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In this paper an attempt has been made to study unsteady flow of a visco-elastic Oldroydian fluid
in a circular pipe. Using Laplace transformation technique the basic equations of motion and boundary
conditions have been modified and using these modified equations and boundary conditions the solution of

the problem has been derived.
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1. Introduction

Sneddon [1] presented the motion of a heavy viscous fluid contained between two
parallel planes inclined at certain angle with the horizon. Slow steady hydromagnetic
flow between two porous walls was investigated by Sengupta and Ghosh [2]. Sengupta
and Ghosh [3] also developed some problems of slow hydromagnetic flow in presence of
periodic or radial magnetic field. The motion of a visco-elastic Maxwell fluid subjected to
a uniform or periodic body force acting for a finite time was studied by Pal and Sengupta
[4]. Motion of visco-elastic fluid of Maxwell type between two inclined parallel planes in

presence of gravity and uniform magnetic field was considered by Panja and sengupta [5].

Adopting the similar procedure of Panja and Sengupta, the present author has
endeavored to study the problem of the flow of visco-elastic Oldroydian fluid through a
circular pipe. Initially the Oldroydian fluid is at rest and a constant pressure gradient is
exerted upon the system. Laplace transformation technique has been used to solve the

problem. These results are in fair agreement with the corresponding classical results.
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2. Basic theory and equations of motion for Oldroydian fluid :

For slow motion, the rheological equations for Oldroydian visco-elastic fluid are

’
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where 7;; is the stress tensor, 7°; is the deviatoric stress tensor, e, is the rate of strain

tensor, p' the pressure, A/ is the material constant of relaxation time parameter, 4y the
strain rate retardation time parameter, &, the metric tensor in Cartesian coordinates, u
the coefficient of viscosity and g, the velocity components,

We consider the unsteady flow of Oldroydian visco-elastic fluid through a
circular pipe. Let (r',8',2") be the cylindrical coordinates such that z' be along the axis
of the pipe.

Let u',v',w' be the components of velocity given by
u'=0, v'=0, w'=w(r',t")

Then the equations of motion are
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and v=% isthe kinematic coefficient of viscosity.
P .
Equation (3) is to be solved with the boundary conditions
t'=0 : w' =0
t'>0 : w'=0 when r'=a
= finite whenr' =0
ni @)
We now introduce the following dimensionless quantities:
p. v '
w=w'2 pP=p'—5 t=t'— iz L
v 3 pv b a 2 a
Z' VA 'l y Vv
Z=— Ay = 3 =t —
a " a and a
Then equatio_n (3) becomes
G, d 2
(1+7«.1 _)Qw_= 1+2, —Jp +{1+p E) _6_w+1_83
ot/ ot R J Al Tat)'ae2 roor
: (5)
where — D . (constant) fort> 0
_ 62 =P, .
Equation (5) is to be solved under the boundary conditions
t=0 : o w=0
t>0 : w=0 when r=1
w = finite whenr=0
(6)
3. Method of solution
We define the Laplace transform of w(r, t) by
w(r,s)= [e ™ w(r,t)dt
¢ )
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Muitiplying equation (5) by e and integrating w. r. t. t>. between the limits 0 to o we

get
© 0 \ow B - o
e 1+A, — |=—dt= e St(l+l .,_] dt
g ol (on e
@ 2
+ _fe_St(l+u1—a—] W Low) .
0 ot/ o2 roor
- _ ) X
or, d—z"'—’+li"3—s(”“)w=— P, (8)
dar® r or 1+ s s(1+ p,5)

Then general solution of equation (8) is

W= P
w= Ajo(ﬂr)+sz(l+ﬂ.|s) (9)

where Ij is the modified Bessel function of the first kind of order zero.
The boundary conditions of w are

w=0 when r=1
W = finite when r=0

(10)
So the solution of equation (8) under conditions (10) is
p I, (Br)
W=—o—" {1 - I°
s*(1+2,5) 0B ()
where ﬂz = M.IS_) .
T+ u,s

By inverse Laplace transform we obtain from equation (1 1)
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A+in .
. Pn‘ : 1 - 1, (Br) e™ ds (12)
27i 45, sP(L+ Ays 1,(f)

where r is greater than the real part of the singularities of the integrand. We shall evaluate

(12) by using Bromwich Contour.
The integrand of (12)is a single-vatued function with poles at s = 0 and the roots

of Iy (§) = 0. Performing contour integration in the usval way we get from (12)

w= pn[;li(l —~r?)- 2; (ANt 4 AD Pl }————ﬂ-wa"’}{‘é::;r)jl (13)
where g, and g, are the roots of the equation
AsZ 4+ (1+ oy )5+, =0 | (14)
A - (L+p,8, )7
"2 (4B, JA42A B, +p|1|[s§1), 13 -
and %n (n=12,...) are the roots of the equation JO (ot) = 0 and J, is the Bessel function

of the first kind of order unity.
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