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Abstract.

In this paper, Fourier analysis began as an attempt to approximate periodic
functions with infinite summations of trigonometric polynomials. For certain functions,

these sums, known as Fourier series, converge exactly to the original function. Here

extending the result of R. Islam & M. Zaman (1999), a theorem on k**"# summability of
quadruple Fourier series has been established.
Keywords and phrases : Fourier series, approximate periodic function, infinite summation,

guadruple Fourier series
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Introduction:

The method k“*was first introduced by Karamata (1935). Lototsky
(1963) reintroduced the special case 1 =1. Only after the paper of Agnew
(1957), an intensive study of these and similar methods took place. Vuckovic
(1965) and Kathal (1969) established some interesting results on
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k*summability of Fourier series. Shyam Lal (1997) extended the result of
kathal for k** summability of double Fourier series. R. Islam & M. Zaman
(1999) extended the result of Shyam Lal for k*#*summability of triple
Fourier series. In this paper, the result of R. Islam & M. Zaman’s is extended

for quadruple Fourier series.

Some Basic Concept:

1.1 Let f(w,x,y,z)be a periodic function with period 2z in each case which
Is summable in the quadrate (-z,—z,~7z,—7; 7, 7,7, 7). Then the Fourier
series of f(w,x,y,z)Iis given by

fwxy,z)=
[, ., COskweoslxcosmycosnz+b, , , ,coskweoslxcosmysinnz |

+Cy | mnCOSkweoslxsinmycosnz +d, , ., ,coskwsinlxcosmycosnz

k,I,m,n

+€, 1 mnCoskweoslxsinmysinnz+ f,, coskwsinlxcosmysinnz

k,1,m,n

iiiiﬂk + 0y 1 maCOSkwsinlxsinmycosnz+h, | -coskwsinlxsinmysinnz |,
PR [ I meSiNkwsinlxsinmysinnz+ j, , .. sinkwsinlxsinmycosnz
+0,; mpSinkwsinlxcosmysinnz+ p, , ., .sinkwcoslxsinmysinnz

+ 0 maSiNkwsinlxcosmycosnz +r, , . sinkwcolxsinmycosnz

+S,1.mn SINkwcoslxcosmysinnz+t, | .. - sinkwcoslxcosmycosnz

k,l,m,n
here,
i k=l=m=n=0
16
é k>0l=m=n=0; | >0,k=m=n=0 m>0k=l=n=0;, n>0,k=I=m=0
Adtmn = le k1>0m=n=0 I,m>0k=n=0, mn>0k=I=0; k,n>0,1=m=0 (1)
% kI,m>0n=0 I,mn>0k=0  kmn>01l=0; k,1,n>0,m=0
1 kl,mn>1

and a,, ., = %”” f(w, X, Y, z)cos kw cos Ix cos my cos nzdw dx dy dz
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with similar expressions for other coefficients where ¢ denotes fundamental
quadrate.

1.2 Let us define the number, {k
S

} for k=12,3,... and0<s<1,

H (W+V)=——* Tw+ k) Zk: {k'}ws'

r'(w) Sl s
2)
I rix+1) G|,
[T e =55 pzo[p’}x
3)
' _F(y+m)_ - m q’
[T === —zo{qu
4)
and H(Z+V) Hz+n) Z{}
v=0 (Z)
(5)

q!

Stirling numbers of first kind.

The numbers[k},[l l,{m}and {:} are known as the absolute value of
S]Lp

1.3 Let, {S,,../ be the sequence of partial sums of quadruple infinite

seriesZZZZak,mn
k=0 I1=0 m

_ r(ﬂ') F(,Ll) F(V) 1—‘(ﬂ) SRR m n s' p'q pr
Sk"’m'“_r(mk)r(ﬂ+|)r(v+m)r(ﬂ+n)§z;)§§[ H Mq}{r}ﬂ o
(6)

to denote (k,1,m,n)th K ***# mean of order (1, x,v,B) >0 if Sifns — S

k,I,m,n

as (k,I,m,n) >« where S is a fixed finite quantity , then the sequence
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{S¢ 1 mnt is said to be summable by Karamata method K**** of order
(A, u,v,B)>0 to the sum S and we can  write

Siuvh Ly GKAHYEY g (k,I,m,n) - oo

k,I,m,n

(")

