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Abstract.

In this paper, we introduce weakly pairwise regular spaces and considering a weakly
pairwise regular space, we prove a theorem on B-pairwise paracompaciness as an analogue of
Michael’s characterization of paracompactness of regular spaces.
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1. Introduction.

A set equipped with two topologies is called a bitopological space. Kelly
[2] started the study of bitopological spaces. Then several authors have
contributed to the development of the theory. The bitopological paracompactness
was first introduced by Fletcher, Hoyle and Patty [1]. They called it pairwise
paracompactness. But in presence of pairwise Hausdorffness, a pairwise
paracompact space becomes a paracompact single topological space. Later on
Raghavan and Reilly [4] introduced the notions of a-, B-, v - and &-pairwise
paracompactness. They proved a 3&-pairwise paracompaciness version of

Michael’s characterization [3] of paracompactness of a regular topological
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space. They considered the space to be pairwise regular. In this paper, we
introduce weakly pairwise regular space and prove the Michael’s theorem for [5-
‘pairwise paracompactness considering the space to be weakly pairwise regular.
We also give an example of a bitopological space which is weakly pairwise

regular but not pairwise regular.
Definitions.

Let (X,7,,7,) be a bitopological space and let 7, v7,denote the smallest
topology on X containing both 7, and 7,. Foraset AcX, (r, vt,)CIA denotes
the closure of A with respect to the topology t,v7,. We denote the set of

natural numbers and real numbers by N and R respectively.,

Definition 1 (Kelly [2]). Let i, j= 1, 2. The bitopological space X,7,,7,)
is said to be pairwise regular if for every (7, )closed set F and xe X with x¢ F,
there exist a 7,—open set U and a (7, )open set V such that i # j,xe U,F cV and

UnvV =g¢.
In the sequel, we assume i = 1, 2.

Definition 2 (Raghavan and Reilly [4]). A collection & of subsets of X is

said to be (T)locally finite if for every xe X, there exists a set G € 7

intersecting only a finite number of members of & .

Definition 3 (Raghavan and Reilly [4]). The space (X, 1, ,7,) is said to be -
pairwise paracompact if every (r;)open cover of X has a (z,vr,)open

refinement which is (7;)locally finite.

We introduce the following definition.
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Definition 4. The space (X,7,,7,) is said to be weakly pairwise regular if
for any (7,)closed set F and any point xe X with x& F ,there exist a U e 7, and

aVer vrt,suchthat xelU,FcVand UNV =¢,

It is easy to sce that (X,7,,7,) is weakly pairwise regular if and only if for
any point x and any (7, Jopen set G with xe G, there exists a U € 7, such that

xelU (T, vr'z)clU cG.

Result.

Theorem. Let (X,t,,7,) be weakly pairwise regular. Then the following

statements are equivalent:
i) X is B-pairwise paracompact.

ii) Each (7, )open cover of X has a (7, vt,)open refinement that can be

decomposed into an at most countable collection of (T)locally finite families

of (t, v 7, )open sets.

iii) Each (t,)open cover of X has a (t)locally finite refinement (not

necessarily (T, v 7, )open).

iv) Each (t,)open cover of X has a (t,v7,)closed (t)locally finite

refinement.

In the above theorem, we consider the space to be weakly pairwise regular.
We now give an example of a bitopological space which is not pairwise regular

but weakly pairwise regular.

213



J.Mech.Cont.& Math. Sci., Vol.-3, No.-1, June (2008) Pages 211-216

Example. If 7, and 7, are the usual topology and the right order topology
on R, then the bitopological space (R, t,, 7,) is obviously Weakly pairwise
regular. In fact, if F is a (z,)closed set with x¢ F, then there exists an open
interval (@, b) with xe(q,h)cR-F. Leta < a < x < B < b Thén
X€ (a,_ﬁ):Uerls, Fé(—oo, a)u(B,=)=Ver ct,vt, and UV =¢. And if
Kis a (1,)closed set with x¢ K, then K = (—o,] for éome ¢ € R and x > a. For
Be(a,x), xe(ﬁ,w)=Ge’L'2,‘ Kc(—w,ﬁ)=Her, ct,vt,and GNH =¢. But
it is not pairwise regular. In fact, if xe (a,b), then xe B= (—e,a]Ulb,), a

(7,)closed set but R is the only (7, Jopen set containing B.

Proof of the Theorem.
i) = i) Straightforward.

if) = iii): Let % bea ('L',-)-open cover of X. Then there exists a

(7, vt,)open refinement ¥of % such that ¥= Y %, , where the sub-collection

Y, of #is (%) locally finite for each n. Suppose %, = {V,,| a € A }. Since ¥is a
refinement of % there exists a set U,, € % such that V,, C U,,. We write G,

=U Uy, . Then & ={ G, |neN}isa(r)open coverof X, Let E,= G, ~ v G;. If

x€ X and n, is the smallest n such that x¢ G, , then x € E, . Therefore {E, | n

€ N}is acover of X and is a refinement of & It is also (7)locally finite, In fact,

G, 1s a (7) open nbd of x which does not intersect any E, for n >n,. The

collection { E,NV,, |[n€ N,ae A }isthena (_r,-)locally finite refinement of ¢

and hence of % .

iif) = iv): Let% bea (7, Yopen cover of X, For xe X, we choose a U,

€9/ such that x € U, . Since X is weakly pairwise regular and U, is (7;)open,
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there exists a (7,)open set V, such that xe V.e(t,v1,)clV, cU,. Then thé
éollection Y ={V,| xe X} forms a (7,)open cover of X and so by iii), there
exists a (7)locally finite refinement {A|yeT} of 9 and hence of ¥
{4, cV, cU,, then (z,v7,)cl4 cU,. Therefore by lemma 20.4 (Willard [5]), |

{(z, vT,)clA }is a (7 vT,) closed (1) locally finite refinement of @/

v) = i): Let %be a (t,)open cover of X and %be a (7)locally finite
refinement of %/ For each x€ X, let W, be a (7)open set such that xe W, and
W, intersects a finite number of sets € % Then W = {W [xe X} is a (1) open
cover of X. Therefore % has a (%)locally finite (z, v 1, )closed refinement <7

For each Ve 9 'we write
Vi=X-UFed¥ | FnV=¢).

Since ¢#is (w)locally finite, it is (7, v7,)locally finite and hence by lemma 20.5
( Willard [5]), it follows that the collection {V |Ve isa (7, v7,) open cover

of X. We now show that it is also (T)locally finite. Let H, be a (7;) open nbd of x
intcréecting Fi, F,, ..., F,of &%, But

HNV#g,
= F,nV#¢ forsomek=1,2,...n
= FinV#¢ forsomek=1,2, ooy R

Again each F; can intersect only a finite number of Ve 9 Therefore H, can

intersect a finite number of V", Thus {V" | Ve ¥ }is (%)locally finite,
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For every V € % let U(V) € U satisfy the condition V C U(V). Then the
collection { V'~ U(V)} is a (7, vT,)open ('r,-)locally' finite refinement of %

Therefore X is [S-pairwise paracompact.
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