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Abstract

In this research, we compared the Bayesian estimators when estimating the
scale parameter for the exponential distribution by using different loss functions under
Jeffrey and Gamma priors, as most of the available symmetric and asymmetric loss
functions were used, also the balanced and unbalanced loss functions. The simulation
results proved the advantage of balanced loss functions with the Gamma prior, and the
effectiveness of the balanced loss functions when using Jeffrey prior especially if the
value of the weighted coefficient is equal to 0.5, so it is possible to use initial estimators
as maximum likelihood estimator to compensate for the lack of prior information
around the parameter to be estimated, also the advantage of the balanced general
entropy loss function and the balanced weighted square error loss function under
Jeffrey prior when the value of the scale parameter for the exponential distribution is
less than 1, the preference of the balanced weighted square error loss function and the
balanced K loss function if the value of the scale parameter for the exponential
distribution is equal to 1, and the preference for the AL-Sayyad balanced loss function
and the balanced AL-Bayyati loss function if the value of the scale parameter for the
exponential distribution is greater or equal to 2.

Keywords: Bayes Method, Unbalanced Loss Functions, Balanced Loss Functions,
Exponential Distribution.

I. Introduction

The estimation of the scale parameter for the exponential distribution has
received a very large number of previous studies, and researchers in this field have used
comparisons in terms of informational and non-informational prior distributions, as
well as their use of different loss functions in those comparisons. In this research we
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try to achieve three main aims: The aim goal is collecting most of the loss functions
and their Bayesian estimates under the Jeffrey and Gamma priors, the second aim is to
use the balanced loss functions to compensate for the lack of initial information about
the parameter to be estimated, the third aim is to find the best loss function to estimate
the scale parameter for the exponential distribution by comparing the estimators of
those loss functions.

I1. Bayes Method 1]

Let y;, v,, ..., ¥, be arandom sample from Exponential Distribution (ED), then
the probability density function and the reliability function are respectively given as:

fw=pne ® ,u,y>0 1)
Ry,w) =e # ,u,y>0 (2)
u is a scale parameter.
The likelihood function can be found as follows:

Ly(yl,y,---.ynlu)= ) =T pe Wi = pte #EimVi =
pte# (3)

Bayesian posterior for u can be obtained based on the following formula:

L(Yi|H) m(w)
Puly) = —=———— ’
Y Jyp L@ T()dp (4)

where:

L(y|w): likelihood function.
mt(W): prior distribution.
P(uly): posterior distribution.

Now, the Bayes estimator (fig) for (i) under any loss function L(fi, p) is just an
expectation of the risk function, thus (fig) is the value that makes the risk function as
minimum as possible, that is

fip = Risk(f, p) = E{L(&w} = [, L(E wP(uly)dp (5)

assuming that the unknown parameter p has respectively the following Jeffery and
Gamma distribution priors:

Ty () % (6)

7'[2([1) x #9_16_BH e Q,ﬁ >0 (7)

I11. Bayesian Estimation under unbalanced loss functions: @ &1 (4. 1. [7]. [8]. [101
[12]

We obtained Bayesian estimators for p under different loss functions as in table
(1) below, those functions are: squared error loss function (SLF), weighted squared
error loss function (WLF), modified squared error loss function (MLF), K-loss
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function (KLF), precautionary loss function (PLF), General entropy loss function
(GLF), AL-Bayyati loss function (ALBLF) and AL-Sayyad loss function (ASLF).

Table 1: different unbalanced loss functions (UBLF), Risk, and Bayes Estimators

IV. Bayesian Estimation under balanced loss functions: [t 1 1. [11]

Zellner introduced Balanced Loss Functions (BLF) in (1994), Zellner’s
formula is defined as follows:

Lo(p) = w LA po) + (1 —w) LA, 1) (8)
where:
L,,: Balanced loss function.
w: weighted coefficient, where w € (0,1).
Ho: any initial estimator for () depends on the sample.
L({i, w): Unbalanced loss function.
L({i, 1up): Unbalanced loss function for the initial estimator.

