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Abstract

Basically, time scale calculus is the theory of unification of traditional calculus
with that calculus of difference i.e. discrete calculus. Time Scale Calculus is a field of
discussion in the area of traditional analysis of mathematics. It focuses on the dynamic
system which has a lot of applications in various fields of life. Calculus of time scales
is a valuable field due to numerous applications in covid-19 disease cases. Notably,
Time scale calculus has a long relation with mathematical inequalities that can be
discussed with fractional calculus. The Anderson Integral Inequality, which provides
a lower constraint for the integration of convex mapping in the form of the averages of
each constituent, is described in this research paper on V — time-scale calculus. On
V-time scale we formulated Anderson’s integral inequality as given below:

<ﬁ f:ﬁm) <za f()l[p(x)]av;()] < <ﬁ f()lwi"(x)) (fol(p(x) +x)avx> < fol (ﬁ (pj()()>V(p
j=1 =1 1

if ;(j =1, ...., @) accomplish some appropriate cases.
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I. Introduction

In 1958, Anderson [1] showed the following very interesting inequality:

If ¢;(0) =0and ¢, is convex increasing on the interval [0, 1] and forall j =

1,2, ....a. Presently, Fink [I ] refined the form of Anderson’s integral inequality (L)
as follows:

Jo 9100 $2(0)...... pp@elx = 2= (f) 1 (0 . ([ b))
(L)
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For each j =1,2,...a, If $(0) =0 and % is increasing on (0, 1]. Further, It is

discussed in Fink [1] that the state ¢;(0) = 0 (j = 1,2, ..., @) cannot be abandoned. The

main aim of this article is to gain Anderson’s integral inequality in the calculus of time
scales. More related findings we can be read from the book [V] of Mitrinvic etc. Now,
shortly

We introduce time scale theory now in a short way and refer readers to Hilger and
Aulbach Hilger [11], Hilger [VI1], and the books [VI] and [I11] for additional study in
detail.

Definition1,: A time scale is randomly a closure i.e. nonempty set which is the subset
of the set of real numbers R, from the beginning of this article we consider that T is a
time scale and it inherits from the real numbers R that is the usual topology on R. The
shift operator which is forward can be defined at point y e T, 0: T - T as

o(y) =inflt>y:7 € T} € T,
and the backward shift operator p: T — T is defined as
p(y) =sup{t<y:7€ T} €T

If a(x) > x,we say y is right scaterred, while if p(x) <
x,we say s is left scattered if o(x) = y,we say t is right dense,

while if p(y) = y,we say "y is left dense.

Definition 15: The interval [a, b] in T is defined, for a, b € R witha < b, by
[a,b]l:={y €T:a < y < b}
Other sorts of intervals are defined in the same manner.

Definition 1.: Consider x: T — R and fix y € T; then with the property that there is
a neighborhood U of y, given any € > 0, we define x?(x) (provided it exists) to be the
number such that.

|[x(®) = x(p O] = 27 0L — pCO| < €It = p(D)I,

For each y € U. We call xV(y)the nabla derivative of x(x) at y € T and x() nalba
differentiable at y. If at every point of T, x() is nabla differentiable, then we have
nabla derivative of x(y) at y € T.

It can be defined, that for € T, y is left scattered and x: T — R is continuous, then

Yy = X0-xe0)
x00 x—-pXx)

Ghulam Muhammad et al



J. Mech. Cont. & Math. Sci., Vol.-17, No.-9, September (2022) pp 1-6

Definition 1;: The mapping ¢: T, — R is an anti-derivative of the mapping ¢: T —
Rif ¢"(x) = ¢(x) V x € TX. In this condition, the integral of ¢ is defined by

JF @Vt = ¢(s) — p(®)
Fort,y € Ty, where

T, = {T — {m},if T has right — scattered minimal point m,
ke T, otherwise

Definition 1g: if ¢: T - R, then ¢” T — R is defined by
P(pO)) = 9?0
VyeT

Definition 1z: A mapping ¢:T - R is left dense-continuous if it fulfills the
understated two given cases

(A”) the right-sided limit lim,_,, @(t) = @(x™) exists each right-dense element y €
T;

(B™) ¢ is continuous at every left-dense or minimal pointp € T .
In this article we state

Cia[T,R] = {@ | ¢: T - Ris left dense-continuous mapping}.

