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Abstract :
In the paper we study the comparative growth properties of composite entire and

meromorphic functions on the basis of & = (.4 th order ( &= (. ¢) th lower order )
and L = (g.¢) order (" = (.q) th lower order ) where L ® L(%) is a slowly chang-
ing function and g, ¢ are positive integers and ¢ = §.
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ﬁ{@l 9 (Bengali version of the Abstract)

L- (p.q) -OF &7 fEfGr@ [ L - (p,q) - ©F AFFT ] 43¢ L*- (p,q) ©OF P9 fofere [ L* -
(p.0) - ©F AFFT ] 3 7 @ (Entire Function) @3 FRRINFRAE Q75 (Meromor-
phic Function) - &3 Samyars Jad $MF P P9 AR WA L = L) AT Ao
AT GR .o HNGP 7T TR 47 p>q

1 Introduction, Definitions and Notations :

We denote by C the set of all finite complex numbers. Let f be a me-
romorphic function defined on €. We use the standard notations and defini-
tions in the theory of entire and meromorphic functions which are available
in [5] and [2]. In the sequel we use the following notation:
&a_qm.ﬂ: - éa,qlf,éa.q&'ﬂ:x] for k m12%, ...and &a,qm:x -

The following definitions are well known.
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Definition 1 A meromorphic function & m @(z) is called small with respect

Tir.a) = 8(r.fF) .

Definition 2 Let @y, @g....@; be linearly independent meromorphic func-

to fif

tions and small with respect tof. We denote by L{#) m W (@ @ity F)

the Wronskian determinant of @g,@g; ..y, F i.€,

Gy oG ey f
ﬂliﬂ% I.I.I.Iﬂ’si‘ff
LI |
af @f ... af f¥

Definition 3 If @ € € W {s&]}, the quantity Type equation here.

Glay f)m :I.—limsup%

Pt

mip, @ f)

:_&Hninf TG
is called the Nevanlinna’s deficiency of the value 'a’.
From the second fundamental theorem it follows that the set of values of
a € QU {w] which dlaf) =0 is
“2“ Sl f)+ §(eyfH = 2 {cf. [2], pd3}. If in

countable and

for

particu-

lar, T &(ayf) + §(wyf)m 2, we say that f has the maximum deficiency

oH

sum.
Definition 4 The order p; and lower order %+ of a meromorphic function f

are defined as

logT(r.f) log T'(r,f)
R lir,ffip ogr and A limigf ogr
If f is entire then
log®In (i F) log®n (v, £
m]j —— i 1] )] —
Py = sy = - ly = bt =
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Somasundaram and Thamizharasi [4] introduced the notions of L-
order and I.-lower order for entire functions where 1. = .{r) is a positive
continuous function increasing slowly i.e.,k(ar) ~ L(r) as v = @ for every

positive constant’a’. Their definitions are as follows:

Definition 5[4] The L-order g% and the L-lower order % of an entire func-

tion f are defined as follows:

log®lMir, £) log®lM (v.F)
R el ™ T Gl
When f is meromorphic, then
- leg T'(r.f) legT'(r.f)
o quip log [rL()] and 1 =l 1“fl°$ [rE(r)]’

Juneja, Kapoor and Bajpai [3] defined the {#:4) th order and (. g) th lower

order of an entire function f respectively as follows:

*l g
Relpg) = limsup%éj:ﬁ and  Adpq) = liminfg—lﬁw

where g, g are positive 1ntegers and P = 4.

When f is meromorphic, one can easily verify that

Lq) = limsu an L) = limdn ,
Py(peq) = limsup—opey == 7 (peq) = Uminf =gy —=

where @, g are positive integers and @ = .
So with the help of the above notion one can easily define the L = (%, g)

th order and & = (. ¢} th lower order of entire and meromorphic functions.

Definition 6 The &L= (. ¢} th order pfe (p.q) and the L = (@, q) th lower or-

der A% (p.¢) of an entire function f are defined as

log™ (7, £) log 7124 r. )
oo =l Bea) = o

where . g are positive integers and # = 4.

When f is meromorphic, one can easily verify that
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leg®=HT (r,£) k —H—.]'Dgrp-ﬂil r.f)
eFpal = o and - dptma) = gl log™lritrl

where g, g are positive integers and # = 4.