The method K*“"/ is regular for (A4,u,v,8)>0 and we know that
w X y z

p(w,x,y,2) = [dH [dn[ds [|g(H h,s,bD)dt [See details in R. Islam &
0 0 0 0

M. Zaman (1999)]

oo d)
Dol |A¥sin] '+ = |w
—ol| S 2

and = 3= :
Kk(w) . w
4+ k)sm?

io{lp,}#”sin ( p'+ ;j X

K = 2=
1(x) . X
I'(u+1)sin—
2
g3
Dl vEsinj g+ =y
K _ q'=0 q 2
m(y) — . y '
I'(v +m)sin =

N |

2
Zn: {:,}ﬂr'sin[r# 1)2

.z
1“(ﬂ+n)smE

Knwy =

1.4 The following lemmas are essential for the proof of our theorem [See for
details in Vuckovic (1965)]
ImT (|/1eiw + k|)

a. Let A>0 and O<w<’™ then
2 F(/lcosw+k)sing

in(4logk.si
_[sin(#1og S'"W)|+o(1), as k — oo

sin —
2
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uniformly in w.

b. Let >0 and 0<x< % then

Im F(|ﬂeix' + ||) _ |sin(u log L.sin x)|

+0(1),asl > oo

. X . X
r 1)sin = 2
(ucosx+1)sin ) sin 5
uniformly in x.
c. Let y>0 and 0<y<%

then 'm 1"(|Veiy + m|) _ lsin(v log m.sin y)| .

0(1),asm — oo,

F(vcosy+m)sin% sin%
uniformly iny.
d. Let £>0 and 0<z<%
ImI(|Be” +n ' i
then (|ﬂ |) _ lsin(3 log n.sin Z)|+o(1),as N
.z .
1"(,Bcosz+n)smE smE

uniformly in z.
Theorem: On K**"#summability of quadruple Fourier series has been

obtained in the following form: If
w X

) ol ol oo

then the quadruple Fourier series (1) of the function f(w,x,y,z) Iis

dt=o0

, as (W, x,y,2) —>+0

HW, X, Y,2) = 'vdej.dhj‘dsJZ.\gé(H ,h,s,t)

summable K AP (A, v, B) > 0) to the sum f(s,t,u,v)

atw=s, x=t,y=u, z=V.

Proof: Let S (s,t,u,v) denote the partial sum of the series (1) as

s, p',q’,r’

w=¢s,X=t,y=U,Z=V then we have
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R AN A A A

1 aran sin S+§ WSIN p+§ Xsin q’+§ ysin I’+§ Z
_ - \

S e~ fotu = ][ [Awxy.2) WXy 2 dnaschce

0000 SlnESIHESInESIni

Now

ra) Iy T L'(p)
[(A+k) T(u+1) T(v+m) T(B+n)

k I m n k | ’ L
Sl o T T

U is'sin(s#jw P sin( uré)x
k [k LI 4 p

:F(i)l“(!;)f;(v)l“(ﬂ)”“'(ﬁ(w’ XV, Z)Z[ l 2 Z{ l 2X _
4 0000 I ( P 1“(,u+|)sinE

N . | rei (o 1
n Fm1Y sm(q +2jy 0 M B sm[r +2jz
Z{ ,} Z{ } dwdxdydz
q r(

v+m)sin% =¥ F(ﬂ+n)sin§

S8 — f(s,t,u,v)

_T)r()r()rp)

i

O =3

ﬁjqﬁ(w, X, ¥, 2)K, (W)K, (x)K,, (Y)K, (z)dwdxdydz

+

ot—5 |

I
=o(1")+0(1")

(9)
Again,

Ct— x|

11i1Ln

T e (w, x, y, 2)] [k (w)[[k, (X)Ilkm(y)llkn(Z)IdeXddeH

= | — N

I

3 |hrt—y

811



J.Mech.Cont. & Math. Sci., Vol.-6, No.-1, July (2011) Pages 806-824

i {e/ F(“-‘“‘)}

r(ae™)

K (w)|=0

=0

r(4+k)sin . r(2+k)sin 2.

T (Acosw+k).ImT (2e™ +k) {F(ACOSWJFK)}
-0 w |0 21K
F(/‘t+k).r(/100$w+k)sin? r(2+k)
1
If O<W<E , then
I'(Acosw+k)

I (ﬂ, + k) - |:K ’ﬂ(lfcosw)] _ I:K%(LCOSW)IOQK:I _ |:eng |0gk:|

since,for0<w<%, 0<1—cosw<%

RN ImT (Ae™ +k e
o |Ke(w)[=o]e ? "o ( )W +o{e 2 ng] for
F(/icosw+k)sin?

