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Abstract.  

In this paper, Fourier analysis began as an attempt to approximate periodic 

functions with infinite summations of trigonometric polynomials. For certain functions, 

these sums, known as Fourier series, converge exactly to the original function. Here 

extending the result of R. Islam & M. Zaman (1999), a theorem on βνμλ ,,,k  summability of 

quadruple Fourier series has been established.  
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¢hj§aÑ  p¡l (Bengali version of the Abstract) 
¢œ−L¡−e¡¢j¢aL hýfcl¡¢nl Ap£j pj¢øpq fkÑ¡hªš A−fr−Ll p¢æLVÙÛ j¡e ¢edÑ¡l−Zl HL¢V 

fË−Qø¡ ¢qp¡−h g¥¢lu¡l ¢h−nÔoZ öl¦ q−u¢Rmz ¢eÕQa A−fr−Ll SeÉ g¥¢lu¡l −nË¢Z ¢qp¡−h ‘¡a HC 

pj¢ø…¢m j§m A−fr−L kb¡bÑ A¢ip¡l£ quz HM¡−e Bl. Cpm¡j (R.Islam) Hhw Hj. S¡j¡e 

(M.Zaman) - Hl gm¡gm−L h¢dÑa L−l Qa¥bÑ œ²−jl g¥¢lu¡l −nË¢Zl pj¢ØV βνμλ ,,,k  -- Hl ašÄ−L 

fË¢a¢ùa Ll¡ q−u−R 

Introduction:  

The method λk was first introduced by Karamata (1935). Lototsky 

(1963) reintroduced the special case 1=λ . Only after the paper of Agnew 

(1957), an intensive study of these and similar methods took place. ckovicVu ˆˆ  

(1965) and Kathal (1969) established some interesting results on 
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λk summability of Fourier series. Shyam Lal (1997) extended the result of 

kathal for μλ ,k  summability of double Fourier series. R. Islam & M. Zaman 

(1999) extended the result of Shyam Lal for νμλ ,,k summability of triple 

Fourier series. In this paper, the result of R. Islam & M. Zaman’s is extended 

for quadruple Fourier series. 

Some Basic Concept: 

1.1 Let ),,,( zyxwf be a periodic function with period π2  in each case which 

is summable in the quadrate ),,,;,,,( ππππππππ −−−− .  Then the Fourier 

series of ),,,( zyxwf is given by 
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with similar expressions for other coefficients where c  denotes fundamental 

quadrate. 

1.2 Let us define the number, ⎥
⎦

⎤
⎢
⎣

⎡
′s

k  for 1,2,3,.... andk = ,10 ≤≤ s  

1

00

( )( )
( )

k k
s

sv

kw kw v w
sw

−
′

′==

⎡ ⎤Γ +
+ = = ⎢ ⎥′Γ ⎣ ⎦

∑∏      

 (2) 

1

00

( )( )
( )

l l
p

pv

lx lx v x
px

−
′

′==

⎡ ⎤Γ +
+ = = ⎢ ⎥′Γ ⎣ ⎦

∑∏       

 (3)    

1

00

( )( )
( )

m m
q

qv

my my v y
qy

−
′

′==

⎡ ⎤Γ +
+ = = ⎢ ⎥′Γ ⎣ ⎦

∑∏       

 (4) 

and 
1

00

( )( )
( )

n n
r

rv

nz nz v z
rz

−
′

′==

⎡ ⎤Γ +
+ = = ⎢ ⎥′Γ ⎣ ⎦

∑∏       

 (5) 

The numbers ⎥
⎦

⎤
⎢
⎣

⎡
′s

k , ⎥
⎦

⎤
⎢
⎣

⎡
′p

l , ⎥
⎦

⎤
⎢
⎣

⎡
′q

m and ⎥
⎦

⎤
⎢
⎣

⎡
′r

n  are known as the absolute value of 

Stirling numbers of first kind.  

1.3 Let, { }nmlkS ,,,  be the sequence of partial sums of quadruple infinite 
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to denote th),,,( nmlk  βνμλ ,,,K mean  of order 0),,,( >βνμλ  if SS nmlk →βνμλ ,,,
,,,  

as ∞→),,,( nmlk  where S  is a fixed finite quantity , then the sequence  
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{ }nmlkS ,,,  is said to be summable by Karamata method βνμλ ,,,K  of order 

0),,,( >βνμλ  to the sum S  and we can write 

∞→→ ),,,(as)( ,,,,,,
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(7)                                                                                                                                                   
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1.4 The following lemmas are essential for the proof of our theorem [See for 

details in ckovicVu (1965)] 
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 uniformly in w. 

b. Let 0>μ  and 
2
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uniformly in x.  
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uniformly in y. 
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uniformly in z.  

Theorem:  On βνμλ ,,,K summability of quadruple Fourier series has been 

obtained in the following form: If 
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then the quadruple Fourier series (1) of the function ),,,( zyxwf  is 

summable βνμλ ,,,K 0),,,( >βνμλ ) to the sum ),,,( vutsf  

at ,  ,  ,  w s x t y u z v= = = = . 

Proof: Let ),,,(,,, vutsS rqps ′′′′  denote the partial sum of the series (1) as 

vzuytxsw ==== ,,,  then we have 
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14th term, 
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15th term, 
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16th term, 
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From (9), (10) & (11) we get, 

∞→=+=−′′′′ ),,,,()1()1()1(),,,(,,,
,,, nmlkasooovutsfS rqps
βνμλ  

This completes the proof of the theorem. 
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