice.
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