0<W<l
k
Similarly,
_H20 ImT eix+l _Hy2)
K, (x)|=0]e 2 roo! (’u )x +o{e2 Ig']for0<x<|1
'(pcosx+1)sin—
i (u sin 3 |
|Km(y)|:0 e-%yzlogm ImF(ve +m) +o{e_;yzlogmj|’foro<y<i
F(vcosy+m)sin% m
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_8,210gn ImT eiz n ~8 42 10gn
and |Kn(z)|:0 e 2 log (/B + ) . +O|:e 2 log :|1
1“(,Bcosz+n)sinE

f0r0<z<1
n

Now,

l"'=0 @ (w, X, y, 2)|K, (W)|[K, (X)[K, ()| K, (2)] ; dwdxdydz

Ot X |
Oty — |
O3 |
O =S |

(10)

K,(z)| inequation (10).

Substitute the values of |k, (w)

K (y)

K (X)),

We will get sixteen terms and consider the terms are

!

r i i ' ' i
I - Ikl,ll,ml,nl + Ikl,ll,ml,n2 + Ikl,ll,m2,n1 + Ikl,I2,m1,nl + Ik2,|1,ml,n1 + Ikl,ll,m2,n2

!/ ’ ! [ ’ !
+ Ikl,l2,m2,n1 + Ik2,|2,m1,n1 + Ikl,I2,m1,n2 + Ik2,|1,m2,n1 + Ik2,|1,m1,n2 + Ikl,I2,m2,n2

/ ! [ !
+ Ik2,|2,m2,n1 + Ik2,|1,m2,n2 + Ik2,|2,m1,n2 + Ik2,|2,m2,n2

Now consider 1% term,

_e—gvflogk Imr(ﬂelw-‘_k) e—gleogl Iml“(ye'x +|)

F(/‘Lcosw+k)sinvav 1“(,uc05x+|)sin§

1111
k1 mn
dwaxdydz
ki =0 ?!"!J"(['c[ Y\210gm ImF(ve‘y+m) B1gn Iml“(ﬂe‘z+n) i
o ? | .2)
F(vcosy+m)sin% 1“(ﬁcosz+n)sinE
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| Loy [sin(ilogk.sinw) g [sin(ulogl.sinx) ¥y iegm [sin@-logmsiny) |
e P Te T e e =7

1111 . W . X Y
Xlmn SIHE SII‘]E SIn—
=0 ”” p ) ) dwdxdydz
—Z2210gn | .
e s sin(8 ogrz1 sinz)| i, y,2)
sin—
[using Lemma a, b, c, d]
1111 sin(Zlogk.sinw)| [sin(ulogl.sinx)| [sin(vlogm.sin y)| [sin(8logn.sinz)
Khme W ' X Y . Z '
= sin— sin— sin= sin— dxdyd
0 ! ! £ ! > ) ; ) wdxdydz
lpw, x, y, 7)|
1111
k1 mn
= 0[(A log k).(z log 1).(v log m).( B log n)].””|¢(w,x, y, z)|dwdxdydz
0000
=0 (410g k).(#1log 1).(v log m).(/5 log n) by using equation (8).
| (klog k).(lI'log I).(m log m).(nlog n)
i M} _o@1) as  (klmn) -,
| k.I.Lm.n
2" term,
I _e%WZ iogk [sin(Alogk sinw) .e—gleogl [sin(ulogl sinX) .e%yzlogm | 1
1111 . W . X
Kimn SIin— SIin—
. ~ ”” _ ﬂ2 2 .dwdxdydz
kuizmnz =9 59700 _|V|09m§m Y| .e—gzz'ogn |¢(W, XY, Z)|
sin--
L 2 i

814



J.Mech.Cont. & Math. Sci., Vol.-6, No.-1, July (2011) Pages 806-824

lsin(4 logk sin w)| [sin(xlogl sin x)| [sin(v logmsin y)| y

W X Y
smE sin = sin >

(w, x, y, z)dwdxdydz]

Il

o
O ey X |
O — |
O3 |
O 5 |

=o[Alogk wlogl vlogm] |#(w, x, y, z)|dwdxdydz

O ey < |
O t———y— |
o3|
O =5 |

- Alogk. ulogl. viogm - Auv
klogk. llogl. mlogm. nlogn kimnlogn

}:o(l) as (k,I,m,n) —» oo,

3" term,

| Zutigx [sin(Zlogksinw)| “iog1 [sin(uloglsinx)| |
e e .