The more generalised concept of & = (@, 4] th order and & = (@, ¢ th lower
order of entire and meromorphic functions are L"(,q) th order and L"{p.q)
th lower order respectively. In order to prove our results we require the fol-

lowing definitions:

Definition 7 The L*(g.q) -order p% and the L*(,q) -lower order Af of a me-

romorphic function f are defined by

. logT'(r. s _ ].c-gi"grrfgg
pfg lh;qjip ﬁl‘_'::% and ?sf lim#f og et "

When £ is entire, one can easily verify that

. log®5 (v, £) 25 log ™34 (1, )
G- T

Definition 8 The L°(#,¢) th order g% {p,q) and the L"(%,2) th lower order

A% (w.q)of an entire function f are defined as

(* lEhS-ET]M:Tn’j ﬁ" l&gr‘p]ﬂ[:'rrﬁ
i e s B S & e

where @, g are positive integers and # = 4.

When f is meromorphic, one can easily verify that

s logrﬁ_l] T(wf) s ]-EEEﬁ_l] T(r f)
ok (pq) = lir:fip TogW et and 2 (p.q) = “ﬂiﬂf_m_’?_bg el

where . ¢ are positive integers and # = 4.

Since the natural extension of a derivative is a differential polynomial, in
this paper we prove our results for a special type of linear differential poly-
nomials viz. the Wronskians. In the paper we study the comparative growth
properties of composite entire and meromorphic functions on the basis of
L= (7. q) th order (=(g g) th lower order) and L"(#,q) order (&"(@.q) th

lower order) where & m L(¥} is a slowly changing function.
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2 Lemmas.

In this section we present a lemma which will be needed in the sequel.

Lemma 1 [1] If f be a transcendental meromorphic function having the
maximum deficiency sum. Then the &" = (#.¢} th order (the &" = (@.q) th
lower order) of L(f) and that of f are same where ®, g are positive integers

and g gq.

Lemma 2 [1] Let f be a transcendental meromorphic function having the

maximum deficiency sum. Then the & = (#;4) th order (the & = (%. 4
th lower order) of L{f) and that of f are same where @, g are positive integers
and g gq.

3 Theorems.

In this section we present the main results of the paper.
Theorem 1 Let f be meromorphic and g be a transcendental entire function

with  the maximum deficiency sum such that

U ﬁf—:;(Prﬂ:[ = Pf—:;(Pqu awand ¢ 228 (m,q) 5 gt (m.q « w . Then

i (R log® 4T (1 o 8 . ?'afa Ep, %EEF%
o (m qﬁﬂl“flc-“ﬂ'mm W) )

'?‘f-a F'f*x (p-q) ]-9‘3[‘?-1]? (rfog) szi Pq)
E‘“ﬁ D P & WP T ) © T (m )

where gm and g are positive integers such that @ =g and m» ¢

Le., min{pm} = q.

Proof From the definition of £{®,q) th order and L"(j,#) th lower order of
L(g) where g is a transcendental entire function we have for arbitrary posi-

tive £ and for all sufficiently large values of r,

log"™=4(r, L(g)) = ( pEigy(moq) +2) log™[ratt7] (1)
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and
log"™=H(r, L(g)) & (Mg . q) = &) log¥][ratt?]. (2)
Now in view of Lemma 1 we get from (1) for all sufficiently large values of
r that
lngm=Hir, L(g)) & ¢ p* (m.q) + &) log@l[radt?]. (%)
Similarly in view of Lemma 1 we get from (2) for all sufficiently large val-
ues of r
log™ i, Lig)) & (& (. q) = &) logWl[ra7]. (4)
Also for a sequence of values of = tending to infinity,
log™ (v, L(5)) & (Mg (m. @) + &) log W [ra*] (8)
and
log™™=4(r, L(g)) & (Pl (mq) + &) log™[ra*t7]. (8)

So in view of Lemma 1 we get from (5) for a sequence of values of r tend-
ing to infinity that
log™=*(r, L(g)) 5 (AF (m, q) + &) logH[re*™]. ()
Also in view of Lemma 1 we get from (6) for a sequence of values of r tend-
ing to infinity that
log™(r.L(g)) & ( 2 (m.q) = &} log™[ra" "], (8)
Now again from the definition of L" = (@,4) th order and L" = (@.4)
th lower order of the composite function f g we have for arbitrary positive

£ and for all sufficiently large values of r,

log™~H(r.f = ) 5 ( pha(pa) + ) log™ra*™] (%)
and

log#=H(r, £ + ) & (A5 (pq) — &) leg¥[re®™]. (10)
Again for a sequence of values of  tending to infinity

log™ =" v ) 8 (bl + &) logra™ ] (12)
and
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log#~H(r,f 0 g) = ( pfug(p0) — £) log¥[ra*]. (12)
Now from (3) and (10) it follows for all sufficiently large values of r,
log®=T(r,fe ) Aig(p-a)
logm=4(r, L(g)) © gk (mq)+a’
As a(= @ is arbitrary, we obtain that

logHT(m te g) ln;':prcﬂ
logi = T(r,Lig)) = g (mq) "

