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Abstract
In this paper, we find a more generalized contractive mapping that is applied to prove

some convergence theorems of Mann Iteration procedure. Our proof is comparatively easy.
Actually, here we generalized some theorems of Rhoades{3], Qihou[l], Ganguly and
Bandyopadhy[8], Kannan[12] to develop the concept on convergence of Mann Iteration

procedure.
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1.Introduction

> Let S be a non-empty bounded closed convex Subset of a Bénach
space B. Let F be a mapping from § into § ie., F:S—»>§
Now, the contractive definition is
| Fo)—F) s kmaxd]}x—y |L{llx—Fo |+ y—FOINLIx—FO) |+ y—F )13
forall x,ye S, where £,cz20,0<k<l. (1)

The Mann iterative process is defined by
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Xa=(0-a)x,+a,F(x,), x,€S8, neN, (2)
where, N is set of Natural numbers and {a,} is a sequence of non-negative |
numbers satisfying (i)a, =1, (i) 0s @, <1 & (ili) D.a, = ie, {a,} is
divergent.

Qihou, L. [lj used the contractive definition (1) but he considered Ishikawa
iterative prbcess, which is defined as follows :

Xpy =(=a,)x, +a F[l-5b)x, +b,F(x,)], x,€8, neN, (3)
where, {a,} and {p,} are sequences of non-negative numbers such that (i)
O<a<a,sl,0<b, <1(i)) 'l’i_.nlsup(b,,)<l.

Kalishanker Tiwary' and S.C. Debnath?® [2] used the Ishikawa iterative

process (3) but they considered the following contractive definition:
1 1 | -
IIF(x)—F(y)l!Smax{#-yllgi[lfx-F(x)Il+|Iy-F(y}Il],§[le-F(y)Il+Ily—F(x)!I]}

forall x,yeB. 4) |
Ganguly and Bandypadhyay [ 8] used the following contractive
definition : ,
IFG)=FO) IS a || x=yll+a, llx~F(x)ll+a; |l y=FO) l +a, [ x - FGA|

’ 5
+a,fl y-F(x)l|, forall x,ye B, where, g, 20&20, <1. (5)

fu]

B.E. Rhoades [3] used (3) and (4).
Tiwary and Lahiri [19] used the contractive definition (5) but they considered
the following iterative process:

Xy =Ax, +(1-A)F(x,,), x, €8, neN, 0sA<].
Kannan[12] considered the above iterative process for semi-non-expansive
maps while Chakraborty and Lahari[7] used the contractive definition (5).
It is shown that the contractive definition (1) is more gcneral_ than contractive
definitions (4) and (5). Ishikawa iterative process reduces to the Mann
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iterative Process by setting 5, =0 for all ne N. In this paper, we consider
Mann iterative process for the mapping satisfying (2).
Suppose, F be a mapping § intoS. Now if F(x)=x forall xe §, then x is
called the fixed point of F. _
A Banach space B is said to be uniformly convex if,

%, ISLlly, <1115, +3, I->2as 11— imply |5~ 10, Vx,.3, €B.
Wecall aset § .in a topological space Brelatively compact if its closure is

complete.

2. The Main Results
Theorem A: Let S be a non-empty bounded closed convex subset of a

Banach space B andF be a map from § into S satisfying the contractive
definition (1). Let {x,} be a sequence in Sdefined by (2). Now, if

{x, }converges, then it converges to a fixed point of F.

Proof:
Suppose that,

limx, =r, where r is any finite number.

e L

Now, we are to show that r is the fixed point of F i.e, F(r)=r.
By (2) we have,
Xy=0U~a,)x, +a,F(x,)
l.'e’!‘xn'{-l —X, =4, [F(xn) _xn]
Since, limx, =r and therefore,
lima,[F(x,)~x,]1=0, ie,lm[F(x,)~x,]=0.
Which gives that | x, - F(x,)||->0 as nrn—w.

By (1) we have,
| F(x,) - Fr)lIs kmax gl x, —r LUl x, - FG) N+ 7 = FA LI >, - F) |
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+l| r=F(x,) 1}

But, : :

I r=F@) IS r —x, I+ x, - F@) -+ Fx) = F@) |
i x, = FlI x, — Fx ) I+ F(x,) - F()l

| r~Fx) il r—x, I+ x, - F(x,) -

Therefore,

|| FGx,) - Pl emaxll x, =7 1121 %, - Fer ) |+l r—x, |+l FGx,)—F I,

 REx -F ) +ir-x )+ Fx,) - F@)ID |
= kmax{e|| x, —rlL{20l x, = F(x,) | + | r—x, | +| F(x, )~ F()D
Now, since x, —»r and || x, = F(x,)li»0 as n—w.
wlim | F(x,) - F(r) j=0

Also we have,

| r=F@) ||l 7 = x, | +][x, - Fx) §+] Flx,) - F@.
So,

lim | r—F(r)[=0.

Which implies that, »— F(r)=0.

~F(r)=r.