. W X
sin— sin—
2 2

! —
I k1,11,m2,n1 — 0

Ot X [
O e — |
ce—3 |
O S |

dwdxdydz

eWy logm eWz logn |sm(,b’|og;15|n z)| B x,,2)

SIn—

lsin(4 log k sin w)| |sin(log I sin x)| [sin(/ log ssm ) 6w, x, v, 2)e] ldwelxdyd

I

o
O e X |
O ey — |
O3 |r
O S |

sin —

oW X
sin— sin—
2 2

=of[Alog k zlog 1 Blog n | |6 (w, x, y, z)|dwdxdydz

O x|
O e — |
O'—.B‘H
O > |

:o{ Alogk.ulogl.Blogn }:0{ App }:0(1) as (k,I,m,n) — oo.

k log k.l'log I.mlog m.nlog n klmn log m
4" term,
(1111 i
k'mne ulogk |S|n(/1logksmw)| g e»y “logn |V logmsin |
J[]e W 5
’ 0000 sin— Sin—
Ikl,l2,ml,n1 =0 2

—z 2logn
e?

sin(s '09T5'”Z)| l#(w, x, y, z)dwdxdydz
SlnE
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[sin( logk sinw)| jsin(v logmsin y)| [sin(#lognsin z)| "
. .

y

- W, X, ¥, 2 )dwdxdydz
sin— sin-=- sin—
2 2

O e — |
O3 |
O S5 |

Il
o
O e X |

=o[Alogk Blogn vlog m]

O'—-.X‘I—‘
O ey — |
O ——3 ‘I—‘
(= =R

(W, x, y, z)|dwdxdydz

o Alogk.glogn.viogm o y77:2% _o(1) as (k,I,m,n) o0
klogk.llogl.mlogm.nlogn kimnlog|

5" term,

—%wzlogk.e—%leogl [sin « log 1'sin x)| .e—%yzlogm v log mssin |
Yy

e

O x|
Oty —
O'—.B‘H
O S |

. X .
' SIn — SIn
Ik2,|1,m1,n1 =0 2
—gzzlogn

sin( 8 |?g nsin Dl yw, x,y, 2)|dwaxcydz
SIn E

lsin(Blognsin z)| [sin(xloglsin x)| [sin(v logmsin y)| y

y

.z X _ (w, x, y, zdwdxdydz
SIn — sin — sin 2
2 2 2

Il

o
O Ce < |
O ey — |
O3 |
O 5 |

=o[Blog nulog lviog m] |6 (w, x, y, z)|dwdxdydz

(S — ‘H
O t——3 |

|

ot—x |

o ulogl. glogn.viogm o puv ~o(l) as (K,1,m.n) — .
klogk.llogl.mlogm.nlogn kimn log k
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6™ term,

e

O'—.B‘.—\
Ot |

|

ot— x|

!
Ikl,Il,mZ,n2 =0

V.2 B 2
——y“logm -=2z°lof
2 y 9 2

[sin(4 log k sin w)| |sin( « log I sin x))| o
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Zwriogk [sin( 2 log k sin w)| ~#x710g1 [sin(  log 1sin X))

W X
sin — sin —
2 2

o ¢ (w, X, y, z)|dwdxdydz

X, ¥,z |dwdxdydz

O e <X |
O ey — |
O3 |
O S |

W
sin—
2

|

[ —_ N

=o[ilog k ulog 1]

Alogk. ulogl.

sin —
2

O'—.S‘I—‘
O =5 [

(W, X, y, z)|dwdxdydz

Au

{klog k.

