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Abstract.

In this paper dynamic stresses and displacements are calculated in a large thick
composite plate due to torsional vibration under shearing forces applied on the free plane
boundary while the other boundary being in contact with a rigid foundation. The applied
shearing force on the free plane boundary is expressed in terms of Fourier — Bessel integrals;
in particular, case of Gaussian load has been treated in details to find the distribution of

stresses and displacements.
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1. Introduction.

The problem of a large thick plate acted on by shearing couples on two
opposite faces was investigated by Yu , Yi - Yuan (5). Following this work
Sengupta (6) investigated the problem of torsion of a large thick composite
plate under shearing forces on the free plane boundaries. This work was further
extended to the case of composite plate consisting of different layers of
materials by Sengupta (7). This is followed by a similar problem of two layered
semi-infinite body of transversely isotopic material by the same author.
Propagation of waves in a composite eclastic layer was investigated
by.Bhattacharyya, P.C and Sengupta, P.R. (8). Effect of rotation on Rayleigh
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surface waves under the linear theory of non-local elasticity was investigated

by Acharya, D.P. and Mondal, A. (4). Sharma, M.D. (9) solved the problem of
effect of initial stress on reflection at the free surface of anisotropic elastic
mdium. Gupta, S., Chattopadhyay, A. and Kumari, P.(10) find out the solution
propagation of share waves in anisotropic medium. Torsional waves
propagation in an initially stressed dissipative cylinder was investigated by
Selim, M.M.(11).

However, similar problems, as indicated above, in case of torsional
vibration have not been investigated by a similar approach. The object of the
present paper is to investigate torsional stresses due to torsional vibration of
large thick composite plate under shearing forces applied on the free plane
boundary and the other boundary being in contact with a rigid foundation.

‘Firstly, a general case of torsional shearing stress is applied on the free
plane boundary, while the remaining plane boundary being rigidly fixed on a
foundation. This is followed by the particular case of Gaussion load acting on
the free plane boundary. |

2. General Theory and Boundary Condition.
The stress equation of motion in cylindrical co-ordinates (r,8,Z ) are,

drr 1 8r0 Orz rr—06 %

i + + + pF = . 1.1
or 1 00 oz ;TP =P (.1
oré 1 608 00z 2 — 8u

+—. + +—=rf+ pF, = g
or r 0@ oz r o PSP (1.2)
drz | 80z 0Ozz rz ou

=, TR = z
or r 8@ oz ¥ r TP =p ot . (1.3)

We may assume from the nature of the problem

U, =0, u,=u,(r,z,0)=V(,z)e” u_=o0 (2)
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and equation (1.1) and (1.3) are identically satisfied.
The non-zero components of stress are given by

67 = N Oug(r,z,t)
oz
;§=ﬂ[6u9(r,z,t) _u,(r,z,t)]
or r

and the equation (1.2) takes the form.

y7, _@.(%_&)4..2_(6“9)4.2.(6"‘9_"_9] =p621:9
or\ or r oz\ &z r\ or r ot

Let us put
V=RZ

Where R is a function of r alone and Z is a function of z alone.

Clearly, by using the equation (2) we have

2 2 2
i[aR_'__l_a_R_]_l_(pw ——L)= L2 o (say)

R\ & ror nor " Z o

and this is satisfied if we assume,
8%z

L )
azz—m Z =90

and

2 2
GR LR o +m -2 r=0
or r or 7 r

in which m is an arbitrary constant of separation.
The solution of the differential equation (6.1) and (6.2) are
Z=7> (Ale"'" + B,e"".)
m=6
and
R = J(a,r), Yi{a,r)

where
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“and J,, Y; are ordinary Bessel’s function of the first kind and second kind
respectively and of order unity.
Clearly the solution of the differential equation (4) appropriate to this problem
is ,

u, = Zﬂ (Ale'"" +Ble"")J1(a,,,r)e"“ @)

m=0

It is supposed that the material above the plane satisfies the equation (5), (6)
and (7). For the material beneath the middle plane the corresponding equations
are '

57 = #,aaV o
-4
_ 8
;ZJ__ :{6V'__V_'_}em: ()
# or r
and by the similar procedure the differential equation of motion takes the form
2 1y f r..2 2 7t
LER L) (pet 1) LT, o
R\ or r or M r Z' oz
leading to the solution

up =3 (Ae™ + Be™ ) (@ur)e™
()

and 4 ' is the shear modulus and p', the density and V7, the displacement
for the material.