This completes the proof.
Theorem B: Let S be a non-empty closed convex subset of a uniformly
convex Banach space B. Let F :§ - S satisfying (1) and such that F(S) is
relatively compact. If f(F) the fixed point set of § is non-empty, then Mann
iterative process (2) with {a, } satisfying (i), (i) & (iii) converges to a fixed
point of F . '

Proof:
Suppose, r € f(F) then,
| Fx,)-r |l F(x,) - F(r)lis kmaxg || x, =z, x, ~F@) |+ r—F

[l x, = F@) |+ r=Fx )13
s kmax{clx, —r bl x, —r i+l r=FE +lI r—F@)
lx, —rli+r=FE i+ r— F(x) 1}
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=kmax{c| x, —r [l x, =7l + | r = F(x,)ll,

[l x, —# |+l 7 = FGx,) 1} [ F(r)=r]
Therefore, it follows that

| F(x,)—rli=l Fx,)-Flsklix, -7l (6)
Now, |

| % —rlidl A —a,)x, +a,F(x,) =l

=l @ -a,Xx, —r)+a,(F(x,)-r)|

sQl-a) =, ~rli+a, | £G)-rl 7
Now, combining (6) & (7) we get, '

| % —r il A= a)ll x, —r | +ka, || F(x,) =7l

=|(-a, +ka )} x, 7l

ieli x,,, —ridix, -7l [since 0<k <1 and 0<a, <1] 3

Therefore , §| x,—r(}} is a monotone decreasing positive sequence, and hence
converges to a real number a.
Suppose, a>0.
Since,
%, = F )l x, —r | +]| Fx) =7l x, —rll +k ) x, =

= +R)l %, =7 |
[Using (6)]
i)l x, = FGx) IS A+ D)l x, =1l )

So

§i x, - F(x,)|} is abounded sequence.
Now,
| 7= %, lI=ll ¥ — A —a,)x, —a,F(x,) Il
| (1-a,)r-x,)+a,r—a,F(x,)l
Al d-a,)r—x,)+A—a,Xr—F(x,)+Q2a, -D)r-Fx)l
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<(1-a)l(r—x,)+r=F(x,) | +2a, -Dlr-Fx,) |}
<(-a)ll(r-x)+(r=-FaN+2a,-Dir-x,1
 [Using 6)]

c-a)ylr—x, | ME2IXCFCID  of 1y r-x, ] (10)
fir=x, I
Now, define
__r—x, _r=F(x,)
“Tir-x lr=x, Il
Then,
| Lo a2 F G

7 —x, I

|1Lu=l'-"—"-"—"l151 ie, LIt

r—x,|
Nr—F@E) _|=UAF&)-rli _Elx,-rl .
M= 2 = = <1 L. [ Ms1
L e s T R PRSI e
[Using (6)]
and HL_M“= ||r—,x,,-—r+F(x,,)|| =“-F(xn)_xn “
== |7 —x, |l
So, from (10) we get
'llr-xmIIS(I-'a..)Il"—x,.H-llL+Mli+(20,,-1)||r—x,.li _ (11)
Now,-

| (r=x,)+ (= Fx)Il

7 —x, |l

tim || L+ M ||=lim
< lim M=% llli *lr ‘"F Gl By triangle inequality]
n—a Jhre— x”

im“ r—2Xx, " +]im"r_'F(xn)“
ol r—x, | == lr-x,

=lim|lr—x" ""l'liml_l].“F(x")_r"
mellr=x, | = lx, -l
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il o K5 7
melr=x, | e x5l
[Using (6)]
<2

ie, WmlIL+Mls2 ie, |L+M|>2 as n—sw

Therefore, frdm (11) we get oy e o B Ly B3
7= Il 7= x, o a2
Hence, we can also say that {lr—x, I} is a monotone decreasmg posmve

sequence.

Since, B is uniformly convex and|| L{|<1 || M|<1&|| L+ M| 2
Then, we get || L-M [|->0
| x, ~ F(x)i =0

ie, lim||L-M|=0=lim :
n-pon n—re " r-x, " |
But, ’l'i_>m | » —x, |l 0. Because, if }'Lm || r—x, =0 then, x, —r and which

contradicts the definition ofa.
Hence,

llm || x, —F(x,)lI=0
Since, F (S) is relatively compact, there exists a subsequence {F (x )} of {F(x )}
Such that
lim[F(x,,)]= d € B,(Say)

But, ——
I %, ~d li<ll x,, —FQx, )+l Fix, ) =40 as i =

Now,
| F(d)—d 1< F(d)y—F(x, ) I+ Fax)-dl |
<kmaxgld—x, I,U1x, —F@,)l+1d-F@ILilx, — P+l d-F(x, )]}
+|| F(x,)-4d| - o
< kmax{c||d - %, .01 x, =FG, )+l d = F@IL %, ~d |+l 4= F]
+ld- F(x,.,)||1}+nF<x,,) dil |
So,
|| F(d)~d i< kmax{||d - F@|,|d—F@I} as i

Hence,
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I F(d)~dlsk|d-F@)].
Which is a contradiction, because 0<k <1 and F(d)=d.
Hence d isafixed pointof F  ie, de f(F).
Now, replacing » by d in (8), it follows that {|| x, —d||} is monotone

decreasing sequence inn.

Since, Iifn[x,,: ]=d , which implies thatlim{x, ]=d .
Hence, we can say that {x,} converges to a fixed point of F .

This completes the proof.
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