7"term,

4 —
Ikl,IZ,mZ,nl =0

= Tl
O ey — |
O 3 ‘r—\
O =5 |

Ilogl. mlogm. nlogn

e

}_O[Hmnl log mlogn} =o®) as (kI,mn)—>oo

B

2
—z“log n
2 ]

i - -
~2w?1og k [sin( A log k sin W)|e—§x2 ot ~5y g m -

. W
Sin —

sin(Blog nsi 2 lgtwx, v, 2ldwdncycz

sin —
2
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[sin( 2 log k sin w)| [sin( 8 log nsin z)| y

. Z
sin —
2

(w, x, y, z |dwdxdydz

Il

o
Oty x|
O ey — |
o'—.g\;—‘
Ot———S |

sin

= o[4log k g log n]

O 3 ‘na
ot—s |

|

o'—.x\»—\ N

6 (w, X, y, z)|dwdxdydz

as (k,I,m,n) — oo.

o Alogk. glogn o AB —o(1)
klogk. llogl. mlogm. nlogn kiImnlogl logm

8" term,

A2 H“ 2 v.,2 i
Wik cgatlnl fyflegm v log m sin y|.
y

Oty x | =

Oty — |

O =3 ‘l—‘

O t——5 |
@D

sin
[
I k212,min1 — O

——z log n

sin€ 109 nsin )| 14wy ¢y, 2) dweclydz
sin ?

sin( B log nsin z)| |sin( v log msin y)|

|¢(w, x, y, z }dwdxdydz

Il

o
O x|
O ey — |
O ——3 ‘H
O =5 |

sin i sin l
2
1111
=o[glogn V|09m]HH|¢(WX y z)|dwdxdydz—o{ plogn. viogm }
0000 o klogk. I'logl. mlogm. nlogn
_— pv - 0(1) as (k,I,m,n) — o.
kImnlogllogk
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9" term,

I ’
k1,12,m1,n2

O x|
Ot — |

=o[Alog k.vlog m ]

O —3 ‘H
O ——5 |

=0

Ot~ |

v H ﬂ
e—?yzlog m v log msin y| B L atiog

O ey — |

O‘—.B‘H

o= |k
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e%wz og k [sin( A log k sin W)|.e—%leog )

.o W
Sin —

y |6 (W, X, y, z)|dwdxdydz

sin

[sin( 2 log k sin w)| [sin( v log m sin y)|

. W
Sin —

o — x|

Oty — |

O'.—.g‘._-
Ot |

y ¢ (w, x, y, z )dwdxdydz

sin

|6 (w, x, y, 2)|dwdxdydz

=0 Alogk. viogm =0 v =0() as (k,I,mn)— .
klogk. llogl. mlogm. nlogn kimnlogllogn
10" term,
I _e_ng ogk ~4on! [sin( « log | sin X)|.e_%y2 log m._
1111 . X
kL mn sin-—
lk2i1mznt = O JIJ.j dwdxdydz
0000

o 2t an sin( Blog nsin 2) p(w,x,y,2)]

sin —
2

O x|
O ey — |
O3 |
O 5 |

7
sin—
2

lsin(Blog nsin z)| [sin( log | sin x)| ow

X, ¥, 2 )dwdxdydz|
sin 5
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=o[plogn.ulogl ] |#(w, x, y, z)| dwdxdydz

=0 flogn. plogl =0 Pu =0(1) as (k,I,m,n) — oo.
klogk. llogl. mlogm. nlogn kimnlogk logm

o'—,;\—\ba
O ey — |
Ot—3 |+
O 5 |

11"term,

e%wz log ke—%xz iog1 [sin( z log 1'sin X))

sin *
2 dwdxdydz

!
Ik2,|1,m1,n2 =0

Oty x|
O ey — |
o'—.g‘n—-
O S |

- og m | L2210
2 om P 10G SN Y]ty 2)
sin 7.
L L 2 i i
1111
k1l mn|gj | | 1 | 1
. J.J.”|sm(y ogxsm x)|.|v ogmsin y|. 14w, ., 2)cwexdydz
0000 sin— sinY
2 2
1111
Em logl.vlogm
=o[uloglvl X, y, 2)|dwdxdydz = i
olutog!v ogm]!!!}[ww Y, Dfdwdxdydz =0 klogk.llogl.mlogm.nlogn
=0[L}=0(1) as (k,1,m,n) — co.
kimnlogk logn
12"term,
- _e—fw log k |S|n(ﬂ |Og k sin W)| ——x Iogl— ]

w
sin 5 dwdxdydz

! p—
I k1,12,m2,n2 — 0

O x|
Ot — |
O‘—.B‘I—‘
OS5 [

Y y2log m —ﬁz log n
2 £

e (w,x,y, 2)|
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in(1logksi
|3|n(/1 0g smw)|.| (w XY,z )dwdxdydz| —ollogk

|p(w, x, y, z)|dwdxdydz

O3 |
O 5 [

|

Il

o
O x|
O ey — |
O3 |
O 5 |
O'—-.X\H

sin—
2
= Alogk =0 A =0() as (k,I,m,n) — .
k logk.llogl.mlogm.nlogn kimnlogl.logm.logn

