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Abstract
The object of the present paper is to investigate"rhe Joint effect of couple-.étre.’ss and
gravity on the propagation of waves in an elastic layer. It is Jound that the ve!ociiy of
propagation. of waves in an elastic layer increases due to the presence of couple-stress and
the effect of gravity has some effect on the wave velocity when the length of the wave is
small compared with tke thickness of the layer. It is clear ﬁom the phase velocity equation
* that _]omt effect of couple-stresses and gravity is superposing effect when this two are acting
separately |
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1. Introduction

In recent years effect of couple-stresses in mechanics of continua is
receiving greater attention by many investigators owing to its theoretical and
practical importance. The concept of couple-stress in mechanics of continua
was originally intfoducc by Voigt, W [1] and Cosseret brothers [2].
Subsequently Mindlin and Tiersten [8] formulated a linearised theory of
couple-stress . in elasticity. Using this theory a good many fundamental
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problems were solved by Sengupta, P.R. and others [6,11]. In the classical

theory of elastic waves and vibrations the effect of gravity has not been
considered in details. It was Bromwich [4] who first considered the effect of
gravity on elastic waves and in particular on an elastic globe. Love {5]
presented the influence of gravity on superficial waves and it is shown that
rayleigh wave velocity is effected by gravity field.

Boit [3] investigated the influence of gravity on Rayleigh waves assuming
the force of gravity to creaté a type of initial stress of hydrostatic nature and
the medium to be incompressible. Subsequently, without assuming the
medium to be incompressible Sengupta and Dey [7] investigated a good many
fundamental problems of propagation of waves in elastic solids including the
effect of gravity as type of initial stress as formulatéd by Biot in his initial
stress “ theory. These problems were solved in a very general way.
Bhat'tacﬁaiyya, P.C. and Senguta, P.R. [9], studied influence of gravity on
propagation of waves in a composite elastic layer. Acharya, D.P., Roy, I and
Chakraborty, H.S. [10] have investigated the problem on interface waves in
second order thermo — visco — elastic solid media under the influence of
gravity. | |

FblloWing the linearised theory of couple-stress of Mindlin and Tiersten
[8] and the influence of gravity to create a type of initial stress as suggested
by Biot, the author of the present paper has investigated the joint effect of
couplg—étress and gra\}ity of the propagation of waves in an elastic layer. It is
found that effect of couple-stresses increases the wave velocity and the effect
. of gravity has some effect on the wave velocity when the length of the wave
is small in comparison with the thickness of the layer, while in the country
case the effect of gravity is insignificant.
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2. Statement of the Problem and the Boundary Conditions
From the nature of the problem the non — zero displacements uy and us, at
any point may be written in the form

o¢ Oy 8¢ Oy
=l o , IR W 1
U, ax,  ox, _ Uy o, + o, (1)

Where ¢ and y are displacement potentials which are functions of the

co-ordinates X; , X3 and time t.

The displacement equations of motion are

o’u *u, ou,  Ou
Vi, +(A+ 1V L5y, [+ pg—=p— 2.1
V% +( ”)ax,axl n (Bxaax, ul) P8 G =P o (2.1)
Bu Ou ou, &
Viuy +(A+ Ly V2| -V, |- pg = p 2 @2
HV Uy +( .”)axlax, yl (ax,ax, u;] pgax, Loy (2.2)

The equation of motion (2.1) and (2.2) in view of (1), yields the following

differential equations

vip-h+E L =0 | @3.1)
: 1. go¢
Vi - IVhy -— iy —=~——=0 3.2
v VoY T, (3.2)
where
; Cizz-l'i'z#’czz':ﬁ and 12 =_2

P 7

n7is a constant characterizing the existence of couple stresses and A,u are

Lami’s elastic constants. If /, the parameter of couple stress, be zero the

classical resuit of the corresponding problem foliows at once.
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Our problem here is to seek solutions of the equations (3.1) and (3.2)

subject to the boundary conditions
Oy, =24, + Ay, +ée33) 4)
The stresses o, and couple-stress 4, are given by [1,2,3]
Oy = 2ue,, + Ale, +ey5)
oy = 2ue,, + Ae, +ey)
O +0yy =4piey, , sy =47(85; —€35,) (3