The balanced loss function heavily depends on the weighted coefficient (w) and the
initial estimator (yg ).
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Lemma:

For estimating (u) under a balanced loss function L, and for a prior of, the Bayes
estimator depends on L({i, u,) and P*(uly), where:

P*(uly) = wuy() + (1 — w) E{P(u| y)} (9)
that means P*(uly) is a mixture of (uy) and P(u|y).

Now if (u,) represents Bayes estimators under non-informative prior o(u) « 1, then
Bayes expected formulas under different balanced loss functions and the two priors
Jeffry, Gamma (j = 1,2) can be obtained based on the previous lemma as follows:

Balanced squared error loss function (BSLF):

fipjs = E{P{ (10} = (1) + (1 — @) E{P*(u|y)} (10)
Balanced weighted squared error loss function (BWLF):
A = [EP" ()] 7! = {w,, (07} +[(1 — ) E{F )] (11)

Balanced modified squared error loss function (BMLF):

CEPju)  {wuy Y+ (1-) B{P; (17 y)}
EP;(™2)  {wue(0)2}+(1-w) E{P} (1=2[y)}

Balanced K-loss function (BKLF):

n EP; (1) o (W+(1-w) E{P; (uy)
.uBBjKZ\/ y _\] = {] } (13)

ABBjm (12)

EP[ () [{wpuo 0=}+(1-w) E{P} (u=1(»)}

Balanced precautionary loss function (BPLF):

e = JEP G2) = [ 0e2) + (= 0) E(F G221} (14)
Balanced general entropy loss function (BGELF):

fpces; = [EPf (WD) 7= [oy, (0™ + (L= ) E{Ff "IM}] 7 (15)
Balanced AL-Bayyati loss function (BABLF):

EPj(uP*Y)  {wpuy (P} +(1-w) E{P} (ub*1]y)}

A _ 16
HBBIAB = "Epiub) ~ (w0} (1-0) B[P} (k1)) ()
Balanced EL-Sayyad loss function (BASLF).
. 1
. —[EP;‘WM_ {0 H}+(1-w) B[P} (u 1)} (17)
KBBjas EP; (k) {0 WOH+(-w) E{P}‘ (#CW)}
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Therefore, the Bayes estimators under the two priors and different BLFs are given in
table (2) below:

Table 2: different balanced loss functions, Risk, and Bayes Estimators

Formulas in the table prepared and derived by researchers
V. Simulation and Results

For the simulation study, we chose n = 10, 25, and 50 as sample sizes, with
different parameter values
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pn=0512(u0,p) = (0.50.51),(0.51,2),(1,1,2),(1,2,3)(2,2,3),

(2,3,4),(3,3,4),and (3,4,6) furthermore, we selected for the loss functions constants
values a = b =0.5,2,(c,d) = (0.5,0.5),(2,2), (0.5,2), (2,0.5), for the w values we
chose w = 0.2,0.5,0.7. Note that we moved away from the default values which give
equal results for loss functions suchasa=1,b=1,c=1,-2,and d = 1, -2. Simulations
are repeated (5000) times to obtain the Bayesian estimators and their root mean square
error (RMSE) as follows:

23:1(!%—#)2
Q
From tables (3), (4) below which includes Bayesian estimators and the RMSE values
under Jeffrey prior also from the figures (1), (2) which include the RMSE values of the
Bayesian estimators when p = 2,3, it is clear from the RMSE values that the best three
estimators respectively are B1G2, BIW, and BIG1, while the estimators B1AS4, B1AB2
and B1AS2 have been obtained the highest for RMSESs respectively, also when using
the balanced loss functions for the same experiments, the same above behavior
appeared but with lower values for RMSE, where the lowest/highest for RMSEs

respectively has been recorded when w = 0.5 and w = 0.7.