13" term,

_llll_e—%wzlogke %leogle ~YyZiogm ] ]

kK L mn ' '
1 ipman =0 ——z logn (SiN( S log nsin z) dwdxdydz
k2,02,m2,n1 _1;.([_([.([ e | ||¢( leiz)| y

sin —

1111

_ _ i Lmn
sin(s lognsin Z)|.|¢(w, X, Y, z)dwdxdydz | = o[Blogn][ [ [ [|#(w,x, y, 2)|dwdxdydz

0000

Il

o
O < |
O ey — |
O 3 |
O S |

sin—
2

=0 plogn =0 s =0(1) as (k,I,m,n) - oo.
klog k.l'log I.mlog m.nlog n kimn log k.log I.log m

14" term,
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f1111 |
et g 1m0
’ . X
l2iimane = 0] 2000 SN ?
—‘;—yzlog m —%zzlog n
I e 6 (W, x, y, z)|dwdxdydz
1111
k1L mn |ej i
~o ”H|S'”(ﬂ'°9 |sin x)| (W, X, y, 2)|dwdxdydz
0000 sin —
2
1111
k1L mn logl
_o[ulogl dxdydz = £
o[xlog ]HMWW’X’ ¥, 2)|dwdbxdlydz O{klogk.lIogl.mlogm.nlogn}

=0 4 =0(1) as (k,I,m,n)—> oo.
kimn log k.log m.log n

15" term,

2 _Kyz |Og mw ]
-Zw?log k —%xz log | sin Y-

€ € € dwdxdydz

B2
—-—z%log n
5 g

!
I k2,12,m1,n2 — 0

O ey X |
O ey — |
O 3 ‘H
O eS|

e e (w, x,y, )]

_1 111 1111
Kimnlylogmsin y| iK1 mn
=0 1 |p(w, X, y, z)|dwdxdydz | = o[v logm] |p(w, X, y, 2)|dwdxdydz
I 1
L 2
=0 vlogm =0 Auv =0(2) as (k,I,m,n) > .
| klogk.I'logl.mlogm.nlogn kimnlogl.logk.logn
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16" term,

A 2 K2 v o2 B2
—w“logk ——=x“logl ——y“logm —=z“logn
5 g 2 g 2y g 5 g

e £ £ e (W, X, y, z)|dwdxdydz

' —
I k2,12,m2,n2 — 0

O e < |
O ey — |
O 5 |

111
Lmn 1
,X, Y, Z)|dwdxdydz | =
.([-([J;W(W Xy Z)| Wexayez 0{klogk.lIogl.mlogm.nlogn}

Il
(@)
O e X |

o ! ~o(l) as (k,1.m.n) — oo,
kimnlogk.logl.logm.logn

Thus we get that 1" = o(1) as (k..m.n) -

(11)
1 —A(1-cos &;)
For s o, <w<z,then |[K,(w)=o0 5 —|=ollask —>
sin —L
( 2)
1
I—saz<x<7r, K, ()| = 0(1) as | — o
Similarly for, %saz <y<z, |K,(y)|=o0@) as m-w

and %362<Z<7Z', K, (2)|=0(1) as n— o
K WK (0K, (DK, (2)] =0(1) as (k,1,m,n) — oo,
Lastly, when, %<W<ﬂ,%<x<7[,i<y<ﬂ,£<2<7[ then g(w,x,y,z) is
m n

bounded. Then we have

" [#(w,x, y, 2)[K, (WK, (K, (Y], (2)|dwdxdydz ]

Il
(@]
—
x| P— N
—_ P —

|p(w, x,y,z)|dwdxdydz =o@)as  (k, I, m, n) -,

3‘,;’.—.@ 3‘._\'—.;1
S |pt——y S|P — N

Il
o
~
H
~—
= | Pt— N

—_— P —

(12)
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From (9), (10) & (11) we get,
Sivh £ (s,t,u,v) =0(1) +0(l) =o(1) as(k,I,m,n,) >

s,pq.r

This completes the proof of the theorem.
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