Let the boundary planes of the large thick plate be z = +¢ where ¢ may
be any finite value. At the boundary of the body torsional shearing forces are
prescribed with their axes parallel to the Z — axis.

When z=-¢, V=0 (fora rigid foundation)

and

fz=F(re= | (10)
when
z=+¢ (on the free plane boundary)
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Therefore, we have for the upperhalf 0=<z=<c

v =3 (4e7 + Be™)J (@,r) | -

m =1

0Z = i mu (—Ale"" + B,e"“)J!(amr)e"‘“
m=1

- 3 i @, (4e™™ + Be™ ) J (@, r)e" an
ﬂ —mz T it
= A J
mz-:l " ( € ) (ax_r)e W,
Similarly for the lower half —¢csz<o

Z (A,e77" + B,e™)J (a.r) ~

m=1

5—;’ — i mﬂ'(—Aze;m‘ + Bze'")J, (am‘r)e"'”

>

re = Z uo, (Aze“”" + Bze"")J,(amr)e"“" (12)

-—Z (A e ™ + B,e™ )J (a,r)e™

m=] r

Using the boundary (10) we obtain.
V =0when z=-cand fﬁzF(r}e’“ whenz=+c¢

And we have

-mc

e
4= " mucosh 2meJi (a )I rh@n)E(r)dr

_ emc
B =— TR T )J’rJ (a,VF(rdr (13)

348



J.Mech.Cont.& Math. Sci., Vol.-3, No.-2, December (2008) Pages 344-353
Again, the following boundary conditions

¥ Yoo = [V " Nsees (021,00 = 107 1m0 (14)

yields the folowing equations to determine the wnknown constants.
- We bave,

Ay =41 py and By = 4 p; (15)
Where, ‘

2 -—-;1—,[(;:' + 41) = (' — ™)
¥

pi =5 = )= (4 + )™
y7i

Clearly for the region 0 <z <c and A, is indicated in equation (13) we have,

= 28inh m(z+c)Jl(amr)
L muCosh 2mcJi(a,)

V =

;[rJl (a, r)F (r)dr \

—
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6z = e 7 Fi
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o
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9"" m ] .0} J F d
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0
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+ = m 7 7 i 02
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o
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&= rmCosh 2mcJ}(a,,)

i
[rd @, F(rydr
0
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Similarly for the region —-¢c < z< ¢, we have,

n -mz T\ - 4 !
yr=- 3BT 4PN TS, (anr) [ra@,F@yar \
vt muCosh 2meJ{(c,)

5 o™ P S e
274 =; 1 2e”2nn:..f22(a,,,) Jr.ﬂ(a,,,r)F(r)d'

~ & lpe™ +pe )™ o, (@) !
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¢
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e nF e
0

- e L e ix 1
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3. Distribution of shearing stress on the free plane boundary on a large
thick composite plate acted on by Gaussian load.

The distribution of shearing stress on the free plane boundary due to Gaussian
load may be given by

[é——‘;] — F(r)efw! = poe-qzrzi-iml . (18)

T+e

where p, and q, are constants.
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The problem explains the facts that applied shearing stress decreases with the
increase of the distance from any arbitrary axis or from a centre. The shearing
stress is maximum at the centre or at the mentioned point but stress is
negligible at a large distance from the cenire or at the mentioned point.
According to this type of distribution of applied shearing stress unknown
constants and displacements and stresses in different layers are given below
with the help of the equation (16) and (17).

Fortheregion 0 £ z < ¢ , weget

Vo= Z 2Sinh m(z +c).J (@, r)

i
J _qz,.zd \
el mﬂCOSh 2ch22(am) 6[" 1(0".,,")}’,,8 r
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0
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and fortheregion — ¢ < z < 0 ,wehave

_ X (pE T 4 peT)e " (@) 7
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4. Discussion
The integrals corresponding to the values of v,70,0Z for the upper half

whenz=-cand v, 76 and 6‘;2' for the lower half when z =+ ¢ as represented

in the equations (19) and (20) are all convergent. These may be evaluated
numerlcally by numerical computational techniques. Firstly the definite
integral is calculated by considering as many terms as needed for desired
accuracy of the problem. For numerical computation, the value of the infinite
series are to be obtained for a particular value of z, implying the variations

v,70,8Z and also v, %',EZ' on a particular plane parallel to the plane boundary.
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