Q
a” Zq=1#q

,RMSE(j) = ,q=12,..,0 ,0 =5000

From table form 5 to10 which represents the different Bayesian estimators and their
RMSE values under Gamma prior, furthermore figures (3), (4) represent the RMSE
values of the Bayesian estimators when u =6 =3, =4 ,u=3,0 =4,8=5, we
note that when u =68 = 0.5,8 = 1, the best three estimators are B2G2, B2M, and
B2G1 respectively, while the highest RMSE values appeared respectively at B2AS4,
B2AB2 and B2AS2 estimators. Whenu = 0.5,0 = 1,8 = 2, the smallest RMSESs have
been obtained at B2W2, B2G2, and B2G1 estimators respectively, while the estimators
B1AS4, B1AB2 and B1AS2 are given the highest RMSEs. When u =1,6 =1, =2
and u=1,0 =2, =3 the best three estimators are B2S2, B2K, and B2AS1
respectively, and the estimators B2AS4, B2AB2 and B2AS2 are obtained the highest
RMSEs, while when u = 2,3,6 = 2,4, 8 = 3,5 the best three estimators are B2AS2,
B2AB2 and B2AS4 respectively, and the highest RMSEs appeared respectively at
B2W, B2AG2 and B2M estimators, also RMSEs increase as o increase, furthermore,
the RMSEs of the BLF estimators are smaller than the RMSEs for the UBLFs.
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Table 3: Bayes Estimators under Jeffery prior and when u

=0.5
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Table 4: Bayes Estimators under Jeffery prior and when u = 1
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Fig. 2. Bayes Estimators under Jeffery prior and when u = 3
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Table 5: Bayes Estimators under Gamma prior and whenu =6 =0.5,=1
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Table 6 : Bayes Estimators under Gamma prior and whenu =0.5,0 =1, =2

Zainab Falih Hamzaet al

11



J. Mech. Cont. & Math. Sci., Vol.-18, No.-03, March (2023) pp 1-20

Table 7 : Bayes Estimators under Gamma prior and when u

1,06=1,8=2
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Table 8 : Bayes Estimators under Gamma prior and when u

1,06=2,8=3
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Table 9 : Bayes Estimators under Gamma prior and whenu =2,0 =2, =3
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Table 10 : Bayes Estimators under Gamma prior andwhenu =2,0 = 3,8 =4
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Figure (3) Bayes Estimators under Gamma prior and when u = 3,80 = 3,8 = 4
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Fig. 4. Bayes Estimators under Gamma prior and when u = 3,60 =3, =4
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The Bayesian estimators ranking under different loss functions explained in table (11)
below:

Table 11: Bayesian estimators ranking under different loss functions
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Conclusions

From the simulations results, we can conclude the following:

Estimating the exponential distribution scale parameter by using Gamma prior is
better than estimating it using the Jeffrey prior for all balanced and unbalanced
loss functions.

The performance of the Bayesian estimators under the Jeffrey prior is improved
by using the balanced loss functions, especially when the weight factor value is
equal to 0.5. Therefore, it is possible to use initial estimators as the maximum
likelihood estimator in the absence of sufficient information about the parameter
to be estimated.

Increasing the initial information about the parameter to be estimated is useless
action, therefore when using Gamma prior Bayesian estimations performance
under unbalanced loss functions is better than the performance under the
balanced loss functions.

The error squared loss function and the K loss function are close in the nature of
their performance, they work well when the scale parameter value for the
exponential distribution is equal to 1, and their performance declines when the
scale parameter value is equal to 0.5, and the loss functions are worse when the
scale parameter is equal to 2 or 3

The AL-Bayyati and AL-Sayyes loss function are convergent in nature, and they
work under very well Gamma prior when the scale parameter value for the
exponential distribution is equal to 2 or 3, and their performance decreases when
the scale parameter value is equal to 1, and the worse performance of those loss
functions are when the scale parameter is 0.5 also under Jeffery prior.

The modified error squared loss function and the general entropy loss function
(constant=2) are convergent in nature, and they work well when the scale
parameter value for the exponential distribution is equal to 0.5, and their
performance decreases when the scale parameter value is equal to 1, and this
performance decreases when the scale parameter value is equal to 2 or 3

Under Jeffrey prior, the performance of the general entropy loss function when
its constant is equal to 2 is better than the performance of this function with the
constant equal to 0.5, but under Gamma prior, the performance of the general
entropy loss function when the value of its constant is equal to 2 is better than
the performance of this function with a constant equal to 0.5 if the scale
parameter value for the exponential distribution is less than 1, and vice versa if
the value of the scale parameter is greater than or equal to 1. In general, this
context is true under balanced and unbalanced loss functions.