O3 =0y = My + Hays Hyy =4n(e; 5 —€,)

g =u; 5 g m%(u,_j +uN)
On substituting for u, and u; from (1) in (5) we get
Oy =24(Boy Vo) T AV'S
Gy = 20l H/s ) + AV
T e A 6)
Oy = B2y Wy W ) T1V'Y
Ho =2V (W.3)
oy =20V W)

where

Vie—+—s

o Oxg
3. Solution and Phase Velocity Equation.

To solve the equations (3.1) and (3.2) we assume
$(x020,0) = ¢ (3, ) € | @
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yf(xl, x3’ t) - II)" (x3 )ei(a#-a-\'|)

Introducing equation (7) into equations (3.1) and (3.2) we arrive at two

ordinary differential equations
(& iag
Y3 P AP @8.1)
\ O3 lJ : -
[, & o . dag
_I’(—a;:--az)—[gx-—:--—vi}] 8y -0 82)
where

2

@ @
vi=a’-— and v;=a 2y p .
c; I

Eliminating ¢'andy’ from equations (8.1) and (8.2) we have

T &l gglere o

where

The solution of the differential equation (9) are as follows
#" = Asinh 4,x; + Beosh A%, +Csinh 4,%, + Dcosh 4,x,
~ +Esinh A,x, + Feosh 4%, (10)
w =A sinh Z,x, +B cﬂshil,x, {C'.six-lh A%, + D' cosh A,x,
+E'sinh A4;x, + F' cosh 4;x,

where,
 wn . B b _Pvi+(+2a%07)
’11 +/11 +A§ - Iz
a2 +I7—Ms '*'Asln __(I’ar"-i-v,)ﬂll (1+2a°1%) a1

12
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_davii@lat +vi)-a’g?

212192
Addy = el

Putting the values of ¢’ andy"’ in equation (8.1) we get

A'=-imAd4, B'=-imB, C'=-im,C, D'=-im,D,
E'=~imE, F'=-imF (12)

where,

2,42 2
c (4, —v,
m=l(] l)

J' 3

=il 23
ag )

and ultimately we get
¢ = (Asinh A,x, + Bcosh Ax, +Csinh 4,x, + Dcosh 4,x,
+Esinh 4,x, + F cosh A,x,)e ™)

w =—i(Am, sinh A x; + Bm, cosh A, x; +Cm, sinh Ax, + Dm, cosh 4,x,
+Em, sinh 4,;x, + Fm; cosh A,x,)e' @) (13)

Inﬁ‘oducin_g the value of ¢ andy” from equation (13) into equation (4) and
also using boundary condition we get

A(S.p, ~ma )+ B(g, ~mp, )+ C (&P, ~14,) + D(&:4, -1, P,)
+E(&ps ~m,q: )+ Flé,q, ~1,p,)=0 (14.1)
~A(&p +1,4)+ B(5a+mp ) - C (50, +1:, )+ D(6,a, +1,)
~ By + 10, )+ F(6s, +m,0,) = 0 (142)
- Almp,—1g,)+Blng, ~1,p,)+C(n,p, ~ 1,9, )+ D(n,q, -1, 1,) |
+E(n,p,~Lq, )+ F(ngq, —,p,)=0 (14.3)
— A(n,p, +1,4,)+ B(ng, +1,p,)~C(n, p, +1,4,)+ D(n,g, +7,p,)
~E(n,p, +1,q, )'+ F(n,gq, +1,p,)=0 - (144)
Anqi+BptCng+ Dnp + Eng + Frzp; =0 (14.5)
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Ariq -Bnps +Cninqa - Dps + Ersqs - Frsp; =0 (14.6)

Eliminating A, B, C, D, E, F from equations (14.1) to (14.6) we get

¥ ThP: G P P> €1Ds 7,05
np Lp, - m,p, Lp, n,p, Lp, =0
0 "o, 0 - rD, 0 nps |.(15)
nd, &y ma, & T ga |
ha, m, Lq, ma, Lg, nyq,
ng, - 0. %q, 0 "4, 0

~ when, |

£ -=.c1z (& —-;xiz +2¢2a°
zyj--ZcidAjmj._ o | | (16)
l, =204,
n;,=mj(ﬂ.§+a.2).-%.m1(l‘j+a‘)
:},=2i:}m,(1}—a2),- p,=SinkAh, q,=Coshih, j=1,2,3
4. Discussion.