Again combining (4) and (11) we get for a sequence of values of  tending

liminf (13)

to infinity,

log#T(r,fog) A (pq)i+s
log™=+(r, L(g)) = & (m.q)—a’

Since &= ¥) is arbitrary,it follows that

log®=4y(r.fo g) . .?;fa:i(p,qj .
Y g L) © T ) e

Similarly from (8) and (9) it follows for a sequence of values of r tending to

infinity that,

log#=4T(r,fag)  phe(Da)+a
log=™=+I(r, L(g)) = gk (mq)=a’

As a( @] is arbitrary, we obtain that

logP—HT(r.fo g) = i ()
log™=H(r,Lig) = eflmq) ~

Now combining (13) ,(14) and (15) we get that

li:mini'

g U a) v 1ded Flt:-g':"“'_ﬂﬂ"(r,f'm Z)
e — ITTLATR
Pt (. g r—se  loghm= “('r,&l:sjj
Lele.gl) eEole.q)
= 1md = &
- {A" AL G ) T ek G )

(L1s)
Now from (7) and (10) we obtain for a sequence of values of r tending to
infinity,

log®#=%T(r,fog) ?sﬂiﬁp,q',l -3
log"m=+(r. L(g)) ~ 2 (mq)+a’

803



J.Mech.Cont. & Math. Sci., Vol.-6, No.-1, July (2011) Pages 797-805
Choosing & = @ we get that

lc-gr*'ﬂT(r,fo g) ?r. (p.q)
limi!up gt (r.Lig)) = 2‘;3‘- Eﬁm-'iﬂ (17)

Again from (4) and (9) it follows for all sufficiently large values of r,
log®T(rfog) _ phe(ma)+e
log™="(r L(g)) A5 (meg) =2’

As a(= @ is arbitrary, we obtain that

logl#-NT (s fog)  phglp.a)
logbm=t(r L(g)) = = A (mq) (18)

limsup

Similarly combining (3) and (12) we get for a sequence of values of r tend-

ing to infinity,

log¥=4T(r.fvg) . phe(pa)=2
log™=+(r, L(g)) = gk (mq)+a’

Since &(= ¥ is arbitrary, it follows that

loglF—Tir,fog)  ph (p.ql

O Log T T r L(2)) et (o, q (=)
Therefore combining (17) ,(18) and (19) we get that
‘?‘ﬁs p-q) P%is Pr l":'g[w ﬂT (rfog) Pf‘ii. p-q)
T (20)
[: q)’ P}i, .“-i*'ii ].C'El:m H{T L g:l} .?n (m,q)

Thus the theorem follows from (16) and (20).

Remark 1 Considering f to be a transcendental meromorphic function with
the maximum deficiency sum and g be an entire function if we take
0w (mals of mq) e instead of 0 & A5 (mq) & pF (mq) =
and the other conditions remain the same then also Theorem 1 holds with g
replaced by f in the denominator.

In the line of Theorem 1 and in view of Lemma 2 we may state the fol-

lowing theorem without proof.

804



J.Mech.Cont. & Math. Sci., Vol.-6, No.-1, July (2011) Pages 797-805

Theorem 2 Let f be meromorphic and g be a transcendental entire function

with  the maximum deficiency sum such that

0w M (pql 5 ph(pq) « wand ¢ 225(m,q) 5 p&(m,q) « w . Then

2‘[‘1 (Brq) EEW-ﬂTETrf" g ;?‘I“JI.EFFQJ F’EFEFr

) o™ T(r.L(®) = " ) P m D)

ﬁ&;(mﬁ by (e 1) } 4 lma WEE""”TENQELI Pl (P q)
) e, ) e loglH(r,L(g))  AE(mq)

where g,m and g are positive integers such that @ ¢ and m ™ ¢ i.c.,

511 if

Zm

minf{pm} > q.

Remark 2 Considering f to be a transcendental meromorphic function with the

maximum deficiency sum and g be an entire function if we take
Q& M(m q)x pd(m,q) = w instead of @ & A&(m, q) & pi(m,q) = w and the

other conditions remain the same then also Theorem 2 holds with g replaced by f

in the denominator.
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