With the two cases balanced and unbalanced, the weighted squared error loss
function works well under Jeffrey prior, and it has poor performance under
Gamma prior especially if the scale parameter value is greater than or equal to 2.
Regarding the modified square error loss function, it seems that it succeeds in its
work under Jeffrey prior and its performance under Gamma prior is less than
when the value of the scale parameter is less than 1. In general, the performance
of this loss function, whether it is balanced or unbalanced, deteriorates when the
scale value parameter is greater than or equal to 2.
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- Under Jeffrey and Gamma priors, and in both the balanced and unbalanced cases,
it appears that the precautionary loss function does not outperform, and despite
that, it is more stable than the performance of the rest loss functions, and the best
performance of this loss function is under Gamma prior when the value of the
two scale parameters of the exponential and Gamma distributions are equal to 1,
in general, the performance of this loss function improves by increasing the scale
parameter value under a Gamma prior.

- The performance Al-Bayyati loss function with both constants under Jeffrey
prior is not successful, and the performance of this function when the constant
value is equal to 0.5 is better than its performance when the constant value is
equal to 2, and the same behavior of this function occurs under the Gamma prior,
that is when the scale parameter value for the exponential distribution is equal to
0.5. the performance of this loss function improves by increasing the scale
parameter value for the exponential distribution specifically when the value of
the constant is equal to 1.

- As for the AL-Sayyad loss function, it works perfectly under Gamma prior also
when the value of the scale parameter value for the exponential distribution is
greater than or equal to 2, and it is at its best if the two constants values of this
function is equal to 2, but under Jeffrey prior, the performance of this function
declines significantly, especially if the two constants values of this function is
equal to 2.

- Ingeneral, it can be said that the determination of the best loss function depends
on the parameters values of the prior distribution and the parameter value itself,
so the best Bayesian estimator for the scale parameter of the exponential
distribution is the balanced loss functions estimator under Gamma prior and
explained in the table (11).

Conflict of Interest:

There was no relevant conflict of interest regarding this paper.

References

l. AL-Badran, M., (2010). “Bayes Estimation under Balanced Loss
Functions”. Journal of Administration & Economics, (42)119, PP.108-
120.

Il. Al-Bayyati, (2002). “Comparing methods of estimating Weibull failure
models using simulation”. Ph.D. Thesis, College of Administration and
Economics, Baghdad University, Irag.

Zainab Falih Hamzaet al

19



VI.

VII.

VIII.

XI.

XII.

J. Mech. Cont. & Math. Sci., Vol.-18, No.-03, March (2023) pp 1-20
Ali, S., Aslam, M. , Kazmi, A., (2013). “A study of the effect of the loss
function on Bayes Estimate, posterior risk and hazard function for Lindley
distribution”. Applied Mathematical Modelling, 37, PP. 6068—6078.

Calabria, R., Pulcini, G., (1996) “Point estimation under asymmetric loss
functions for left-truncated exponential samples”, Communications in
Statistics - Theory and Methods, (25)3, PP.585-600.

Casella G., Berger R., (2002).”Statistical Inference”, 2nd ed.
USA,Duxbury.

Dey, D., Ghosh, M., Strawderman, E. (1999).” On estimation with
balanced loss functions”. Statistics & Probability Letters, 45, PP.97-101.

El-Sayyad, M., (1967). “Estimation of the parameter of an exponential
distribution”, Royal Statistical Society, Ser. B., (29)4, PP.525-532.

Norstrom, J.,(1996).”The use of precautionary loss functions in risk
analysis”. IEEE Transactions on Reliability, (45)3, PP. 400-403.

Rodrigues, J., Zellner, A. (1994). “Weighted balanced loss function and
estimation of the mean time to failure”. Communications in Statistics:
Theory and Methods, 23, 3609-3616.

Wasan, T., “Parametric Estimation”, McGraw-Hill Book Company, New
York, 1970.

Zellner, A. (1994). “Bayesian and Non-Bayesian estimation using
balanced loss functions Statistical”, Decision Theory and Methods, New
York: Springer, PP.337-390.

Zellner, A., (1971). “Bayesian and non-Bayesian analysis of the log-
normal distribution and log normal regression”. Journal of the American
Statistical Association, 66, PP.327-330.

Zainab Falih Hamzaet al

20