The transcendental equation (15) is in the determinant form. It represent
the wave velocity equation of wave propagated in the elastic solid layer under

the influence of couple-stress and gravity. It is easy to note that this wave
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propagation velocity essentially depends upon the couple-stress and gravity

field.

If the length of the wave is very small with respect to its thickness 2h of
the layer then the quantities Ak , j =1, 2, 3 are large and the approximations.

2 ctanhap=1, j=1,2,3 " an
q, |

may be made. Now introducing equation (17) in equation (15) and then
using the properties of the determinant for simplification it is natural to expect
Rayligh wave velocity equation in layered elastic solid medium under the

influence of coupl-stress and gravity.

Thus we get,
A=AA, =0 ‘ (18)
where,
A = 51+ G2+, ¢s +1, (19)
n+1 n,+I, n, +1,
O-+n 0+r, O+r,
and |
A= b, &=, C&em (20)
n -l n, —1, n, 1,
0-r 0-r 0-r,

From equation (18) we have
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Either A =0 or A, =0 _ @2n

It is clear that A, =0, represents the wave velocity equation corresponding
to Rayligh waves propagating in a semi-infinite medium under the influence
of couple-stress and gravity having the plane horizontal boundary in the upper
most part of the elastic solid while the equation A, =0 is the wave velocity
equation for a semi-infinite medium under the influence of couple-stress and
gravity having its horizontal plane boundary in the lower most part of the
solid, though the thickness of the layer is assumed to be finite and large, in the
case of Rayligh wave we shall consider that it is a semi-infinite medmm with
a plane boundary existing at the upper most part or at the lower most of the
semi-infinite medium and that is why Rayligh wave velocity equation occurs
twice according as the free plane boundary is at the upper most side or lower
most side of the medium. |
If this plane boundary be at the upper most side, the medium is extended
to infinity at the lower and the wave velocity equation A, =0 repfesent the
type of wave propagating in the vicinity of the free plahe upper boundary. In a
similar manner the wéve velocity equation A, =0 represents the type of
Rayligh wave propagating in the vicinity of lower plane boundary treating the
medium to be extended towards infinity at the upper side.
- It is obvious from the mathematical form of the equations A =0 and
A, =0, that they are interchangeable simply by changing A/ by -4 (=
1,2,3) i.e. by changing the direction of the x3 axis. It explains the existence of

2 — wave velocity equations.

Let us first study the equation A, =0 and the equation A, =0 may be

treated similarly.
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When we consider that the effect of couple-stress on the propagation of

the waves in an elastic layer is absent irrespective of the thickness of the layer
take, | =0andso A, =0 and the value of 4, and A, may be obtained by

the relation given bellow.
B+ B =vi v

BR=vivi v

2.2
:_2 8 -
2 2 | 22

Neglecting the effect of couple-stressin A, =0 of the equation (18) we
obtain the wave velocity equation for Rayligh wave under the influence of
 gravity only

('51 'H?lxl:z +nz)=‘(§2 'HTzXl; +n1) _ (23)
This is an good agreement with the paper of De and Sengupta [7]

Let us consider the length of the wave is large compared with the
thickness of the layer, the quantities A A,A,h 0k can be regarded as small

and hyperbolic tangents are replaced by their arguments putting the value of
&,.1,.n,;,1, where j = 1,2 and neglecting the effect of gravity in equation
(23) we obtain |

el =4cy (e —¢3) Q4

which is classical requation and also this determines the wave velocity in the

elastic layer.

From the above discussion we can conclude that joint effect of couple stress

and gravity is superposing effect when this are acting separately.
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