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Abstract:

The object of this paper is to study the torsional vibration of an in-homogeneous elastic
cone. For in-homogeneity of the material considered it is assumed that the elastic constants
and the density of the material vary exponentially as the radial distance. Two broad cases of
end condition have been taken into account. Displacements and stresses for-a particular case :
have been obtained and are shown in tabular form and graphicdlly for different values of

radial distance r.
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1. Introduction:

The problem of the torsional viBration of an elastic cone has been the
object of intensive study for a pretty long year. For a cone of spherically
anisotropic material torsional vibration problem has been studied Bhanja [4].
When the homogeneity breaks the corresponding problem for an isotropic
material has been discussed by Mukherjee [11]. More generally when the cone
is made of spherically an isotropic material the torsional vibration has been
dealt with by the present author in details. Two cases of end conditions have
been taken into account. Displacements and stresses in particular case are

shown in tabulas form and graphically for different values of r.
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2. Ormulation and Solution of the Problem

We take the spherical exponential variable with the origin at the vertex of
the cone and r-direction along the axis of the cone. The strain energy function
of spherically anisotropic material can be written as Love (8].

) ’ 2 ’ 2 ' 2 r .
Zw=cgzerr +611(ew +epp )*2"13 (ean*<oplerr

! r 2 r 2 )
+2¢1 €afon+Ce6 Cap a4 (em, 9 ) ——————— 1)
where Cip = €41 _2°.66 and cij are elastic constants.

The stress-components are

™M r ’ ’
T = Cy3 €rr €13 €gg 1 €43 Cpp
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PP =<3+ 12 €gg 11 oo
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TP =C4 %o
m '
rg = 044 erg' a

For torsional vibration, we assume the displacements for the present problem as

ur =0=ug and uy, = f(r)sinfel@t <ooommomirinanaaaao(3)
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Thus we have strain components as [ Love ][ 8 ]

err = g9 =Cpp =, =%gp ="

and

ergp = (f’(r)—- f—-(:-)—} sin@el®t

and the stress-components from (2.2) are

AR oA TEA
rﬂ=99=¢¢=r6=3¢=0

and

M ' -‘
ro=cyy (f’(r)—»-f;gl}sineelmt

For non-homogeneity of the material considered, we suppose,
Caq =c44enr , p‘—‘poenr '
Thus we have,
N A a A
rr=93=¢¢?.=r9=9¢=0

and ' Lt (4)

M f s
rp= P [f’(r) - -g-)-)sineelm t

Substituting (2.4), in the stress-equation equilibrium, in absence of body forces,
the first two equations are found to be satisfied identically and third one viz.

ﬁ. V74 b7 M l’i. 0"2
rg 12%08¢ 1 op 1 _ Up
2 . — 28pcotf | =p
or V730 rsind Op +r[3r¢+ oo } Yy

reduces to
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2
24d°f 2 df .22 o
P2 Sy (ne? +2r) +{4%r% — (nr +2)}f =0 (5)
where
; 2 :
2P i A (6)
44
The solution of equation (5) is
E(r) = AL, (r)+ B[logr £ () + £(£)] < -mnmcmmmmmemmennnneenes (7)
where l |

x M2.4(n22.2 A‘),[n’f A i),
== r’'+ r’4+————-

fir)=r-—=r’+ - - +
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15 15
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and A, B, are arbitrary constants.

Thus using (7) in (3) and (4) we get
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Ug = [Alfl (r)+ B, {logr £, (x)+ f3(r)}] sinéei‘" L i (8)
and
(:(D _ 044611 r [A1¢1(r) + Bl{lo_gr (02(?')+(D3(r)}] sinBeia’t _____ 9)

where

py(r)=f; ()= 1£(x)
0, ()= £ ()= 1, (1)

?’3(") = f3'(")- ;l,'(f:;(r)" fz(r))

3. Boundary Conditions

Case-I:

Let the end caps be fixed ,so that we have
u¢=00nr=aandr=b ................. (10)

Then from (8) and (9), we get

A;fy(a)+ B, {loga £, (a) + fa(a)} =0

—————————————— (11)
4,£,(8)+ B, {logb £, (b) + £3(b)} = 0
Eliminating A, and B, from (11) we obtain the frequency equation as
f.(a}loga+f,(a f(a
2(®) R T W (12)

£, (b) logb +f5(b) £, (b)

Case-11:
Let the end caps free, so that we have at the ends
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N
r@=0onr=aandr=b ——-———-—————————- (13)

and the frequency equation for this case be
¢2 (a) loga+¢3(a) _ ¢1(a) ' 4)
5 (o) Togb + ¢3(b) ¢1(b) .......................................................

4. Particular Case

Whenn=0

In this case C4q =Cag4° P=PFy

then the stress components transferred to

M M M ™M M
rr=00=pp=r0=6p=0

and O (15)

e ;
rop= c44[f’(r)—-irr)—)sin9elwt

Substituting (15) in the equation of equilibrium Love {8], we get,
28 Y of=0 - S (16)
dr

The solution of the ordinary differential equation (16) is

1 -2
+B2r

where, A, and B, are arbitrary constants.
Thus from (3) and (15) we get,

f(r)= At

U =(A,2r1 +B2r_2) NGO P oo s (17)

I .
rp=—Cyu Byt OSB! P e {18)
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Boundary conditions:
Let the end caps be fixed, we take

u¢=slsmee‘wt at r=a and uql,z.s'zsinﬂel""lt at r=b}

............................ (19)
Using (19) solving the equation (17)and (18) we get,
52b2 - sla2 . a2b2 (slb - sza) i
—._T—_ 2 B2 = b3 a3 ----------------------------------- (20)

Substitution the values of A and B, from (20) in (17) and (18) we get

2 2 2 2
b* — b“|s,b-s p
u¢ =[52 Sla 1+ ( 1 2 ) "‘2] sinBel ot .

r
b3—a3 b3— 3
and
2,2
M a“b (s b-—s a) .
1 2 B it
rQ=-—cC r-sinfe
¢ 44 b3 _ a3

5. Numerical results and discussions:
We numerically evaluated the displacements and stresses for different values of

r(ISrSZ)andsl=352, a = 1,b = 2 onthe surface of the cone.

The values of

and

mM
pl=-2 L
55 ¢, Singel®?
g v 2 €44
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for different values of r are shown in the Table-1

TABLE-1

Displacements and stresses for different values of r on the surface of the cone :

T 1 1.1 112113 (1415716 (17 1.8 19| 2

R 1 .840 | 719 | .625 | .553 | .495 | .448 | 411 | .380 | .354 | .333

P |1.14].858 { .661 | .520 | .416 | .338 | .279 | .233 196 | .167 | .143

The corresponding values of displacement R and the stresses P are shown

graphically in Fig. - 1.

6. Conclusion:

We see that as r increases the corresponding values of the displacement
{ R ) as well as the stresses ( P ) both gradually decreases. Moreovei' stresses P
decreases more rapidly than the displacements R.
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FIG. 1: Curves showing the variation of stress and displacement with radial
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distance.
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