2. Main result

Lemma 2.1. Let o, € C14([0, 1], R) satisfy ¢(0) =
2))

() is increasing on {0,1],

0 and  be icreasing on (0,1].if
Then
3 WP 00" (0Vx < [ WP GOVx
where ¢*(x) = (x + p(0) J, W)Vu for x € [0,1]
Proof. We define
w0 = [;[0*(0) — 9COIVx on[0,1].
Then w(0) = 0 and
w(1) = [ 1(x+p00)Vx = 1] [J o@)Vu = [(¥?| ) — 11, f@)Vu = 0.

Moreover
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0 < w"(0) = ¢*(0) — 9(0) = p(0) f,, pWVu = ¢*(0).

and
0700 = 0" 00 = 9(0) = (pCO) + 1) [y 9V — 9(s).
= (p00) + D{J; 9Vu - ZED o (0,1],
Since ;’;Srp;g())) is increasing on the interval (0, 1], we obtain that p((‘p) is decreasing on

the open-closed interval (0, 1].

The next proof can be divided into two parts and we show that w(¢) = 0 on [0, 1].

(a") If there exists a point o € (0, 1) such that - 2 ()S’()) = 0, then
0

() <0 onlyy1land w¥(x) =0 on[0, xol

Hence if y € [0, xo), then w(y) = w(0) = 0 if y € [x,, 1],then w(s) = w(1) = 0on
[xo,1]. Thus w(s) = 0on [0,1].

* w (X)
(b7) x+p(x)
1). Hence w(y) = G(0) = 00on [0, 1). It follows from w(1) = 0 thatis w(y) = w(0)
on the interval [0, 1]. Hence, by Theorem 1.77 of [6].

I3l = 9" (9P GOV = = [ 0" QPP (0)Vx
—{wew |5 -y ©Gg" v}
= [y 000 ¥R G0OVx

=0

> 0 on (0,1). In this state, w()) the function which is increasing on [0,

Because g is a function which is increasing and 0 < w(y) (and thus 0 < ¥V (Y)).
Hence we have done our proof.

Now we are in a state to prove and write our actual result as given below:

Theorem 2.2 Suppose that y €
[0,1] does not satisfy the following two condtions:

(1%) y is right dense and left scattered ,

(2%) y is left dense and rightg scattered .
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Let @1, P2, . g € Cg([0,1], R) with ¢;(0) =
@i(pC0) . . . _
0 and Tt increasing on (0,1], for j = 1,2, ..., a; then

] 1§0f()() 2% 1[9()()]“V)(
[1] 0
< ] lwf’(x) 1(p0()+)()“V)(
[1]er |(]
< | 1<ﬁ<pj(x)>VS (L)
j=1

Proof. From Lemma 2.1 it follows, the increasing property and y = p(x) of ¢;,j =
1,2, ..., a, that for ¢, defined as in Lemma 2.1,

Jo (=1 0500) V= (3 T2 0 00) 000 ) V¢
> [1 05 (000) (T2 0, (0 Vx

= (Jy PalpC0Ix) (fy Cx +
pCO ) (N1 0,00 V)
= (I3 0alpVX) fy (000 +
0% (= @ 00)Vx (using p(a (1)) = x)
> (fy PaPCOIVX) fy @a-1 (0O {(0C0) +
0P TIZE 0,003V
2 (fo1 Pa (p(x))Vx) fy 910 {(aC0) +
0P TR 0500}V

= (fol wa(p(x))Vx) (fo1 (pa—l(p(X))VX) INCICOE:
X {G+ a0 IS 000}V

(15 2a0Ix) (Jy Pa1(pIVX) [y {L(eCr) + 1P TI9E 0, GO} Vi
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=
(Jfy 2ao0Vx) (Jfy Pac1(pGIVX) fy Pa-2(pCO) {[(0CO) +
PP 0, 003Vx

v

= ( ?=1f01 <Pj(p(x))Vx) (fol[(o(;() +)()p]“VX)
= (M Sy 250 00V) (St + pG0Y*Vx)
> (22 [} 1001 V2) (IT5en J; 0160 G0IV)

Now, we have proof of theorem 2.2.
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